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The Future of the World Population

WASHINGTON—World population is projected to increase 46
percent by 2050, with most of the growth occurring in the less
industrialized areas of the globe.

Projected growth in population by continent, 2003—2050: North
America 41.8%; Latin America and the Caribbean 46.2%; Oceania
55.6%; Europe —8.8%; Asia 39.8%; Africa 118.8%.

Note: The United Nations classifies the countries of Latin America
and the Caribbean, Asia, Oceania, and Africa as less industrialized with
the exception of Australia, New Zealand, and Japan.

Africa’s population could soar by more than 1 billion over the next
half-century, further straining food and water supplies and social ser-
vices in areas already struggling, according to a new report.

The latest edition of the “World Population Data Sheet”
estimates the global population will rise 46 percent between now
and 2050 to about 9 billion, a level also predicted by the United
Nations and other groups.

European nations, more industrialized and prosperous, are expected
to lose population because of falling birth rates and low immigration.

The U.S. population is expected to grow 45 percent to 422 million in
2050, paced by a stable birth rate and high levels of immigration.

But most of the world’s growth will be in developing nations.
India’s population is estimated to grow 52 percent to 1.6 billion by
2050, when it will surpass China as the world’s largest country.

Africa is predicted to more than double in population to
1.9 billion by midcentury.

SOURCE: The Houston Chronicle (Houston, TX), July 23, 2003, p. 12.

—See Chapter Project 1.

A LOOK BACK, A LOOK AHEAD This chapter
may be divided into three independent parts:
Sections 11.1-11.3, Section 11.4, and Section 11.5.

In Chapter 2, we defined a function and its domain,
which was usually some set of real numbers. In Sections
11.1-11.3, we discuss sequences, which are functions
whose domain is the set of positive integers.

Throughout this text, where it seemed appropriate, we
have given proofs of many of the results. In Section 11.4, a
technique for proving theorems involving natural numbers
is discussed.

In the Appendix, Section A.3, we gave formulas for
expanding (x + a)? and (x + a)*. In Section 11.5, we
discuss the Binomial Theorem, a formula for the expansion
of (x + a)", where n is a positive integer.

The topics introduced in this chapter are covered in
more detail in courses titled Discrete Mathematics.
Applications of these topics can be found in the fields of
computer science, engineering, business and economics,
the social sciences, and the physical and biological sciences.
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11.1 Sequences

PREPARING FOR THIS SECTION
e Functions (Section 2.1, pp. 56-63)
\

. Now work the ‘Are You Prepared? problems on page 841.

OBJECTIVES 1 Write the First Several Terms of a Sequence
2 Write the Terms of a Sequence Defined by a Recursive Formula
3 Use Summation Notation
4 Find the Sum of a Sequence Algebraically and Using a Graphing Utility
5 Solve Annuity and Amortization Problems

Before getting started, review the following concept:

e Compound Interest (Section 4.7, pp. 315-322)

Figure 1

A sequence is a function whose domain is the set of positive integers.

Because a sequence is a function, it will have a graph. In Figure 1(a), we have the
1
graph of the function f(x) = o > (. If all the points on this graph were removed

except those whose x-coordinates are positive integers, that is, if all points were

1 1
2), (3, 3), and so on, the remaining points would be

removed except (1, 1), (2,
1
the graph of the sequence f(n) = 5,0 as shown in Figure 1(b). Notice that we use n

to represent the independent variable in a sequence. This serves to remind us that
n is a positive integer.

Y f(n)
3L
ol
’ (LY
- e 1
RIS
! ! T ¢
1 2 3 4 n
(@) flx) = 17 x>0 (b) f(n)= 17 n a positive integer

Write the First Several Terms of a Sequence

A sequence is usually represented by listing its values in order. For example, the
sequence whose graph is given in Figure 1(b) might be represented as

111
1 2 4),... 1, =, =, —,...
f(1),f(2),f(3), f(4), or L33
The list never ends, as the ellipsis indicates. The numbers in this ordered list are
called the terms of the sequence.
In dealing with sequences, we usually use subscripted letters, such as a;, to
represent the first term, a, for the second term, a; for the third term, and so on.

1 .
For the sequence f(n) = e write



ap = f(1) =1,
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1

= fQ) =53, @ = () =3 a =) = o @ ) =

In other words, we usually do not use the traditional function notation f(#) for
sequences. For this particular sequence, we have a rule for the nth term, which is
1 - .
a, = S0 it is easy to find any term of the sequence.

When a formula for the nth term (sometimes called the general term) of a
sequence is known, rather than write out the terms of the sequence, we usually rep-
resent the entire sequence by placing braces around the formula for the nth term.

n
For example, the sequence whose nth term is b,, = <2> may be represented as

w-{))

or by

EXAMPLE 1

Writing the First Several Terms of a Sequence

Algebraic Solution

The first six terms of the
sequence are

a; =

L

a, = as =

N | —
W N

ag = -, a5 = -, dg =

(TR

ENQIROV)
N

See Figure 2 for the graph.

Figure 2
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nN—
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Write down the first six terms of the following sequence and graph it.
n—1
{an} - { n }

Figure 3 shows the sequence generated on a TI1-84 Plus graphing calculator. We can see the
first few terms of the sequence on the screen. You need to press the right arrow key to scroll
right to see the remaining terms of the sequence.

We could also obtain the terms of the sequence using the
TABLE feature. First, put the graphing utility in SEQuence
mode. Using Y=, enter the formula for the sequence into the
graphing utility. See Figure 4. Set up the table with
TbiStart = 1 and ATbl = 1. See Table 1. Finally, we can graph
the sequence. See Figure 5. Notice that the first term of the se-
quence is not visible since it lies on the x-axis. TRACEing the
graph will allow you to determine the terms of the sequence.

Graphing Solution

Figure 3

Sedlix=10-H, 5.1,
Eal

212

tH .3 .BEEEEGEEE..
An=trFrac
A 172 253 354

Figure 5
Figure 4 Table 1 ]
Flotl Flotz Floks o LTy
aMin=1 1 o
s B Cn=1 o E .E
utaMinaBLA% ﬁ gEﬁ?
= e -
vinins= B N-EEXE:
L= 7 BER1R
winfling = Wi Bln—10-n 0 ;
0 <

Ly - NOW WORK PROBLEM 19.

We will usually provide solutions done by hand. The reader is encouraged to
verify solutions using a graphing utility.
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EXAMPLE 2

Writing the First Several Terms of a Sequence

Figure 6 ) ) . ) .
, Write down the first six terms of the following sequence and graph it.
! 2
o = (2))
21 e(1,2)
Solution  The first six terms of the sequence are
1k 32 B B 2 1 2 1
(3,3) (.5%) bi=2 by=-1 by=7. by=-. bs=2, by=-3
e See Figure 6 for the graph. <
12345 n
nE .(6 -1 Notice in the sequence {b,} in Example 2 that the signs of the terms
Y (4-3) ©73 alternate. When this occurs, we use factors such as (—1)"*!, which equals 1 if n is
2,-1) odd and —1 if n is even, or (—1)", which equals —1 if n is odd and 1 if n is even.
| EXAMPLE 3 | Writing the First Several Terms of a Sequence
Fi 7
gure Write down the first six terms of the following sequence and graph it.
¢
g i . n ifniseven
51 (4, 4) (6,6) {en} = 1 if n is odd
41+ ° n
3=
2k (1,1) (2' 2) Solution The first six terms of the sequence are
1 e’ (B3) (57 1 1
Lo e g c=1, &a=2, 3==, c4=4, ¢cs=—, ¢c,=06
1 2 3 4 5 6 n 3 5
See Figure 7 for the graph. <

ommmmm===- NOW WORK PROBLEM 21.

Sometimes a sequence is indicated by an observed pattern in the first few terms
that makes it possible to infer the makeup of the nth term. In the example that fol-
lows, a sufficient number of terms of the sequence is given so that a natural choice
for the nth term is suggested.

EXAMPLE 4 | Determining a Sequence from a Pattern

O e
a 65273a4" an n
111 1
b)) 1,-,—-,—,.. b, =
®) L3557 "oogn-l
c) 1,3,5,7,... ¢, =2n—1
(c)
(d) 1,4,9,16,25,... d, = n’
11 11 _ oyt L
(e) 1, >3 s e, = (1) (n) <
o~ NOW WORK PROBLEM 29.

The Factorial Symbol

If n = 0is an integer, the factorial symbol n! is defined as follows:

=1 1=1
nl=nn—1)-...-3-2-1 ifn=2




Table 2

n 0 1 2 3 4 5 6
n 1 1 2 6 24 120 720

NOTE

Your calculator has a factorial
key. Use it to see how fast facto-
rials increase in value. Find the
value of 69\. What happens when
you try to find 7012 In fact, 70! is
larger than 10'°° (a googol), the
largest number most calculators

SECTION 11.1 Sequences 835

For example, 2! =2:1=2,31=3-2:1=6,4! =4-3-2-1 = 24, and so on.
Table 2 lists the values of n! for0 = n = 6.
Because

n!=n(n—1)(n—2)-...'3'2-%
(n—1)

we can use the formula

n! = n(n —1)!

to find successive factorials. For example, because 6! = 720, we have

71 = 7-6! = 7(720) = 5040

and

can display. ] 8! = 8-7! = §(5040) = 40,320
Write the Terms of a Sequence Defined
by a Recursive Formula
A second way of defining a sequence is to assign a value to the first (or the first few)
term(s) and specify the nth term by a formula or equation that involves one or more
of the terms preceding it. Sequences defined this way are said to be defined
recursively, and the rule or formula is called a recursive formula.
EXAMPLE 5 Writing the Terms of a Recursively Defined Sequence
Write down the first five terms of the following recursively defined sequence.
51 =1, S, = NS,
Algebraic Solution Graphing Solution
The first term is given as s; = 1. To get the | First, put the graphing utility into SEQuence mode. Using Y = , enter the
second term, we use n = 2 in the formula | recursive formula into the graphing utility. See Figure 8(a). Next, set up the
S, = ns,_; to get s, =2s; =2-1=2. To viewing window to generate the desired se- Ficure 8
get the third term, we use n = 3 in the for- | quence. Finally, graph the recursion relation gure
mula to get s3 =35, =3:2 = 6. To get a | and use TRACE to determine the terms in the Flotl Flotz Plots
new term requires that we know the value of | sequence. See Figure 8(b). For example, we ME?;?E:}M 1
the preceding term. The first five terms are | see that the fourth term of the sequence is 24. uinMinaBL1%
Table 3 also shows the terms of the sequence. \Egg%?n}=
sp=1 L A=
winMing=
=21=2 Table 3 @)
$3=3:2=6 o Ly | u=rauin-11
s, =46 =24 : L
i |
s5=5-24 =120 £ iz
7 B _ u
: : =Y
Do you recognize this sequence? Uie Bruin-12 4 iif=2h
s, = n! | (b) <
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| EXAMPLE 6 Writing the Terms of a Recursively Defined Sequence
Write down the first five terms of the following recursively defined sequence.
U = 1, U = 1, Upip = Uy T Upiq
Solution We are given the first two terms. To get the third term requires that we know each of
the previous two terms. That is,
u, = 1
Uy = 1
u3=u1+u2=1+1=2
u4=u2+u3=1+2=3
Us =us +u, =2 +3=5 <
The sequence defined in Example 6 is called a Fibonacci sequence, and the
terms of this sequence are called Fibonacci numbers. These numbers appear in a
wide variety of applications (see Problems 91-94).
memmm===—- NOW WORK PROBLEMS 37 AND 45.
3 Use Summation Notation
It is often important to be able to find the sum of the first n terms of a sequence
{a,}, that is,
al+a2+a3+-~-+an
Rather than write down all these terms, we introduce a more concise way to express the
sum, called summation notation. Using summation notation, we would write the sum as
n
aj+aytaz+-+a,= > a
k=1
The symbol ¥ (the Greek letter sigma, which is an § in our alphabet) is simply
an instruction to sum, or add up, the terms. The integer k is called the index of the
sum; it tells you where to start the sum and where to end it. The expression
n
> ay
k=1
is an instruction to add the terms a; of the sequence {a,} starting with k¥ = 1 and
ending with & = n. We read the expression as “the sum of a; fromk = 1to k = n.”
EXAMPLE 7 | Expanding Summation Notation
Write out each sum.
n 1 n
@ > (b) D k!
k=1 k=1
Solution (a) il— 1 LI S (b) ik' =1 +20+---+n!
k=1 k 2 3 n =1 ’ ’ ) ’ |
EXAMPLE 8 | Writing a Sum in Summation Notation

Express each sum using summation notation.

