Trigonometric
Functions

A LOOK BACK in Chapter 2, we began our

discussion of functions. We defined domain and range and
independent and dependent variables; we found the value
of a function and graphed functions. We continued our
study of functions by listing properties that a function
might have, like being even or odd, and we created a
library of functions, naming key functions and listing their
properties, including the graph.

A LOOK AHEAD in this chapter we define the

trigonometric functions, six functions that have a wide
application. We shall talk about their domain and range,
see how to find values and graph them, and develop a list
of their properties.

There are two widely accepted approaches to the
development of the trigonometric functions: one uses right
triangles; the other uses circles, especially the unit circle.

In this book, we develop the trigonometric functions using
the unit circle. In Chapter 7, we present right triangle
Tidal Coastline and Pots of Water trigonometry.
In Florida, they post times of tides coming in and going out very pre-
cisely, like 11:23 A.M. How can they be so precise! There is more to
tides, the rise and fall of ocean waters, than the gravitational pull of OUTLINE
the Moon and Sun.
These are the chief factors, of course. And because the movements

5.1 Angles and Their Measure

of Earth, Sun and Moon in relationship to each other are known pre- 5.2 Trigonometric Functions: Unit Circle Approach
cisely, the rhythm of tides rising and falling along coastlines is easy to 5.3 Properties of the Trigonometric Functions
predict. ‘

Yet the time and heights of high and low tide may vary along differ- 5.4 Graphs of the Sine and Cosine Functions
ent stretches of the same coast, though they are reacting to similar 5.5 Graphs of the Tangent, Cotangent, Cosecant, and

driving forces and pressures.

Historic observation makes possible the exact timing of high tides
and low tides along a particular section of coast for a month, a year, 5.6 Phase Shift; Sinusoidal Curve Fitting
or far into the future.

The reason for the difference is oscillation. Think of pots and pans
filled with varying levels of water on a table, says Charles O’ Reilly, Cumulative Review
Chief of Tidal Analysis for the Geological Survey of Canada’s hydro-
graphic service in Dartmouth, Nova Scotia. Then kick the table.

“You'll notice the water in the pots and pans will slosh differently.
That’s their natural oscillation,” he said. “If you kick the table rhythmi-
cally, you'll find each pot continues to slosh differently because it has
its own rhythm.

“Now, if you join those pots and pans together, that’s sort of like a
coastal ocean. They’re all feeling the same ‘kick,’” but they are all re-
sponding differently. In order to predict a tide, you have to measure
them for some period of time.”

Secant Functions

Chapter Review Chapter Test Chapter Projects

SoUrcE: Toronto Star, June 13, 2001, p. GTO02. Reprinted with permission—Torstar
Syndication Services.

—See Chapter Project 1.
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5.1 Angles and Their Measure

\

PREPARING FOR THIS SECTION
e Circumference and Area of a Circle (Appendix, Section A.2, p. 963)

. Now work the ‘Are You Prepared? problems on page 366.

OBJECTIVES 1 Convert between Degrees, Minutes, Seconds, and Decimal Forms for Angles
2 Find the Arc Length of a Circle

3 Convert from Degrees to Radians and from Radians to Degrees

4 Find the Area of a Sector of a Circle
5 Find the Linear Speed of an Object Traveling in Circular Motion

Before getting started, review the following:

Figure 1

<e

Ray

Line

Figure 2

A ray, or half-line, is that portion of a line that starts at a point V on the line and
extends indefinitely in one direction. The starting point V of a ray is called its vertex.
See Figure 1.

If two rays are drawn with a common vertex, they form an angle. We call one
of the rays of an angle the initial side and the other the terminal side. The angle
formed is identified by showing the direction and amount of rotation from the
initial side to the terminal side. If the rotation is in the counterclockwise direc-
tion, the angle is positive; if the rotation is clockwise, the angle is negative. See
Figure 2. Lowercase Greek letters, such as « (alpha), B (beta), y (gamma), and 6
(theta), will be used to denote angles. Notice in Figure 2(a) that the angle « is
positive because the direction of the rotation from the initial side to the terminal
side is counterclockwise. The angle B in Figure 2(b) is negative because the rota-
tion is clockwise. The angle y in Figure 2(c) is positive. Notice that the angle « in
Figure 2(a) and the angle y in Figure 2(c) have the same initial side and the same
terminal side. However, a and y are unequal, because the amount of rotation re-
quired to go from the initial side to the terminal side is greater for angle y than
for angle a.

Vertex Initial side Initial side

Counterclockwise Counterclockwise
rotation Clockwise rotation rotation

Positive angle Negative angle Positive angle
(a) (b) (c)

An angle 6 is said to be in standard position if its vertex is at the origin of a
rectangular coordinate system and its initial side coincides with the positive x-axis.
See Figure 3.
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Figure 3 y y
Terminal side \ |
Vertex
Vertex| Initial side X [/ Initial side” x
Terminal side 0
(a) 6isinstandard position; (b) 6 is in standard position;
0 is positive 0 is negative

When an angle 6 is in standard position, the terminal side will lie either in a
quadrant, in which case we say that 6 lies in that quadrant, or 6 will lie on the x-axis
or the y-axis, in which case we say that 6 is a quadrantal angle. For example, the
angle 6 in Figure 4(a) lies in quadrant II, the angle 6 in Figure 4(b) lies in quadrant
IV, and the angle 6 in Figure 4(c) is a quadrantal angle.