1 1 1 1
(@) P+22+32+---+9 (b)1+§+1+§+“'+2n—1
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Solution (a) The sum 12 + 22 + 32 + --- + 9% has 9 terms, each of the form k2, and starts at
k =1landendsatk = 9:

9
P+22+3%+--+9=>Fk
k=1

b) Th
(b) The sum 111 1
T+ + -+ o+t
2 4 8 gn-1
has n terms, each of the form 2k_l,and startsat k = 1 andends at k = n:
1 1 1 1 |
1+ + -+ +-+ = >
2 4 8 21 ,;12"—1 <

The index of summation need not always begin at 1 or end at n; for example, we
could have expressed the sum in Example 8(b) as

nlq 1 1 1
o=+ 4+ -+
&h2k 2 4 271

Letters other than k may be used as the index. For example,
n n
> and D!
j=1 i=
each represent the same sum as the one given in Example 7(b).

bl - NOW WORK PROBLEMS 53 AND 63.

4 Find the Sum of a Sequence Algebraically and Using
a Graphing Utility
Next we list some properties of sequences using summation notation. These proper-
ties are useful for adding the terms of a sequence algebraically.

Theorem Properties of Sequences

If {a,} and {b,} are two sequences and c is a real number, then:

Ec=c+c+---+c=cn @)

~
Il
_

nterms

n
(cay) = cay +cay + - +ca, =clay +ap +---+a,) =cDa, (2

M=

=1 150

> (ax + by) = 2 + > b G)
k=1 k=1 k=1

S-S S @
n J

Mag= D ap+ E ag, where0 <j<n )
=1 =1 k=j+1

n n(n + 1)
Ek=1+2+3+~~+n=# ()
=1

n nn+1)2n + 1
SE=12+22+32+ ... +nl= ( )6( ) Q)
=1

n n(n+1)77?
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We shall not prove these properties. The proofs of (1) through (5) are based on
properties of real numbers; the proofs of (7) and (8) require mathematical induc-
tion, which is discussed in Section 11.4. See Problem 97 for a derivation of (6).

EXAMPLE 9 |

Algebraic Solution

Finding the Sum of a Sequence

Find the sum of each sequence.
5 3 4
(a) X (3k) (b) > (K + 1) (© X (kK =Tk +2)
=1 =1 =1

Graphing Solution

5 5 . . .
3%) =33 k P 5 (a) Figure 9 shows the solution using a T1-84
(@) kE:l( ) k=1 roperty (2) Plus graphing calculator.
(5(5 + 1)) Figure 9 [cm{ses{Zn.n.1.5
=3 Property (6) 10
2 45
= 3(15)
=45
3 3 3 > 3
(b) E (k3 +1) = Ek3 + E 1 Property (3) So, E (3k) = 45
k=1 =1 =1 =1
33 + 1))2 (b) Figure 10 show§ the solution using a
= ( 5 ) 1(3)  Properties (1) and (&) TI-84 Plus graphing calculator.
Figure 10 [e mizeain o+l s
=36+ 3 LIS
39
=39
4 4 4 4
() > (k> =Tk +2) = Ekz — D (Tk) + D2 FProperties (3), (4)
=1 =1 =1 =1
3
So, >k +1) =39

Property (2) ) k=1 ) )
(c) Figure 11 shows the solution using a

TI-84 Plus graphing calculator.

k=1 k=1 k=1
A4+ 124+ 1) (
=30-70 +8

=-32

4(4 + 1) .

+2(4)  Froperties (1), (), (7) | Figure 1 [ m e e pa i n e —rr+as

2 walads 103
-3z
<
4

So, > (k* =7k +2)=-32

k=1 «
” - NOW WORK PROBLEM 75.

Solve Annuity and Amortization Problems

In Section 4.7 we developed the compound interest formula, which gives the future
value when a fixed amount of money is deposited in an account that pays interest
compounded periodically. Often, though, money is invested in small amounts at



Theorem
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periodic intervals. An annuity is a sequence of equal periodic deposits. The periodic
deposits may be made annually, quarterly, monthly, or daily.

When deposits are made at the same time that the interest is credited, the annu-
ity is called ordinary. We will only deal with ordinary annuities here. The amount of
an annuity is the sum of all deposits made plus all interest paid.

Suppose that the initial amount deposited in an annuity is $M, the periodic de-
posit is $ P, and the per annum rate of interest is % (expressed as a decimal) com-
pounded N times per year. The periodic deposit is made at the same time that the
interest is credited, so N deposits are made per year. The amount A, of the annuity
after n deposits will equal A,,_, the amount of the annuity after n — 1 deposits, plus
the interest earned on this amount, plus P, the periodic deposit. That is,

A, = A, |+ %AH +P= (1 + ](,>An1 + P
7 7 ) 7
Amount Amount Interest Feriodic
after in previous earned deposit
1 deposits period

We have established the following result:

Annuity Formula

If Aj = M represents the initial amount deposited in an annuity that earns r%
per annum compounded N times per year, and if P is the periodic deposit
made at each payment period, then the amount A, of the annuity after n de-
posits is given by the recursive sequence

Ay = M, An=<1+]<])An1+P, n=1 ©)

Formula (9) may be explained as follows: the money in the account initially, A,
. . . r
is $M; the money in the account after n — 1 payments, A,_;, earns interest N

during the nth period; so when the periodic payment of P dollars is added, the
amount after n payments, A,,, is obtained.

EXAMPLE 10

Solution

Saving for Spring Break

A trip to Cancun during spring break will cost $450 and full payment is due March 2.
To have the money, a student, on September 1, deposits $100 in a savings account that
pays 4% per annum compounded monthly. On the first of each month, the student
deposits $50 in this account.

(a) Find a recursive sequence that explains how much is in the account after
n months.
(b) Use the TABLE feature to list the amounts of the annuity for the first 6 months.

(c) After the deposit on March 1 is made, is there enough in the account to pay for
the Cancun trip?

(d) If the student deposits $60 each month, will there be enough for the trip after
the March 1 deposit?

(a) The initial amount deposited in the account is A, = $100. The monthly deposit
is P = $50, and the per annum rate of interest is r = 0.04 compounded N = 12
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Table 4

| O]

0
i
F
3
Yy
5
B
C

uiwaBECl+ @120

Table 5

b

:
\

[ L T ST
LA
Z.Cmem s
Rkt et
minmimi
mr -

x
m
o
=
]

WipdBel+. 84120

Theorem

times per year. The amount A, in the account after » monthly deposits is given
by the recursive sequence

Ay =100, A, = <1 + ]:[>A,,1 + P = (1 + 24),4”1 +50
(b) In SEQuence mode on a TI-84 Plus, enter the sequence { A, } and create Table 4.
On September 1 (n = 0), there is $100 in the account. After the first payment on
October 1, the value of the account is $150.33. After the second payment on No-
vember 1, the value of the account is $200.83. After the third payment on
December 1, the value of the account is $251.50, and so on.

(¢) On March 1 (n = 6), there is only $404.53, not enough to pay for the trip to

Cancun.
(d) If the periodic deposit, P, is $60, then on March 1, there is $465.03 in the
account, enough for the trip. See Table 5. <

Recursive sequences can also be used to compute information about loans.
When equal periodic payments are made to pay off a loan, the loan is said to be
amortized.

Amortization Formula

If $B is borrowed at an interest rate of r% (expressed as a decimal) per annum
compounded monthly, the balance A, due after n monthly payments of $P is
given by the recursive sequence

Ay=B, A,= <1 + 1r2),4n_1 -P, n=1 (10)

Formula (10) may be explained as follows: The initial loan balance is $B.
The balance due A, after n payments will equal the balance due previously, A4,_1,
plus the interest charged on that amount, reduced by the periodic payment P.

| EXAMPLE 11
Table 6

»__ | DFEE
0 1HG000
i i7ogE:
: 1PazoY
3 ipacce
i 1PaqnE
5 ipazEq
& iroinz
uinmaBCl+ A7 120
Solution
Table 7
| MR
Er 171067
£3 17n86E
£l 170667
EL 170455
Eh 170z6E
EP 1700ER
| 15985
WemaBCl+. 87120

Mortgage Payments

John and Wanda borrowed $180,000 at 7% per annum compounded monthly for 30
years to purchase a home. Their monthly payment is determined to be $1197.54.

(a) Find a recursive formula that represents their balance after each payment of
$1197.54 has been made.

(b) Determine their balance after the first payment is made.

(¢) When will their balance be below $170,000?

(a) We use formula (10) with A, = 180,000, = 0.07, and P = $1197.54. Then

0.07
Ay = 180,000 A, = (1 + 12)An1 - 1197.54
(b) In SEQuence mode on a TI-84 Plus, enter the sequence {A,} and create
Table 6. After the first payment is made, the balance is A; = $179,852.

(¢) Scroll down until the balance is below $170,000. See Table 7. After the fifty-
eighth payment is made (n = 58), the balance is below $170,000. D |

" - NOW WORK PROBLEM 83.
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11.1 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

-1
1. For the function f(x) =x7, find f(2) and f(3).
(pp. 61-63) *

2. True or False: A function is a relation between two sets D
and R so that each element x in the first set D is related to
exactly one element y in the second set R. (pp. 56-61)

Concepts and Vocabulary

5. A(n) is a function whose domain is the set of positive
integers.
6. For the sequence {s,} = {4n — 1}, the first term is
51 = and the fourth term is s, =
4
7. > (2k) = )
3

=1

Skill Building

3.

If $1000 is invested at 4% per annum compounded semi-
annually, how much is in the account after 2 years?
(pp- 315-322)

. How much do you need to invest now at 5% per annum

compounded monthly so that in 1 year you will have
$10,000? (pp. 315-322)

8. True or False: Sequences are sometimes defined recursively.

9. True or False: A sequence is a function.

10.

2
True or False: 2 k=3
k=1

In Problems 11-16, evaluate each factorial expression. Verify your results using a graphing utility.

!
B

11. 10! ol

12. 9!

In Problems 17-28, write down the first five terms of each sequence.

17. {n} 18. {n*> + 1}

22 {(_1),,_1(2”;1_ 1)}
Re

/

21 {(-1)"1n?y

»s { (=" }
i+ D(n+2)

12!
14. —
10!

23.

27.

5181
41 16. =5

n 2n + 1
'{n+2} 20'{ 2n }

() % ()]
) = 15

(3

In Problems 29-36, the given pattern continues. Write down the nth term of each sequence suggested by the pattern.

N\ 2 1234 0. L L L
2°'3°4°5 1-2°2-3°3-4°4-5
1.1 1 _1
. 1,-1,1,-1,1,—1,... 4. 1,—,3,—,5—, 7=
3.1,-1,1,-11,-1, 310350 Tigs

31.

35.

RN p 24816
27478 ©3°9°27°817° "
1,-2,3,—-4,5, —6,... 36. 2, —4,6,—-8,10,...

In Problems 37-50, a sequence is defined recursively. Write the first five terms.

\. 37.a1=2; a,=3+ a, 38.a,=3; a,=4—a, 39.a,=-2; a,=n+a,
40. a;=1; a,=n—a, 41. a1 = 5; a, = 2a,4 2. a,=2; a,= —a,
a,-
43. a,=3; a,= L 4. a; = -2; a,=n+ 3a, N\ 5. a1 =1; a,=2; a,=a,_1-a,-
n
46. a, = -1, a,=1; a,=a,,+na, 41. a1 = A, a,=a, 1 +d 488. a,=A; a,=ra,—, r#0
a,-
49.a1=\/£, a,=V2+a,, 50.a1=\/§; a, = 21
In Problems 51-60, write out each sum.
n n n k2 n noq
5L (k +2) 52 S k+1) N5 3T 543 (k + 1) 55 >
&= =1 =12 &= =03
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56.

n—1 1 n—1

57. kZoW

5G)

In Problems 61-70, express each sum using summation notation.

61.

65.

67.

69.

1+2+3+-+20

1 2 3 13
—+ -+ -4+
2 3 4 13 +1
11 1 o 1
— 4 = — 4 et (= —
17379 (1)<36>
32 33 3"
3+ —+—+-+—
2 3 n

at(a+d)+ (a+2d)+-+ (a+ nd)

58. 3 (2k + 1)
=0

62.

64.

66.

68.

70.

59. > (-1)*Ink 60, D' (—1)k*1gk
k=2
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In Problems 71-82, find the sum of each sequence (a) algebraically and (b) using a graphing utility.
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Applications and Extensions

84.

Credit Card Debt John has a balance of $3000 on his Dis-

cover card that charges 1% interest per month on any un-

paid balance. John can afford to pay $100 toward the

balance each month. His balance each month after making a

$100 payment is given by the recursively defined sequence
B, = $3000, B, =1.01B,_; — 100

(a) Determine John’s balance after making the first
payment. That is, determine B;.

(b) Using a graphing utility, determine when John’s balance
will be below $2000. How many payments of $100 have
been made?

(c) Using a graphing utility, determine when John will pay
off the balance. What is the total of all the payments?

(d) What was John’s interest expense?

Car Loans Phil bought a car by taking out a loan for
$18,500 at 0.5% interest per month. Phil’s normal monthly
payment is $434.47 per month, but he decides that he can
afford to pay $100 extra toward the balance each month. His
balance each month is given by the recursively defined
sequence

By = $18,500, B, = 1.005B,_, — 534.47

(a) Determine Phil’s balance after making the first
payment. That is, determine Bj.

(b) Using a graphing utility, determine when Phil’s balance
will be below $10,000. How many payments of $534.47
have been made?

(c) Using a graphing utility, determine when Phil will pay
off the balance. What is the total of all the payments?

(d) What was Phil’s interest expense?

73.

71.

81.

85.

86.

87.

6 4
Ek 74. E (—k)
k=1

k=1
i (k> + 4) 78. i (kK* — 4)
k=1 k=0

(K - 1)

Mas

=~
Il
!
T
o

Trout Population A pond currently has 2000 trout in it.
A fish hatchery decides to add an additional 20 trout each
month. In addition, it is known that the trout population is
growing 3% per month. The size of the population after n
months is given by the recursively defined sequence

po = 2000,  p, = 1.03p,_, + 20

(a) How many trout are in the pond at the end of the
second month? That is, what is p,?
(b) Using a graphing utility, determine how long it will be
before the trout population reaches 5000.
Environmental Control The Environmental Protection
Agency (EPA) determines that Maple Lake has 250 tons of
pollutants as a result of industrial waste and that 10% of the
pollutant present is neutralized by solar oxidation every
year. The EPA imposes new pollution control laws that re-
sult in 15 tons of new pollutant entering the lake each year.
The amount of pollutant in the lake at the end of each year
is given by the recursively defined sequence

po =250, p,=09p,_, +15

(a) Determine the amount of pollutant in the lake at the
end of the second year. That is, determine p;,.

(b) Using a graphing utility, provide pollutant amounts for
the next 20 years.

(c) What is the equilibrium level of pollution in Maple
Lake? That is, what is lgn Pn?

Roth IRA  On January 1, 1999, Bob decided to place $500
at the end of each quarter into a Roth Individual Retire-
ment Account.



88.

89.

90.

(a) Find a recursive formula that represents Bob’s balance
at the end of each quarter if the rate of return is
assumed to be 8% per annum compounded quarterly.

(b) How long will it be before the value of the account
exceeds $100,000?

(c) What will be the value of the account in 25 years when
Bob retires?

Education IRA On January 1, 1999, John’s parents decid-
ed to place $45 at the end of each month into an Education
IRA.

(a) Find a recursive formula that represents the balance at
the end of each month if the rate of return is assumed to
be 6% per annum compounded monthly.

(b) How long will it be before the value of the account
exceeds $4000?

(c) What will be the value of the account in 16 years when
John goes to college?

Home Loan Bill and Laura borrowed $150,000 at 6% per

annum compounded monthly for 30 years to purchase a

home. Their monthly payment is determined to be $899.33.

(a) Find a recursive formula for their balance after each
monthly payment has been made.

(b) Determine Bill and Laura’s balance after the first
payment.

(c) Using a graphing utility, create a table showing Bill and
Laura’s balance after each monthly payment.

(d) Using a graphing utility, determine when Bill and
Laura’s balance will be below $140,000.

(e) Using a graphing utility, determine when Bill and Laura
will pay off the balance.

(f) Determine Bill and Laura’s interest expense when the
loan is paid.

(g) Suppose that Bill and Laura decide to pay an additional
$100 each month on their loan. Answer parts (a) to (f)
under this scenario.

(h) TIs it worthwhile for Bill and Laura to pay the additional
$100? Explain.

Home Loan Jodi and Jeff borrowed $120,000 at 6.5% per

annum compounded monthly for 30 years to purchase a

home. Their monthly payment is determined to be $758.48.

(a) Find a recursive formula for their balance after each
monthly payment has been made.

(b) Determine Jodi and Jeff’s balance after the first
payment.

(c) Using a graphing utility, create a table showing Jodi and
Jeff’s balance after each monthly payment.

(d) Using a graphing utility, determine when Jodi and Jeff’s
balance will be below $100,000.

(e) Using a graphing utility, determine when Jodi and Jeff
will pay off the balance.

(f) Determine Jodi and Jeff’s interest expense when the
loan is paid.

(g) Suppose that Jodi and Jeff decide to pay an additional
$100 each month on their loan. Answer parts (a) to (f)
under this scenario.

(h) Is it worthwhile for Jodi and Jeff to pay the additional
$100? Explain.

91.

92.

93.

94.
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Growth of a Rabbit Colony A colony of rabbits begins with
one pair of mature rabbits, which will produce a pair of off-
spring (one male, one female) each month. Assume that all
rabbits mature in 1 month and produce a pair of offspring
(one male, one female) after 2 months. If no rabbits ever die,
how many pairs of mature rabbits are there after 7 months?
[Hint: A Fibonacci sequence models this colony. Do you
see why?]

1 mature

pair

1 mature

pair

2 mature

pairs

3 mature

pairs

Fibonacci Sequence Let

(1+V5)" = (1-V5)
2"V5

define the nth term of a sequence.

(a) Show thatu; = 1andu, = 1.

(b) Show thatu,.» = u,.; + u,.
(c) Draw the conclusion that {u,} is a Fibonacci sequence.

Uu, =

Pascal’s Triangle Divide the triangular array shown
(called Pascal’s triangle) using diagonal lines as indicated.
Find the sum of the numbers in each of these diagonal rows.
Do you recognize this sequence?

y
/1
i 2_—1
3 3
4_—6 — 4

P

Fibonacci Sequence Use the result of Problem 92 to do
the following problems:
(a) Write the first 10 terms of the Fibonacci sequence.

Up+1

(b) Compute the ratio for the first 10 terms.

Uy
(c) As n gets large, what number does the ratio approach?
This number is referred to as the golden ratio. Rectan-
gles whose sides are in this ratio were considered pleas-
ing to the eye by the Greeks. For example, the facade of
the Parthenon was constructed using the golden ratio.

u
" for the first 10 terms.

(d) Compute the ratio
Upt1
(e) As n gets large, what number does the ratio approach?

This number is also referred to as the golden ratio. This
ratio is believed to have been used in the construction
of the Great Pyramid in Egypt. The ratio equals the sum
of the areas of the four face triangles divided by the
total surface area of the Great Pyramid.
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/X 95, Approximating ¢* In calculus, it can be shown that

ooxk

=0 k!

e’ =

We can approximate the value of e* for any x using the
following sum
. n xk
e ,Zok!
for some n.
(a) Approximate e'® with n = 4.
(b) Approximate e!3 with n = 7.
(c) Use a calculator to approximate the value of e'.
(d) Using trial and error along with a graphing utility’s
SEQuence mode, determine the value of n required to
approximate ¢! correct to eight decimal places.

/X 96. Approximating e* Refer to Problem 95.
(a) Approximate e >* with n = 3.
(b) Approximate e 2 with n = 6.

Discussion and Writing

(c) Use a calculator to approximate the value of e >4,
(d) Using trial and error along with a graphing utility’s
SEQuence mode, determine the value of n required to

approximate ¢ >* correct to eight decimal places.
97. Show that
n(n + 1)
LH24 -t (n=1)+n=""F—

[Hint: Let
S=1+2+--+(n—-1)+n
S=n+mn-1)+n-2)+---+1
Add these equations. Then

2S=[l+n]+2+@—1)]+ " +[n+1]

~

nterms in brackets

Now complete the derivation.]

98. Investigate various applications that lead to a Fibonacci sequence, such as art, architecture, or financial markets. Write an essay on

these applications.
‘Are You Prepared?” Answers

2. True 3. $1082.43

L f(2) = 3:7(3) = 2

4. $9513.28

11.2 Arithmetic Sequences

OBJECTIVES 1 Determine If a Sequence Is Arithmetic

2 Find a Formula for an Arithmetic Sequence

3 Find the Sum of an Arithmetic Sequence

1 Determine If a Sequence Is Arithmetic

When the difference between successive terms of a sequence is always the same
number, the sequence is called arithmetic. An arithmetic sequence” may be defined

recursively as a; = a,

a, — a,_; =d, oras

a, = a, a,=a,+d (€))

where a = a; and d are real numbers. The number a is the first term, and the
number d is called the common difference.
The terms of an arithmetic sequence with first term ¢ and common difference d

follow the pattern

a, a+d, a+2d, a-+3d,...

*Sometimes called an arithmetic progression.
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EXAMPLE 1

Determining If a Sequence Is Arithmetic

The sequence
4, 7, 10, 13,...

is arithmetic since the difference of successive terms is 3. The first term is 4, and the
common difference is 3. <

EXAMPLE 2

Solution

Determining If a Sequence Is Arithmetic

Show that the following sequence is arithmetic. Find the first term and the common
difference.

{s,} = {3n + 5}

The first term is s; = 3-1 + 5 = 8. The nth and (n — 1)st terms of the sequence
{s,} are
s, =3n+5 and s, =3(n—-1)+5=3n+2
Their difference is
Sp = 8S-1=0Bn+5) - Bn+2)=5-2=3

Since the difference of two successive terms is constant, the sequence is arithmetic
and the common difference is 3. <

EXAMPLE 3

Solution

Determining If a Sequence Is Arithmetic

Show that the sequence {t,} = {4 — n} is arithmetic. Find the first term and the
common difference.
The first termis t; = 4 — 1 = 3. The nth and (n — 1)st terms are
ty=4—n and t,,=4—-(n—-1)=5—-n
Their difference is
t,—th1=@4-n)—-GS-n=4-5=-1

Since the difference of two successive terms is constant, {#,} is an arithmetic
sequence whose common difference is —1. <

M-~ NOW WORK PROBLEM 5.

Find a Formula for an Arithmetic Sequence

Suppose that a is the first term of an arithmetic sequence whose common difference
is d. We seek a formula for the nth term, a,,. To see the pattern, we write down the
first few terms.

a =a

a2=a1+d=a+l-d
a;=a+d=(a+d) +d=a+2-d
a,=a3+d=(a+2-d)+d=a+3-d
as=ay+d=(a+3-d)+d=a+4-d

a,=a, 1 td=[a+(n-2)d]+d=a+ (n—1)d
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Theorem

We are led to the following result:

nth Term of an Arithmetic Sequence

For an arithmetic sequence {a,} whose first term is a« and whose common
difference is d, the nth term is determined by the formula

a,=a+ (n—1)d 2)

EXAMPLE 4

Solution

— Exploration

Use a graphing utility to find the thir-
teenth term of the sequence given in
Example 4. Use it to find the twentieth
and fiftieth terms.

Finding a Particular Term of an Arithmetic Sequence

Find the thirteenth term of the arithmetic sequence: 2,6,10,14,18,...

The first term of this arithmetic sequence is a = 2, and the common difference is 4.
By formula (2), the nth term is

a, =2+ (n—1)4
Hence, the thirteenth term is

013:2+12‘4:50 |

EXAMPLE 5

Solution

— Exploration

Graph the recursive formula from
Example 5, a; =96, a,=aqa,1 — 3,
using a graphing utility. Conclude that
the graph of the recursive formula be-
haves like the graph of a linear function.
How is d, the common difference,
related to m, the slope of a line?

Finding a Recursive Formula for an Arithmetic Sequence

The eighth term of an arithmetic sequence is 75, and the twentieth term is 39. Find
the first term and the common difference. Give a recursive formula for the
sequence. What is the nth term of the sequence?

By formula (2), we know thata,, = a + (n — 1)d. As a result,

ag =a+ 7d =75
(120:61"'19(1:39

This is a system of two linear equations containing two variables, a and d, which we
can solve by elimination. Subtracting the second equation from the first equation,
we get

~12d = 36
d=-3

Withd = —3,weuse a + 7d = 75 and find thata = 75 — 7d = 75 — 7(=3) = 96.
The first term is @ = 96, and the common difference is d = —3.
Using formula (1), a recursive formula for this sequence is

a; = 96, a,=a,1— 3
Using formula (2), a formula for the nth term of the sequence {a,} is

a,=a+(n—1)d=96+ (n—1)(-3) =99 — 3n <

mmmmm—-- NOW WORK PROBLEMS 21 AND 27.
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3 Find the Sum of an Arithmetic Sequence

The next result gives a formula for finding the sum of the first n terms of an arith-
metic sequence.

Theorem Sum of n Terms of an Arithmetic Sequence

Let {a,} be an arithmetic sequence with first term ¢ and common difference d.
The sum S, of the first n terms of {a,,} is

S, = g[Za + (n —1)d] = g(a + a,) A3)

Proof

S,=a1ta +az+ - +ay Sum of first nterms
at(a+td)+(@a+2d)+-+[a+(n—1)d] rormua(2)
(ll +a-+ -+ a) + [d +2d + - + (11 — 1)d] Rearrange terms

~

nterms
=na+d[l+2++(n-1)]
=na + d[(n_Tl)n] Property 6, Section 11.1

= na + %(n - 1)d

_ g[za + (n — 1)d] Factor out% )

=%[a+a+(n—1)d]

= g(a + ay) Formula (2) 5)
|

Formula (3) provides two ways to find the sum of the first n terms of an arith-
metic sequence. Notice that formula (4) involves the first term and common differ-
ence, whereas formula (5) involves the first term and the nth term. Use whichever
form is easier.

EXAMPLE 6 Finding the Sum of n Terms of an Arithmetic Sequence

Find the sum S, of the first n terms of the sequence {3n + 5}; that is, find

8+ 11+ 14+ -+ (3n+5)

Solution  The sequence {3n + 5} is an arithmetic sequence with first term a = 8 and the
nth term (3n + 5). To find the sum S,,, we use formula (5).

S, = g(a +a,) = g[s + (3n +5)] = g(3n +13)

mmmmmm-- NOW WORK PROBLEM 35.
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| EXAMPLE 7 | Using a Graphing Utility to Find the Sum of 20 Terms of an
Arithmetic Sequence

Figure 12 Use a graphing utility to find the sum of the first 20 terms of the sequence
{9.5n + 2.6}.
sumtseycs, Sntl. 6
amal.28.10
2847 Solution Figure 12 shows the results obtained using a TI-84 Plus graphing
calculator.
The sum of the first 20 terms of the sequence {9.5n + 2.6} is 2047. <
¢~ WORK EXAMPLE 7 USING FORMULA (3).
immmmm===- NOW WORK PROBLEM 43.

EXAMPLE 8 Creating a Floor Design

A ceramic tile floor is designed in the shape of a trapezoid 20 feet wide at the base
and 10 feet wide at the top. See Figure 13. The tiles, 12 inches by 12 inches, are to be
placed so that each successive row contains one less tile than the preceding row.
How many tiles will be required?

Figure 13

Solution  The bottom row requires 20 tiles and the top row, 10 tiles. Since each successive row
requires one less tile, the total number of tiles required is

§=20+19+18+---+ 11 + 10

This is the sum of an arithmetic sequence; the common difference is —1. The num-
ber of terms to be added is n = 11, with the first term a = 20 and the last term
ay; = 10. The sum S is

1
S = g(a +ay) = (20 +10) = 165

In all, 165 tiles will be required. <

11.2 Assess Your Understanding

Concepts and Vocabulary

1. In a(n) sequence, the difference between successive 2. True or False: In an arithmetic sequence the sum of the first
terms is a constant. and last terms equals twice the sum of all the terms.




Skill Building

In Problems 3—12, show that each sequence is arithmetic. Find the common difference and write out the first four terms.

SECTION 11.2 Arithmetic Sequences 849

6. {3n + 1} 7. {6 — 2n}

11. {In3"} 12. {""}

In Problems 13-20, find the nth term of the arithmetic sequence whose initial term a and common difference d are given. What is the fifth term?

3 {n+4) 4 {n-5) N 20— 5)
8. {4 —2n) 9. {%—%n} 10. {%4‘%}
B.a=2 d=3 M.a=-2 d=4 15.
17. a = 0; d=% 18. a = 1; d=—% 19.

In Problems 21-26, find the indicated term in each arithmetic sequence.
\. 21. 12th term of 2,4, 6.,. ..
23. 10th term of 1, =2, —5, ...
25. 8thterm ofa,a + b,a + 2b,...

22.
24.
26.

a=15; d=-3

a=V2, d=\2

16. a =6; d= -2

20, a=0;, d=m

8th term of —1,1,3,...
9th term of 5,0, =5, ...
7th term of 2V/5,4V/5,6\V/5, ...

In Problems 27-34, find the first term and the common difference of the arithmetic sequence described. Give a recursive formula for the
sequence. Find a formula for the nth term.

"\ 27. 8th term is 8; 20th term is 44
30. 8th term is 4; 18th term is—96
33. 14th termis —1; 18th term is—9

In Problems 35-42, find each sum.

N 35 143454+ @2n—1)
38 -1 +3+7+ -4 (4n = 5)
41. 5+9+ 13 +---+ 49

_ For Problems 43—48, use a graphing utility to find the sum of each sequence.

N 43, {3450 + 412}, n =20
46. 54 +73 +92 +---+ 32

44. {2.67n — 123},

Applications and Extensions

49. Find x so that x + 3,2x + 1, and 5x + 2 are consecutive

50

51

52

.

terms of an arithmetic sequence.

Find x so that 2x, 3x + 2, and 5x + 3 are consecutive terms
of an arithmetic sequence.

Drury Lane Theater The Drury Lane Theater has 25 seats in
the first row and 30 rows in all. Each successive row contains
one additional seat. How many seats are in the theater?

Football Stadium The corner section of a football stadium
has 15 seats in the first row and 40 rows in all. Each succes-
sive row contains two additional seats. How many seats are
in this section?

28. 4th term is 3;20th term is 35
31. 15th term is 0; 40th term is—50
34. 12th term is 4; 18th term is 28

36.2+4+6+ -+ 2n
39.2+4+6+ -+ 70
42.2+5+8+--+41

n =25

47. 49 + 7.48 + 10.06 + --- + 66.82

53.

4.

29. 9th term is —5; 15th term is 31
32. 5th termis —2; 13th term is 30

3.7 412417+ + (2 + 5n)
40. 1 +3 +5+---+59

45. 28 + 52+ 76 +---+ 364
48. 3.71 + 6.9 + 10.09 + --- + 80.27

Creating a Mosaic A mosaic is designed in the shape of an
equilateral triangle, 20 feet on each side. Each tile in the mo-
saic is in the shape of an equilateral triangle, 12 inches to a
side. The tiles are to alternate in color as shown in the illus-
tration. How many tiles of each color will be required?

A
AA
AAA
AAAAAN
AAAAAAN
AAAAAAAN
AAAAAAAAN

IVVVVVVVVVVVVVVVVVYY

20'
Constructing a Brick Staircase A brick staircase has a
total of 30 steps. The bottom step requires 100 bricks. Each
successive step requires two less bricks than the prior step.
(a) How many bricks are required for the top step?
(b) How many bricks are required to build the staircase?
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55. Stadium Construction How many rows are in the corner 56. Salary Suppose that you just received a job offer with a
section of a stadium containing 2040 seats if the first row has starting salary of $35,000 per year and a guaranteed raise of
10 seats and each successive row has 4 additional seats? $1400 per year. How many years will it take before your ag-

gregate salary is $280,000?
[Hint: Your aggregate salary after 2 years is
$35,000 + ($35,000 + $1400).]

Discussion and Writing

57. Make up an arithmetic sequence. Give it to a friend and ask 58. Describe the similarities and differences between arithmetic
for its twentieth term. sequences and linear functions.

11.3 Geometric Sequences; Geometric Series

OBJECTIVES 1 Determine If a Sequence Is Geometric
2 Find a Formula for a Geometric Sequence
3 Find the Sum of a Geometric Sequence
4 Find the Sum of a Geometric Series

1 Determine If a Sequence Is Geometric

When the ratio of successive terms of a sequence is always the same nonzero
number, the sequence is called geometric. A geometric sequence’ may be defined

. a,
I‘CCUI‘SIVGIy as ay = a, —— =7r,o0ras
ap—

a = a, a, = rdap— (1)

where a; = a and r # 0 are real numbers. The number a is the first term, and the
nonzero number r is called the common ratio.

The terms of a geometric sequence with first term a and common ratio r follow
the pattern

a, ar, ar’, ar’,...

EXAMPLE 1 Determining If a Sequence Is Geometric

The sequence

2, 6, 18, 54, 162,...

. L . . . 6 18 54
is geometric since the ratio of successive terms is 3 (2 e T T 3). The
first term is 2, and the common ratio is 3. |

EXAMPLE 2 Determining If a Sequence Is Geometric

Show that the following sequence is geometric.

{s.} =27"
Find the first term and the common ratio.

* . . .
Sometimes called a geometric progression.
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. . . 41
Solution  The first term is s, = 27! = 5 The nth and (n — 1)st terms of the sequence
{s,} are

s, =27" and s, ;=21

Their ratio is

S 2" = g nt(n=1) — 51 _ 1
Sp-1 277D 2
Because the ratio of successive terms is a nonzero constant, the sequence {s,} is

- .1
geometric with common ratio 5 <

EXAMPLE 3 Determining If a Sequence Is Geometric

Show that the following sequence is geometric.

{ta} = {4"}

Find the first term and the common ratio.

Solution  The first term is t; = 4! = 4. The nth and (n — 1)st terms are
t,=4" and ¢, ;=4""

Their ratio is

o= = =g4n—(n-1) =y
n—1

The sequence, {1, }, is a geometric sequence with common ratio 4. <

memmmm-- NOW WORK PROBLEM 7.

2 Find a Formula for a Geometric Sequence

Suppose that a is the first term of a geometric sequence with common ratio r # 0.
We seek a formula for the nth term a,,. To see the pattern, we write down the first
few terms:

a, = ra; = ar
as = rapy = r(
a, = ray = r(ar®) = ar’
as = rag = r(
a, =ra,_ = r(ar"?) = ar""!

We are led to the following result:
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Theorem nth Term of a Geometric Sequence
For a geometric sequence {a,} whose first term is @ and whose common ratio
is r, the nth term is determined by the formula
a,=ar" ', r#0 Q?)
EXAMPLE 4 | Finding a Particular Term of a Geometric Sequence
81 729
(a) Find the ninth term of the geometric sequence: 10, 9, 10 100"
(b) Find a recursive formula for this sequence.
Solution (a) The first tergl1 of this geometric sequence is ¢ = 10 and the common ratio is 10
, 9 10 9 : :
— Exploration (Use 10°%" 9 = 1o orany two successive terms.) By formula (2), the nth term is

Use a graphing utility to find the ninth
term of the sequence given in Example 4.
Use it to find the twentieth and fiftieth
terms. Now use a graphing utility to
graph the recursive formula found in Ex-
ample 4(b). Conclude that the graph of
the recursive formula behaves like the
graph of an exponential function. How is
r, the common ratio, related to a, the
base of the exponential function y = a*?

Theorem

9 n—1
= 10{ —
o (10)

9 9-1 9 8
ag = 10(10) = 10(10> ~ 4.3046721

9
(b) The first term in the sequence is 10 and the common ratio is r = 10 Using

9
1091 <

M-~ NOW WORK PROBLEMS 29 AND 37.

The ninth term is

formula (1), the recursive formula is a; = 10, a, =

Find the Sum of a Geometric Sequence

The next result gives us a formula for finding the sum of the first n terms of a
geometric sequence.

Sum of n Terms of a Geometric Sequence

Let {a,} be a geometric sequence with first term a and common ratio r, where
r # 0,r # 1. The sum §,, of the first n terms of {a,} is

r#0,1 A3)

Proof The sum S, of the first n terms of {a,} = {ar" '} is
S,=a+ar+-+a"! )
Multiply each side by r to obtain
rS, =ar + ar’> + - + ar" Q)
Now, subtract (5) from (4). The result is
S, —rS,=a—ar"

(1-=r)S,=a(l —r"
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Since r # 1, we can solve for §,,.

1 -7
Sn=d 1—-r u
EXAMPLE 5 Finding the Sum of n Terms of a Geometric Sequence

1 n
Find the sum S, of the first n terms of the sequence { <2> }; that is, find

1 1 1 <1)”
e T SRR
2 4 8 2
. 1\"] . . . 1 1
Solution  The sequence > is a geometric sequence with a = > and r = 5 The sum S,

that we seek is the sum of the first n terms of the sequence, so we use formula (3) to get

— 1n_
1 - (=
=3 1_1 ormula (3)
— 2_
— 1n_
1 - (=
)
2

M- NOW WORK PROBLEM 43.

EXAMPLE 6 Using a Graphing Utility to Find the Sum of a Geometric Sequence

1 n
Use a graphing utility to find the sum of the first 15 terms of the sequence {(3) };
that is, find

Fi 14 1+1+1+~--+(1)15
efre 379 27 3
EUT{?EqEE%HS}“na
et . :1999999552 Solution Figure 14 shows the result obtained using a TI-84 Plus graphing calcu-

lator. The sum of the first 15 terms of the sequence {(;) } is 0.4999999652. <

mmmmmmm-- NOW WORK PROBLEM 49.
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4 Find the Sum of a Geometric Series

An infinite sum of the form
a+ar+ar*+--+ar"+---

with first term a and common ratio r, is called an infinite geometric series and
is denoted by

[e¢]
> ark!
k=1

Based on formula (3), the sum §,, of the first n terms of a geometric series is

.1—r"_ a ar”
1—-r 1—-r 1-r

If this finite sum S, approaches a number L as n— 00, then we say the infinite

Sp=a (6)

o0
geometric series >, ar*~! converges. We call L the sum of the infinite geometric series,
and we write ~ *=1

[oe]
L= E ark=1
k=1

If a series does not converge, it is called a divergent series.

Theorem Sum of an Infinite Geometric Series
[o¢]
If || < 1, the sum of the infinite geometric series >, ar¥ ! is
=1
o0
a
Sark ! = @)
k=1 1—r

Intuitive Proof Since |r| < 1, it follows that |r"| approaches 0 as n — oo. Then,

a
based on formula (6), the sum S, approaches [, a8n—> 00, -
EXAMPLE 7 Finding the Sum of a Geometric Series
. . . 4 8
Find the sum of the geometric series: 2 + 3 + 9 + -
Solution  The first term is a = 2, and the common ratio is
— Exploration ——— 4
3 4 2
Use a graphing utility to graph r=5=7=3
graphing y grap 276 3
Un = 2(§> in sequence mode.  gjnce |r| < 1, we use formula (7) to find that
TRACE the graph for large values of n. 4 8 2
What happens to the value of U, as n 2+§+§+"'=—2=6
increases without bound? What can 1-= <
3

00 2 n—1
you conclude about E 2(5) ?

n=1 W=~ NOW WORK PROBLEM 55.




Figure 15
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EXAMPLE 8 Repeating Decimals
Show that the repeating decimal 0.999... equals 1.
9 9 9
Soluti 99... = —+——+ —— + -
olution  0.999 10 T 100 T 1000
1
The decimal 0.999... is a geometric series with first term Tg() and common ratio 10
Using formula (7), we find
2 2
0.999... = 0__10_ 1
)
10 10 <
| EXAMPLE 9 | Pendulum Swings

Solution

Initially, a pendulum swings through an arc of 18 inches. See Figure 15. On each suc-
cessive swing, the length of the arc is 0.98 of the previous length.

(a) What is the length of the arc of the 10th swing?
(b) On which swing is the length of the arc first less than 12 inches?
(c) After 15 swings, what total distance will the pendulum have swung?
(d) When it stops, what total distance will the pendulum have swung?
(a) The length of the first swing is 18 inches.

The length of the second swing is 0.98(18) inches.

The length of the third swing is 0.98(0.98)(18) = 0.98?(18) inches.

The length of the arc of the 10th swing is

(0.98)°(18) ~ 15.007 inches

(b) The length of the arc of the nth swing is (0.98)"!(18). For this to be exactly 12
inches requires that

(0.98)"71(18) = 12

12 2
(0.98)" 1 = B3 Divide both sides by 16.
2
n—1= log0.98(3> Express as a logarithm.
2
ln(3> Solve for 1; use the Change
n=1+ ~ 1 + 20.07 = 21.07 of Base Formula.
In 0.98

The length of the arc of the pendulum exceeds 12 inches on the 21st swing and
is first less than 12 inches on the 22nd swing.

(c) After 15 swings, the pendulum will have swung the following total distance L:

L =18 + 0.98(18) + (0.98)%(18) + (0.98)*(18) + --- + (0.98)1(18)
1st 2nd rd 4th 15th.
This is the sum of a geometric sequence. The common ratio is 0.98; the first term
is 18. The sum has 15 terms, so

1 — 0985 .
L =18- m ~ 18(1307) ~ 235.3 inches

The pendulum will have swung through 235.3 inches after 15 swings.
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(d) When the pendulum stops, it will have swung the following total distance T:
T =18 + 0.98(18) + (0.98)%(18) + (0.98)3(18) + ---

This is the sum of a geometric series. The common ratio is r = 0.98; the first

termis a = 18. The sum is

a 18
E T TR
The pendulum will have swung a total of 900 inches when it finally stops. <

DL -

HisToRICAL FEATURE

NOW WORK PROBLEM 69.

Sequences are among the oldest ob-
jects of mathematical investigation, having
been studied for over 3500 years. After
the initial steps, however, little progress
was made until about 1600.

Arithmetic and geometric sequences
appear in the Rhind papyrus, a mathematical
text containing 85 problems copied around
1650 BC by the Egyptian scribe Ahmes from an earlier work (see His-
torical Problem 1). Fibonacci (AD 1220) wrote about problems simi-
lar to those found in the Rhind papyrus, leading one to suspect that
Fibonacci may have had material available that is now lost. This ma-
terial would have been in the non-Euclidean Greek tradition of

Fibonacci

Historical Problems

1. Arithmetic sequence problem from the Rhind papyrus (statement
modified slightly for clarity) One hundred loaves of bread are
to be divided among five people so that the amounts that they
receive form an arithmetic sequence. The first two together
receive one-seventh of what the last three receive. How many
loaves does each receive!? 2
[Partial answer: First person receives 1 3 loaves.]

2. The following old English children’s rhyme resembles one of
the Rhind papyrus problems.

As | was going to St. ves
| met a man with seven wives

Heron (about AD 75) and Diophantus (about AD 250). One problem,
again modified slightly, is still with us in the familiar puzzle rhyme “As
| was going to St. Ives ...” (see Historical Problem 2).

The Rhind papyrus indicates that the Egyptians knew how to
add up the terms of an arithmetic or geometric sequence, as did
the Babylonians. The rule for summing up a geometric sequence is
found in Euclid’s Elements (Book IX, 35, 36), where, like all Euclid’s
algebra, it is presented in a geometric form.

Investigations of other kinds of sequences began in the 1500s,
when algebra became sufficiently developed to handle the more
complicated problems. The development of calculus in the 1600s
added a powerful new tool, especially for finding the sum of infinite
series, and the subject continues to flourish today.

Each wife had seven sacks

Each sack had seven cats

Each cat had seven kits [kittens]
Kits, cats, sacks, wives

How many were going to St. lves?

(@) Assuming that the speaker and the cat fanciers met by
traveling in opposite directions, what is the answer?

(b) How many kittens are being transported?

(c) Kits, cats, sacks, wives; how many?

[Hint: It is easier to include the man, find the sum with the

formula, and then subtract 1 for the man.]

11.3 Assess Your Understanding

Concepts and Vocabulary

1. In a(n) sequence, the ratio of successive terms is a
constant.

o0
2. If |[r| < 1, the sum of the geometric series >, ar¥~is
=1

3. True or False: A geometric sequence may be defined re-
cursively.

4. True or False: In a geometric sequence, the common ratio is
always a positive number.
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In Problems 5—14, show that each sequence is geometric. Find the common ratio and write out the first four terms.

2

5. {3} 6. {(—5)"}
10. {%} 1. {277} 12. {31}

e e
N

In Problems 15-28, determine whether the given sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find the com-

mon difference; if it is geometric, find the common ratio.

2
15. {n + 2} 16. {2n — 5} 17. {4n*} 18. {517> + 1} 19. {3 - gn}
3 2\" 5\"
20. 48 ——n 21. 1,3,6,10,... 22. 2,4,6,8,... 23. 9| 5 24. < | —
4 3 4
25. —1,-2,-4,-8,... 26.1,1,2,3,5,8,... 27. {3"%} 28. {(—=1)"}
In Problems 29-36, find the fifth term and the nth term of the geometric sequence whose initial term a and common ratio r are given.
a=2, r=3 30 a=-2; r=4 3l.a=5;, r=-1 R.a=6; r=-2
1 1 1
33.a=0;r=§ 34.a=1;r=f§ 35.a=\6;r=\6 36. a =0, r=—
T
In Problems 3742, find the indicated term of each geometric sequence.
7th term of 1,%, %, . 38. 8thterm of1,3,9,... 39. 9thtermof 1, —1,1,...
40. 10th term of —1, 2, —4, ... 41. 8th term of0.4, 0.04, 0.004, . .. 42. 7th term of 0.1, 1.0, 10.0, . ..

In Problems 43—48, find each sum.

1,2 22 2 2! 3 3 3 " 2 (2)’<
e e e A M=+ =+ =+t = 45. =
4 4 4 4 4 9 9 9 9 ;;1 3
< k—1 -1 6 18 3 n—1
46. > 4-3 47. -1 -2 -4 -8 —---— (2" 48. 2 + -+ —— + -+ 2| =
k=1 5 25 5
For Problems 49-54, use a graphing utility to find the sum of each geometric sequence.
2 3 14 2 15 15 n
1,z,2, 2, .2 s0.0 42 ¢ 3 51. (Z)
4 4 4 4 4 9 9 9 = \3
15 6 18 3 15
52. > 4.3t 53 -1-2-4-8—-..—21 54.2+7+—+---+2(—)
,,21 5 25 5
In Problems 55-64, find the sum of each infinite geometric series.
1 1 4 8 2
1+ +—+-- 2+ L84+ 4+2 4 L6+ 2+ T+
2ty 56 2ty 57. 8 58. 6 3
11 1 3.9 27 S (1! S (1)k—l
59.2 — -+ - — -+ 60. 1 ——+——— 61. 5(— 62. 8 =
2 8 32 4 16 o4 kzzl (4) ,;1 3
00 2 k-1 00 1 k—1
63. 26(**) 64. 24(77)
= 3 = 2

Applications and Extensions

65. Find x so that x, x + 2, and x + 3 are consecutive terms of

a geometric sequence.

66. Find x so that x — 1, x,and x + 2 are consecutive terms of a

geometric sequence.

67. Salary Increases Suppose that you have just been hired at
an annual salary of $18,000 and expect to receive annual in-
creases of 5%. What will your salary be when you begin

your fifth year?

68.

Equipment Depreciation A new piece of equipment cost a
company $15,000. Each year, for tax purposes, the company
depreciates the value by 15%. What value should the
company give the equipment after 5 years?

Pendulum Swings Initially, a pendulum swings through an
arc of 2 feet. On each successive swing, the length of the arc
is 0.9 of the previous length.

(a) What is the length of the arc of the 10th swing?
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70. Bouncing Balls

71.

(b) On which swing is the length of the arc first less than 1
foot?

(c) After 15 swings, what total length will the pendulum
have swung?

(d) When it stops, what total length will the pendulum have
swung?

A ball is dropped from a height of 30 feet.

Each time it strikes the ground, it bounces up to 0.8 of the

previous height.

-9

|
| .
| Q
\ n
\ I
\ I
\ |
\ |
\ |
|
2

I
I
I
I I
24" 119.
I
[
| |
| |
\
|

V!
,!;’ I' ; : ;

(a) What height will the ball bounce up to after it strikes
the ground for the third time?

(b) How high will it bounce after it strikes the ground for
the nth time?

(c) How many times does the ball need to strike the ground
before its bounce is less than 6 inches?

(d) What total distance does the ball travel before it stops
bouncing?

Grains of Wheat on a Chess Board In an old fable, a com-

moner who had saved the king’s life was told he could ask

the king for any just reward. Being a shrewd man, the com-

moner said, “A simple wish, sire. Place one grain of wheat on

the first square of a chessboard, two grains on the second

square, four grains on the third square, continuing until you

have filled the board. This is all I seek.” Compute the total

number of grains needed to do this to see why the request,

seemingly simple, could not be granted. (A chessboard

consists of § X 8 = 64 squares.)

Discussion and Writing

77.

A Rich Man’s Promise A rich man promises to give you
$1000 on September 1, 2001. Each day thereafter he will

9
give you 0 of what he gave you the previous day. What is

the first date on which the amount you receive is less than
1¢? How much have you received when this happens?

72. Look at the figure below. What fraction of the square is

73.

74.

75.

76.

78.

eventually shaded if the indicated shading process continues
indefinitely?

Multiplier Suppose that, throughout the U.S. economy, in-
dividuals spend 90% of every additional dollar that they
earn. Economists would say that an individual’s marginal
propensity to consume is 0.90. For example, if Jane earns an
additional dollar, she will spend 0.9(1) = $0.90 of it. The in-
dividual that earns $0.90 (from Jane) will spend 90% of it or
$0.81. This process of spending continues and results in an
infinite geometric series as follows:

1, 0.90, 0.902, 0.90%, 0.90%, . ...

The sum of this infinite geometric series is called the
multiplier. What is the multiplier if individuals spend 90%
of every additional dollar that they earn?

Multiplier Refer to Problem 73. Suppose that the margin-
al propensity to consume throughout the U.S. economy is
0.95. What is the multiplier for the U.S. economy?

Stock Price One method of pricing a stock is to discount
the stream of future dividends of the stock. Suppose that a
stock pays $P per year in dividends and, historically, the div-
idend has been increased % per year. If you desire an an-
nual rate of return of r%, this method of pricing a stock
states that the price that you should pay is the present value
of an infinite stream of payments:

1+ (1+i)2 (1+i>3
+ P + P + -
1+r 1+r

1+r
The price of the stock is the sum of an infinite geometric se-
ries. Suppose that a stock pays an annual dividend of $4.00
and, historically, the dividend has been increased 3% per
year. You desire an annual rate of return of 9%. What is the
most you should pay for the stock?

Price =P + P

Stock Price Refer to Problem 75. Suppose that a stock pays
an annual dividend of $2.50 and, historically, the dividend has
increased 4% per year. You desire an annual rate of return of
11%. What is the most that you should pay for the stock?

Critical Thinking You are interviewing for a job and
receive two offers:

A:  $20,000 to start, with guaranteed annual increases of
6% for the first 5 years

B: $22,000 to start, with guaranteed annual increases of
3% for the first 5 years
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Which offer is best if your goal is to be making as much as Which option provides the most money over the 7-year pe-
possible after 5 years? Which is best if your goal is to make riod? Which the least? Which would you choose? Why?
as much money as possible over the contract (5 years)?

79. Critical Thinking Which of the following choices, A or B, 81. Can a sequence be both arithmetic and geometric? Give

results in more money? reasons for your answer.

Az To receive $1000 on day 1, $999 on day 2, $998 on 82. Make up a geometric sequence. Give it to a friend and ask

day 3, with the process to end after 1000 days for its 20th term.
B: To receive $1 on day 1, $2 on day 2, $4 on day 3, for
19 days 83. Make up two infinite geometric series, one that has a sum

and one that does not. Give them to a friend and ask for the

80. Critical Thinking You have just signed a 7-year profes- sum of each serics.

sional football league contract with a beginning salary of
$2,000,000 per year. Management gives you the following 84
options with regard to your salary over the 7 years.
1. A bonus of $100,000 each year
2. An annual increase of 4.5% per year beginning after
1 year
3. An annual increase of $95,000 per year beginning after
1 year

. Describe the similarities and differences between geometric
sequences and exponential functions.

11.4 Mathematical Induction

OBJECTIVE 1 Prove Statements Using Mathematical Induction

1 Prove Statements Using Mathematical Induction

Mathematical induction is a method for proving that statements involving natural
numbers are true for all natural numbers.”

For example, the statement “2n is always an even integer” can be proved true
for all natural numbers # by using mathematical induction. Also, the statement “the
sum of the first n positive odd integers equals n?,” that is,

14345+ +@2n—-1)=n’ a

can be proved for all natural numbers n by using mathematical induction.

Before stating the method of mathematical induction, let’s try to gain a sense of
the power of the method. We shall use the statement in equation (1) for this purpose
by restating it for various values of n = 1,2, 3,....

n=1 The sum of the first positive odd integer is 1%, 1 = 12,

n=2 The sum of the first 2 positive odd integers is 2%
1+3=4=22

n=3 The sum of the first 3 positive odd integers is 3%
1+3+5=9=3%

n=4 The sum of the first 4 positive odd integers is 4%

1+3+5+7=16 =42

Although from this pattern we might conjecture that statement (1) is true for any
choice of n, can we really be sure that it does not fail for some choice of n? The
method of proof by mathematical induction will, in fact, prove that the statement is
true for all n.

“Recall that the natural numbers are the numbers 1,2,3,4,.... In other words, the terms natural num-
bers and positive integers are synonymous.
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Figure 16

Theorem

The Principle of Mathematical Induction

Suppose that the following two conditions are satisfied with regard to a
statement about natural numbers:

CONDITION I: The statement is true for the natural number 1.

CONDITION II:  If the statement is true for some natural number k, it is
also true for the next natural number k& + 1.

Then the statement is true for all natural numbers.

We shall not prove this principle. However, we can provide a physical
interpretation that will help us to see why the principle works. Think of a collection
of natural numbers obeying a statement as a collection of infinitely many dominoes.
See Figure 16.

Now, suppose that we are told two facts:

1. The first domino is pushed over.

2. If one domino falls over, say the kth domino, then so will the next one, the
(k + 1)st domino.

Is it safe to conclude that all the dominoes fall over? The answer is yes, because if
the first one falls (Condition I), then the second one does also (by Condition II); and
if the second one falls, then so does the third (by Condition II); and so on.

Now let’s prove some statements about natural numbers using mathematical
induction.

EXAMPLE 1 Using Mathematical Induction
Show that the following statement is true for all natural numbers n.
14345+ +2n—1)=n? Q)
Solution  We need to show first that statement (2) holds for n = 1. Because 1 = 12, statement (2)
is true for n = 1. Condition I holds.
Next, we need to show that Condition II holds. Suppose that we know for some
k that
1+3+-+2k—-1)=k 3
We wish to show that, based on equation (3), statement (2) holds for £ + 1. We look
at the sum of the first £ + 1 positive odd integers to determine whether this sum
equals (k + 1)%
14+3++QCk-—D+RKk+D-1]=1+3+-+2k-1D]+2k+1)
= Kby eo{uatiom (3)
=k2+ (2k+1)
=k2+2k+1=(k+1)?
Conditions I and II are satisfied; by the Principle of Mathematical Induction,
statement (2) is true for all natural numbers n. <
EXAMPLE 2 Using Mathematical Induction

Show that the following statement is true for all natural numbers 7.

2" >n



Solution
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First, we show that the statement 2 > n holds when n = 1. Because 2! = 2 > 1,
the inequality is true for n = 1. Condition I holds.

Next, we assume, for some natural number k, that 2X > k. We wish to show that
the formula holds for k + 1; that is, we wish to show that 2"! > k + 1. Now

2kl = pk s ok =k +k=k+1
) i

We know that k=1
2k > k.

If 2K > k, then 2¥*! > k + 1, so Condition II of the Principle of Mathematical
Induction is satisfied. The statement 2" > n is true for all natural numbers #. |

EXAMPLE 3

Solution

Using Mathematical Induction

Show that the following formula is true for all natural numbers n.

n(n + 1)
L4243 4 4n=""" )

First, we show that formula (4) is true when n = 1. Because
11+1) 1(2) .

2 2
Condition I of the Principle of Mathematical Induction holds.
Next, we assume that formula (4) holds for some k, and we determine whether
the formula then holds for k£ + 1. We assume that
k(k +1)

1+2+3++k:# for some k (5)

Now we need to show that

1+2+3+...+k+(k+1)=(k+1)(l€2+1+1)=(k+1)2(k+2)

We do this as follows:
1+2+3+---+k+(k+1)=‘[1+2+3+---+k]‘+(k+1)

_ Kk+1) by equation (5)

P

B 2
="l—)";r1 +(k+1)

_ K+ k+2k+2
2
_ kK +3k+2 _(kt+1)(k+2)
2 2

Condition II also holds. As a result, formula (4) is true for all natural numbers . <

mmmmmmm-- NOW WORK PROBLEM 1.

EXAMPLE 4

Solution

Using Mathematical Induction
Show that 3" — 1 is divisible by 2 for all natural numbers 7.

First, we show that the statement is true when n = 1. Because 3' — 1 =3 -1 =2
is divisible by 2, the statement is true when n = 1. Condition I is satisfied.
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Next, we assume that the statement holds for some k, and we determine
whether the statement then holds for k + 1. We assume that 3* — 1 is divisible by 2
for some k. We need to show that 3¥*! — 1 is divisible by 2. Now

kAl 1 = 3kl 3k 4 3k q Subtract and add 3.
=3k3-1)+ 3 -1)=3k2+ (3F-1)

Because 3-2 is divisible by 2 and 3% — 1 is divisible by 2, it follows that
3%.2 + (3% — 1) = 3k*1 — 1 is divisible by 2. Condition II is also satisfied. As a
result, the statement “3"” — 1 is divisible by 2” is true for all natural numbers n. <«

WARNING  The conclusion that a statement involving natural numbers is true for all natural
numbers is made only after both Conditions | and Il of the Principle of Mathematical Induction have
been satisfied. Problem 27 demonstrates a statement for which only Condition | holds, but the
statement is not true for all natural numbers. Problem 28 demonstrates a statement for which only
Condition Il holds, but the statement is not true for any natural number. |

11.4 Assess Your Understanding

Skill Building

In Problems 1-26, use the Principle of Mathematical Induction to show that the given statement is true for all natural numbers n.

1.

3.

5.

7.

9.

11.

13.

15.

17.

18.

19.
21.
23.
25.

24+4+6+---+2n=n(n+1)

1
3+4+5+~--+(n+2)25n(n+5)

1
2+5+8+---+(3n—1)=§n(3n+1)

1+2+22 4. 4201 =2"—1

1+4+42+.~+4"*1=%(4"—1)

1 1 1 1 n
1.2 2-3 3-4 nin+1) n+1

1
12+22+32+--~+n2:gn(n+1)(2n+1)

1
4+3+2+---+(5—n)=5n(9—n)

1-2+2-3+34+--+nn+1) =%n(n+ 1(n + 2)

1-2+34+5-6+---+ (2n —1)(2n) :%n(n + 1)(4n — 1)

n* + nis divisible by 2.

n* — n + 2 is divisible by 2.

If x > 1, thenx" > 1.

a — bis afactor of a" — b".

[Hint: a*™1 — b**1 = g(ak — b*) + b (a — b)]

2.1 +5+9+--+ (4n—-3)=n2n—-1)

4.3+5+7+--+ 2n+1)=n(n+2)

1
6.1+4+7+---+(3n—2)=§n(3n—1)

s.1+3+32+---+3"—1=5(3"71)
1
10.1+5+52+---+5"*1=Z(5"—1)
1-3 3.5 5-7 2n-12n+1) 2n+1

14. 1 +23+33+--~+n3:%n2(n+ 1)?

1
16 2 -3 -4 (n+1) = —n(n+3)

20. n® + 2nis divisible by 3.
22. n(n + 1)(n + 2) is divisible by 6.
24, If0 < x < 1,then 0 < x" < 1.

26. a + bisafactor of a®*! + p¥ L



Applications and Extensions
27. Show that the statement “n~ — n + 41 is a prime number”
is true for n = 1, but is not true for n = 41.
28. Show that the formula

244+6+-+2n=n"+n+2

obeys Condition II of the Principle of Mathematical Induc-
tion. That is, show that if the formula is true for some k it is
also true for k + 1. Then show that the formula is false for
n = 1 (or for any other choice of n).

29. Use mathematical induction to prove that if » # 1 then

2 P et
a+ar + ar” + -+ ar =a
1—-r
30. Use mathematical induction to prove that
a+ (a+d)+ (a+2d)
n(n —1)
+~~~+[a+(n—1)d]:na+df

Discussion and Writing
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31. Extended Principle of Mathematical Induction The
Extended Principle of Mathematical Induction states that if
Conditions I and II hold, that is,

(I) A statement is true for a natural number j.

(IT) If the statement is true for some natural number k = j,
then it is also true for the next natural number k& + 1.

then the statement is true for all natural numbers =j.

Use the Extended Principle of Mathematical Induction to
show that the number of diagonals in a convex polygon of n

1
sides is En(n - 3).
[Hint: Begin by showing that the result is true when n = 4

(Condition I).]

32. Geometry Use the Extended Principle of Mathematical
Induction to show that the sum of the interior angles of a
convex polygon of 7 sides equals (n — 2) - 180°.

33. How would you explain the Principle of Mathematical Induction to a friend?

11.5 The Binomial Theorem

OBJECTIVES 1 Evaluate (n>
J

2 Use the Binomial Theorem

Formulas have been given for expanding (x + a)" for n =2 and n = 3.
The Binomial Theorem™ is a formula for the expansion of (x + a)" for any positive
integer n. If n = 1, 2,3, and 4, the expansion of (x + a)" is straightforward.

(x + a)1 =x+ta Two terms, beginning with X' and
ending with 2’

(x + a)? = x* + 2ax + a° Three terms, beginning with x°
and ending with a2

(x + a)® = x> + 3ax* + 3a’x + a° Four terms, beginning with x>
and ending with 2°

4 _ 4 3 2,2 3 4 . o . 4

(x +a)" = x" + dax’ + 6a°x” + 4a’x + a Five terms, beginning with x* and

ending with 2

Notice that each expansion of (x + a)" begins with x" and ends with a". As you
read from left to right, the powers of x are decreasing by one, while the powers of a
are increasing by one. Also, the number of terms that appears equals n + 1. Notice,
too, that the degree of each monomial in the expansion equals n. For example, in the

“The name binomial is derived from the fact that x + ais a binomial; that is, it contains two terms.
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expansion of (x + a)?, each monomial (x°, 3ax?, 3a°x, a®) is of degree 3. As a result,
we might conjecture that the expansion of (x + a)" would look like this:

x4+ a"x + a"

(x +a)'=x"+ ax" !+

where the blanks are numbers to be found. This is, in fact, the case, as we shall see
shortly. "
Before we can fill in the blanks, we need to introduce the symbol ( . )

]

n
1 Evaluate ( >
J
We define the symbol (?), read “n taken j at a time,” as follows:
If j and n are integers with 0 = j =< n, the symbol (n) is defined as
NOTE J
On a graphing calculator, the
bol be denoted b (n> - @
T S
symbo j may be denoted by i iiin = ))!
the key. u
| EXAMPLE 1 | ~ (n
Evaluating j
Find:
3 4 8 65
(@) el el @)
3 3! 3! 3:2:1 6
I H = = — = — =
Solution (a)(1> 1G -1 12 1@y 20
4 41 4! 4-3-2-1 24
2 204 —=2) 2120 (2-1)(2-1) 4
. 8 8! 8! 8.7t 8
Figure 17 = = = = — =
© (7) =70 7 -1 1 8
&5 _ntk_15
2. 87374599214
8l =8-7

(d) Figure 17 shows the solution using a TI-84 Plus graphing calculator. So,

(ﬁ)zsz%%sxm”

memmmmm-- NOW WORK PROBLEM 5.

Four useful formulas involving the symbol (’;) are

(5)-




Figure 18
Pascal triangle
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n n! n! 1
Proof = = =—=1
roo (0) O(n —0) _olnl 1
(n) B n! on a1
1) Nn-1)! (-1 -1
You are asked to show the remaining two formulas in Problem 45. |

Suppose that we arrange the various values of the symbol (n) in a triangular
display, as shown next and in Figure 18. J

(o)

(o) (1)
) () C)
o) () G)6)
() () G) 6) ()
6 ()G GGG

This display is called the Pascal triangle, named after Blaise Pascal (1623-1662),
a French mathematician.

The Pascal triangle has 1’s down the sides. To get any other entry, add the two
nearest entries in the row above it. The shaded triangles in Figure 18 illustrate this
feature of the Pascal triangle. Based on this feature, the row corresponding ton = 6
is found as follows:

5 1010 5 1
NN NN
n=6—> 1 6 1520 15 6 1

Later we shall prove that this addition always works (see the theorem on page 868).
Although the Pascal triangle provides an interesting and organized display of

n=57 1

the symbol (7), in practice it is not all that helpful. For example, if you wanted to

12
know the value of ( 5 >, you would need to produce 13 rows of the triangle before

seeing the answer. It is much faster to use the definition (1).
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2 Use the Binomial Theorem

Now we are ready to state the Binomial Theorem.

Theorem Binomial Theorem

Let x and a be real numbers. For any positive integer n, we have

)+ (Dot v (PJoer o ()

x" + ax" "t e+ @l X A+ a"

0 1 ] n
(’?)x”_faf Q)

j=0 \'J

Now you know why we needed to introduce the symbol <’]1>, these symbols are

(x +a)"

Il
M=

the numerical coefficients that appear in the expansion of (x + a)". Because of this,

the symbol <7> is called a binomial coefficient.

EXAMPLE 2 Expanding a Binomial
Use the Binomial Theorem to expand (x + 2)°.

Solution  In the Binomial Theorem,let a = 2 and n = 5. Then

(x +2)° T (g>x5 + (i>2x4 + <§)22x3 + <§>23x2 + (i>24x + (2)25

Use equation (2)
=1-x° +5-2x* 4+ 10-4x> + 10-8x> + 5-16x + 1-32

1
n
Use row n = 5 of the Pascal triangle or formula (1) for < >
J

= x5 4+ 10x* + 40x> + 80x2 + 80x + 32

EXAMPLE 3 Expanding a Binomial
Expand (2y — 3)* using the Binomial Theorem.

Solution  First, we rewrite the expression (2y — 3)*as [2y + (—3)]* Now we use the Binomial
Theorem withn = 4, x = 2y,anda = —3.

4 4 4
2+ (1 = (3 )ent+ (F)emen + (3)sren
4 _7\3 4 _1\4
+ (3)( 3)°(2y) + (4>( 3)
=1-16y* + 4(—3)8y> + 6-9-4y> + 4(—27)2y + 1-81
1
Use row n = 4 of the Fascal triangle or formula (1) for <j>

= 16y* — 96y° + 216y> — 216y + 81
In this expansion, note that the signs alternate due to the fact thata = -3 < 0. <«

mmmmmmm-- NOW WORK PROBLEM 21.
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EXAMPLE 4 Finding a Particular Coefficient in a Binomial Expansion

Find the coefficient of y® in the expansion of (2y + 3)°.

We write out the expansion using the Binomial Theorem.

Solution
10

v+ 3= () )ene+ (Ve + (3 )enrer + (3 )eer

. <1f>(2y)6(3)4 P (190>(2y)(3)9 + (18)(3)“)

From the third term in the expansion, the coefficient of y® is
10 10! 10-9- 8t
2)%3)* = 5 o289 = ————-2%-9 = 103,680
<2>()() 218! ? 2.8 ’ ’
As this solution demonstrates, we can use the Binomial Theorem to find a par-

ticular term in an expansion without writing the entire expansion.

Based on the expansion of (x + a)", the term containing x/ is

< " .>a"fxf 3)
n—j

For example, we can solve Example 4 by using formula (3) with
n=10,a = 3,x = 2y,and j = 8. Then the term containing y® is

10 10-8 8 _ 10 2 8 8 __ 10' 8.8
(10—8)3 @) =y )32y =92y

10-9- 8t
=2 7".9.28,8 =1 8
.8t 9-2°% 03,680y

EXAMPLE 5 Finding a Particular Term in a Binomial Expansion

Find the sixth term in the expansion of (x + 2)°.

Solution A° We expand using the Binomial Theorem until the sixth term is reached.

9 9 9 9 9
+2)? = 9+<>8-+<>7-2+<>6-3+<>5-4
(x +2) (0>x 1)c2 2)c2 3x2 4x2
9
+( >x4-25+~--
5

The sixth term is
5 -S4l
The sixth term in the expansion of (x + 2)°, which has 10 terms total, contains x

(Do you see why?) By formula (3), the sixth term is

9 9 9!
594 4:< >25 4= 300t = 40320
<9—4> s s * <

9 9!
( )x4-25 = . x*.32 = 4032x*

4

Solution B

mmmmmm-- NOW WORK PROBLEMS 29 AND 35.
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Next we show that the triangular addition feature of the Pascal triangle illus-
trated in Figure 18 always works.

Theorem If n and j are integers with 1 =< j < n, then

(1f1>+<7>:(n;1>

“)

Proof

n!

(i :l 1) i (7) T G- 1)![nni (G- 1 *

n!

Ji(n = j)!
n!

jn!

G- Dln—j+ 1

JHn =)

. . J
(n -j+ 1)n! Multiply the first term byjjamd

- DIm—j+ D) i (n =+ 1) (n =)

n—j+1
the second term by
n

jn! (n—j+ 1)n! —Jr
= j!(n i+ 1)! ]'(n I 1)! Now the denominators are equal.
ja! + (n —j + 1)n!
T jln—j+ 1)
nl(j+n—j+1)
T jl(n—j+ 1)
nl(n + 1) (n + 1)!

HisToRricAL FEATURE

Jdn—j+ 1D jn+1) =]

-("7) .

The case n = 2 of the Binomial Theorem,
(a + b)z, was known to Euclid in 300 BC, but
the general law seems to have been discov-
ered by the Persian mathematician and as-
tronomer Omar Khayyam (1050-1123),
who is also well known as the author of the
Rubdiydt, a collection of four-line poems mak-
ing observations on the human condition.
Omar Khayyam did not state the Binomial
Theorem explicitly, but he claimed to have a method for extracting
third, fourth, fifth roots, and so on. A little study shows that one must
know the Binomial Theorem to create such a method.

Omar Khayyam
(1050-1123)

The heart of the Binomial Theorem is the formula for the nu-
merical coefficients, and, as we saw, they can be written out in a
symmetric triangular form. The Pascal triangle appears first in the
books of Yang Hui (about 1270) and Chu Shih-chieh (1303). Pas-
cal’s name is attached to the triangle because of the many applica-
tions he made of it, especially to counting and probability. In
establishing these results, he was one of the earliest users of math-
ematical induction.

Many people worked on the proof of the Binomial Theorem,
which was finally completed for all 7 (including complex numbers)
by Niels Abel (1802-1829).

11.5 Assess Your Understanding

Concepts and Vocabulary

1. The
coefficients.

L ()-—

is a triangular display of the binomial

J!
(n—)nl
can be used to expand expressions like

3. True of False: (7)

4. The
(2x + 3)°.




Skill Building

In Problems 5-16, evaluate each expression.

9.

13.

(1)
10. (19080>
()

()
(%)
()

SECTION 11.5 The Binomial Theorem 869

() - (3)
1 (o) = ()
s (7) 1. (1)

In Problems 17-28, expand each expression using the Binomial Theorem.

17.

25.

(x + 1) 18. (x — 1)°
(3x + 1)* 22. (2x + 3)°
(Vx + V2)° 2. (Vi - V3)!

19

23,

27

. (x —2)° 20. (x + 3)°
(2 + yz)5 24, (% — yz)(’
. (ax + by)> 28. (ax — by)*

In Problems 29-42, use the Binomial Theorem to find the indicated coefficient or term.

31.
33.

37.

39.

41.

The coefficient of x° in the expansion of (x + 3)'°
The coefficient of x” in the expansion of (2x — 1)'?
The coefficient of x” in the expansion of (2x + 3)°
The fifth term in the expansion of (x + 3)’

The third term in the expansion of (3x — 2)°

12
The coefficient of x in the expansion of <x2 + f)
X

2 10
The coefficient of x* in the expansion of (x - 7)
Vx

Applications and Extensions

43.

44.

45.

46.

47.

Use the Binomial Theorem to find the numerical value of
(1.001)° correct to five decimal places.

[Hint: (1.001)5 = (1 + 107)’]
Use the Binomial Theorem to find the numerical value of
(0.998)° correct to five decimal places.

Showthat( " ) = n and <n> =1.
n—1 n

Show that if #» and j are integers with 0 = j < n then

(l;) B (n’ij)

Conclude that the Pascal triangle is symmetric with respect
to a vertical line drawn from the topmost entry.

If n is a positive integer, show that

() (=)=

[Hint: 2" = (1 + 1)"; now use the Binomial Theorem.]

30.
32.
34.
36.
38.

40.

42,

48.

49.

50.

The coefficient of x* in the expansion of (x — 3)'°
The coefficient of x* in the expansion of (2x + 1)'?
The coefficient of x? in the expansion of (2x — 3)°
The third term in the expansion of (x — 3)’

The sixth term in the expansion of (3x + 2)3

2

1 9
The coefficient of x in the expansion of <x - >
X

3 8
The coefficient of x? in the expansion of <\/} + 7)
X

If n is a positive integer, show that

(5)-(0)+ () )
B0 (- e
- - OO 6~

Stirling’s Formula An approximation for n!, when n is
large, is given by

nl ~ \/2777(%)(1 + L)

12n — 1

Calculate 12!,20!, and 25! on your calculator. Then use Stir-
ling’s formula to approximate 12!,20!, and 25!.
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Chapter Review

Things to Know

Sequence (p. 832) A function whose domain is the set of positive integers.
Factorials (p. 834) o=11=1n=nn-1)-...-3-2-1ifn=2
Arithmetic sequence a, = a, a, = a,_ + d,where a = first term, d = common difference
(pp- 844 and 846) a,=a+ (n—1)d
Sum of the first n terms S, = g[2a + (n— 1)d] = g(a + a,)
of an arithmetic sequence (p. 847)
Geometric sequence a; = a, a, = ra,_1,where a = first term, r = common ratio
(pp- 850 and 852) a,=ar™\, r#0
Sum of the first n terms of g - 1-r" 20 1
a geometric sequence (p. 852) n=aT T ’
Infinite geometric series (p. 854) at+ar+- a4+ = > ark!
k=1
Sum of an infinite E:ar"“1 = L, 7l <1
geometric series (p. 854) k=1 =7
Principle of Mathematical Suppose the following two conditions are satisfied.
Induction (p. 860) Condition I: ~ The statement is true for the natural number 1.

Condition II: If the statement is true for some natural number k, it is also true for k + 1.
Then the statement is true for all natural numbers 7.

. . - n n!
Binomial coefficient (p. 864) (}) = W
Pascal triangle (p. 865) See Figure 18.
Binomial Theorem (p. 866) (x +a)" = (g)x" + (T)ax”’l o+ (’;)afx"’f +oee <Z>a"
Objectives
Section You should be able to . . . Review Exercises
11.1 1 Write the first several terms of a sequence (p. 832) 1-4
2 Write the terms of a sequence defined by a recursive formula (p. 835) 5-8
3 Use summation notation (p. 836) 9-12
4 Find the sum of a sequence algebraically and using a graphing utility (p. 837) 25-30
5  Solve annuity and amortization problems (p. 838) 66,67
11.2 1 Determine if a sequence is arithmetic (p. 844) 13-24
2 Find a formula for an arithmetic sequence (p. 845) 31,32, 35,3740, 63, 64
3 Find the sum of an arithmetic sequence (p. 847) 13,14,19,20, 63, 64
11.3 1 Determine if a sequence is geometric (p. 850) 13-24
2 Find a formula for a geometric sequence (p. 851) 17,18,21,22,33-36
3 Find the sum of a geometric sequence (p. 852) 17,18,21,22, 65(a)-(c)
4 Find the sum of a geometric series (p. 854) 41-46,65(d)
11.4 1 Prove statements using mathematical induction (p. 859) 47-52
115 1  Evaluate <;’> (p. 864) 53-54

2 Use the Binomial Theorem (p. 866) 55-62
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Review Exercises

In Problems 1-8, write down the first five terms of each sequence.

n+3 2" e"
L q(=1)" 2. {(-1)""'(2n +3 3.9 4.  —
{or(222)} (-1y12n + ) ) el
2 1
S.a,=3; a,= ga,,_1 6. a, =4 a,= _Za"_l T.a,=2; a,=2—a, 8. a,=-3 a,=4+a,
In Problems 9 and 10, write out each sum.
3
2 4k + 2) 2 3 - k)
In Problems 11 and 12, express each sum using summation notation.
1,1 1 1 22 23 2nt1
mi1-——+-—=-——+-+ = 122+ —+ 5+ +
2 3 4 13 30 32 3"

In Problems 13-24, determine whether the given sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find the com-
mon difference and the sum of the first n terms. If the sequence is geometric, find the common ratio and the sum of the first n terms.

13. {n + 5} 14. {4n + 3} 15. {213} 16. {2n? — 1}

17. {2°7} 18. {3} 19. 0,4,8,12,... 20. 1,-3,-7,—-11,...
3333 55 55 2345 357911

21.3§Z§E, 22. 5*56 *E,g,... 23. g,z,g,g,... 24. E,z,g,g,lo,...

In Problems 25-30, evaluate each sum (a) algebraically and (b) using a graphing utility.

5 3 10
25. N (k* + 12) 26. > (k +2)? 27. > (3k - 9)
k=1 k=1 k=1
9 7 1 k 10
28. D' (—2k +8) 29. > (7) 30. > (-
= =1\3 =l

In Problems 31-36, find the indicated term in each sequence.

[Hint: Find the general term first.]

31. 9thterm of 3,7,11,15,... 32. 8thtermof 1, —1, =3, —5,... 33. 11th term of 1 % ﬁ

34. 1lthtermof 1,2,4,8, ... 35. 9th term of V/2,2V2,3V2, ... 36. 9th term of \V/2,2,2%2, ..
In Problems 37-40, find a general formula for each arithmetic sequence.

37. 7th term is 31; 20th term is 96 38. 8th term is —20; 17th term is —47

39. 10th term is 0; 18th term is 8 40. 12th term is 30; 22nd term is 50

In Problems 41-46, find the sum of each infinite geometric series.

1 1 1 1 1 1
I e T 2+l V2= 14—t
41. 3 + 1 st 9 42.2 +1 >ty 43.2 -1 573
8 16 00 1 k—1 00 < 3>k*l
—4r o -+ L >4 - - >3-
44. 6 — 4 3 9 45 k:14<2) 46 k:13 4

In Problems 47-52, use the Principle of Mathematical Induction to show that the given statement is true for all natural numbers.
3
47.3+6+9+~-~+3n=7n(n+1) 48.2+ 6+ 10+ - + (4n — 2) = 21

49.2+6+ 18+ - +2:3"1=3"—1 50.3+6+ 12 +---+3-2""1 =3(2" — 1)
1
51. 12+42+72+---+(3n—2)2=§n(6n2—3n—1) 52.1-3+2:4+3:5+-+nn+2)= g(n+1)(2n+7)
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In Problems 53 and 54, evaluate each binomial coefficient.

53.

55.

)

(x +2)° 56. (x — 3)*

s ()

In Problems 55-58, expand each expression using the Binomial Theorem.

57. (2x + 3)°

58. (3x — 4)*

59.
60.
61.
62.
63.

64.

65.

66.

Find the coefficient of x7 in the expansion of (x + 2)°.
Find the coefficient of x* in the expansion of (x — 3)3.
Find the coefficient of x? in the expansion of (2x + 1)’.
Find the coefficient of x° in the expansion of (2x + 1)%.

Constructing a Brick Staircase A brick staircase has a
total of 25 steps. The bottom step requires 80 bricks. Each
successive step requires three less bricks than the prior step.
(a) How many bricks are required for the top step?

(b) How many bricks are required to build the staircase?

Creating a Floor Design A mosaic tile floor is designed in
the shape of a trapezoid 30 feet wide at the base and 15 feet
wide at the top. The tiles, 12 inches by 12 inches, are to be
placed so that each successive row contains one less tile
than the row below. How many tiles will be required?

[Hint: Refer to Figure 13, page 848.]

Bouncing Balls A ball is dropped from a height of 20 feet.

Each time it strikes the ground, it bounces up to three-

quarters of the previous height.

(a) What height will the ball bounce up to after it strikes
the ground for the third time?

(b) How high will it bounce after it strikes the ground for
the nth time?

(c) How many times does the ball need to strike the ground
before its bounce is less than 6 inches?

(d) What total distance does the ball travel before it stops
bouncing?

Home Loan Mike and Yola borrowed $190,000 at 6.75%

per annum compounded monthly for 30 years to purchase a

home. Their monthly payment is determined to be $1232.34.

(a) Find a recursive formula for the balance after each
monthly payment has been made.

67.

(b) Determine the balance after the first payment.

(c) Using a graphing utility, create a table showing the
balance after each monthly payment.

(d) Using a graphing utility, determine when the balance
will be below $100,000.

(e) Using a graphing utility, determine when Mike and Yola
will pay off the balance.

(f) Determine their interest expense when the loan is paid.

(g) Suppose that Mike and Yola decide to pay an additional
$100 each month on the loan. Answer parts (a) to (f)
under this scenario.

Credit Card Debt Beth just charged $5000 on a VISA card
that charges 1.5% interest per month on any unpaid bal-
ance. She can afford to pay $100 toward the balance each
month. Her balance at the beginning of each month after
making a $100 payment is given by the recursively defined
sequence

b = $5000, b, = 1.015b,_, — 100

(a) Determine Beth’s balance after making the first pay-
ment; that is, determine b,, the balance at the beginning
of the second month.

(b) Using a graphing utility, graph the recursively defined
sequence.

(c) Using a graphing utility, determine when Beth’s balance
will be below $4000. How many payments of $100 have
been made?

(d) Using a graphing utility, determine the number of pay-
ments it will take until Beth pays off the balance. What
is the total of all the payments?

(e) What was Beth’s interest expense?

Chapter Test

In Problems 1 and 2, write down the first five terms of each sequence.

-1
L{n+8

In Problems 3 and 4, write out each sum. Evaluate each sum.

3.

5.

3 ekt
Seo(s)

k2
Write the following sum using summation notation.

2 3 4 11
5 6 7 14

2.

4.

a;=4,a,=3a,,+2

2[6) -4

6. Find the sum using a graphing utility.

100

> (=1 (K?)

k=1
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In Problems 7-12, determine whether the given sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find the common
difference and the sum of the first n terms. If the sequence is geometric, find the common ratio and the sum of the first n terms.

7. 6,12,36,144, ... 8. {—%-4”} 9. -2, -10, —18, —26,...
n 8 2n — 3

10. { —— + 11. 25,10,4,_,... 12.

. {-5+7) 51045 il
13. Find the sum of the infinite geometric series 16. A 2004 Dodge Durango sold for $31,000. If the vehicle loses

256 — 64 +16 — 4 + --- 15% of its value each year, how much will it be worth after

14. Expand (3m + 2)° using the Binomial Theorem. 10 years?
15. Use the Principle of Mathematical Induction to show that 17. A weightlifter begins his routine by benching 100 pounds

the given statement is true for all natural numbers.

G R (e ey

and increases the weight by 30 pounds for each set. If he
does 10 repetitions in each set, what is the total weight lifted
after 5 sets?

Chapter Projects

1.

Population Growth The size of the population of
the United States essentially depends on its current popula-
tion, the birth and death rates of the population, and immi-
gration. Suppose that b represents the birth rate of the U.S.
population and d represents its death rate. Thenr = b — d
represents the growth rate of the population, where r varies
from year to year. The U.S. population after n years can be
modeled using the recursive function

pn:(1+r)pn—l+1

where I represents net immigration into the United States.

(a) Using data from the National Center for Health Statis-
tics www.fedstats.gov, determine the birth and death
rates for all races for the most recent year that data are
available. Birth rates are given as the number of live
births per 1000 population, while death rates are given
as the number of deaths per 100,000 population. Each
must be computed as the number of births (deaths) per
individual. For example, in 1990, the birth rate was 16.7
per 1000 and the death rate was 863.8 per 100,000, so

b= 107 _ 0.0167, while d = 8038 _ (008638,

1000 100,000

Next, using data from the Immigration and Natu-
ralization Service www.fedstats.gov, determine the net
immigration to the United States for the same year
used to obtain b and d in part (a).

(b) Determine the value of r, the growth rate of the popu-
lation.

(c) Find a recursive formula for the population of the
United States.

(d) Use the recursive formula to predict the population of
the United States in the following year. In other words,
if data are available up to the year 2003, predict the
U.S. population in 2004.

(e) Compare your prediction to actual data.

(f) Do you think the recursive formula found in part (c)
will be useful in predicting future populations? Why or
why not?

The following projects are available at the Instructor’s Resource Center (IRC):

2. Project at Motorola Digital Wireless Communication
3.
4.

Economics
Standardized Tests
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Cumulative Review

(e) (g° )x)

1. Find all the solutions, real and complex, of the equation

[’ =9

. (a) Graph the circle x> + y? = 100
and the parabola y = 3x?

X+ y2 = 100

(b) Solve the system of equations: { v =32

(c) Where do the circle and the parabola intersect?
. Solve the equation 2¢* = 5.
. Find an equation of the line with slope 5 and x-intercept 2.

. Find the general equation of the circle whose center is the
point (=1, 2) if (3, 5) is a point on the circle.

10.

11.

(f) The domain of (g ° f)(x)
(g) The function g~' and its domain
(h) The function ! and its domain

. Find the equation of an ellipse with center at the origin, a

focus at (0, 3), and a vertex at (0, 4).

. Find the equation of a parabola with vertex at (—1,2) and

focus at (—1, 3).

. Find the polar equation of a circle with center at (0, 4) that

passes through the pole. What is the rectangular equation?
Solve the equation

2sinx —sinx —3=0, 0=ux<2m.

Find the exact value of cos™' (—0.5).

1
12. Ifsin 6 = 1 and 0 is in the second quadrant, find:
3x
'f(x):x—z’ g(x) =2x +1 (a) cos @ (b) tan 6
Find: (c) sin (26) (d) cos (20)

@) (f°8)2) (®) (g °f)(4)
(d) The domain of (f ° g)(x)

(© (f > 8)(x)

(e) sin (% 9)