Figure 4 y y y
6 0
[ X N X \I X
(a) 0 liesin quadrant Il (b) 6 liesin quadrant IV (c) 6 isaquadrantal angle

We measure angles by determining the amount of rotation needed for the initial
side to become coincident with the terminal side. The two commonly used measures
for angles are degrees and radians.

Degrees

The angle formed by rotating the initial side exactly once in the counterclockwise
direction until it coincides with itself (1 revolution) is said to measure 360 degrees,

1
abbreviated 360°. One degree, 1°, is 360 revolution. A right angle is an angle that
1 1
measures 90°, or 1 revolution; a straight angle is an angle that measures 180°, or 5

revolution. See Figure 5. As Figure 5(b) shows, it is customary to indicate a right
angle by using the symbol b

Figure 5
Terminal
Terminal side side
Inital side o £
Vertex Vertex Initial side Terminal side Vertex Initial side
(a) 1 revolution (b) rightangle,%revolution (c) straightangle,%revolution
counterclockwise, 360° counter-clockwise, 90° counter-clockwise, 180°

It is also customary to refer to an angle that measures 6 degrees as an angle of 6
degrees.
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| EXAMPLE 1 |

Solution

Drawing an Angle

Draw each angle.
(a) 45° (b) —90°

1
(a) An angle of 45°is >

angle. See Figure 6.

of a right

Figure 6

Vertex Initial side

(c) An angle of 225° consists of a ro-
tation through 180° followed by a

rotation through 45°. See Figure 8.

Figure 8

(c) 225°

(d) 405°
(b) An angle of —90° is

1 L .
— revolution in the clockwise

direction. See Figure 7.

Figure 7
Vertex Initial side
Terminal —-90°
side

(d) An angle of 405° consists of 1 rev-
olution (360°) followed by a rota-
tion through 45°. See Figure 9.

Figure 9

225°

Initial side

w - NOW WORK PROBLEM 11.

Convert between Degrees, Minutes, Seconds, and Decimal
Forms for Angles

Although subdivisions of a degree may be obtained by using decimals, we also may
use the notion of minutes and seconds. One minute, denoted by 1’, is defined as
1
3600
degree. An angle of, say, 30 degrees, 40 minutes, 10 seconds is written compactly as

30°40'10". To summarize:

1 1
I degree. One second, denoted by 1”, is defined as I minute, or equivalently,

1 counterclockwise revolution = 360°

1
1°=60" 1'=60" @

It is sometimes necessary to convert from the degree, minute, second notation
(D°M’'S") to a decimal form, and vice versa. Check your calculator; it should be
capable of doing the conversion for you.

Before getting started, though, you must set the mode to degrees because there
are two common ways to measure angles: degree mode and radian mode. (We will
define radians shortly.) Usually, a menu is used to change from one mode to
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another. Check your owner’s manual to find out how your particular calculator
works.

Now let’s see how to convert from the degree, minute, second notation
(D°M’S") to a decimal form, and vice versa, by looking at some examples:

15°30" = 15.5° because 30" = 30-(610) =0.5°

) < 1 >o
1= —
60

1\ 1
32.25° = 32°15" because 0.25° = <4) = 1(60’) = 15

EXAMPLE 2 |

Algebraic Solution

1 o
(a) Because 1’ = (60) and 1" = (

follows:

50°6'21" = 50° + 6" + 21"

Converting between Degrees, Minutes, Seconds,
and Decimal Forms

(a) Convert 50°6'21" to a decimal in degrees.
(b) Convert 21.256° to the D°M’'S” form.

Graphing Solution

1) = <1-1) , we convert as (a) Figure 10 shows the solution using a
60 60 60 TI-84 Plus graphing calculator.

Figure 10
b o e
1\° 1 1\° SH. 18523333
= 50 + 6'(60> + 21(60'60)

~ 50° + 0.1° + 0.005833°

(b) We proceed as follows:

21.256°

= 50.105833°
(b) Figure 11 shows the solution using a

— 21° + 0256° TI-84 Plus graphing calculator.
= 21° + (0.256)(60") Convert fraction of degree to .

minutes; 1° = 60'. Figure 11
= 21° + 15.36' 2. 2560MS

21715 21.a"

= 21° + 15" + 0.36'
=21° + 15 + (0.36)(60") Convert fraction of minute to

seconds; 1" = 60".
= 21° + 15" + 21.6"
~ 21°15'22" | >

" - NOW WORK PROBLEMS 23 AND 29.
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A

Figure 12
Figure 13
9 _s
O s
s
51 '
Theorem

In many applications, such as describing the exact location of a star or the pre-
cise position of a boat at sea, angles measured in degrees, minutes, and even seconds
are used. For calculation purposes, these are transformed to decimal form. In other
applications, especially those in calculus, angles are measured using radians.

Radians

A central angle is an angle whose vertex is at the center of a circle. The rays of a
central angle subtend (intersect) an arc on the circle. If the radius of the circle is r
and the length of the arc subtended by the central angle is also r, then the measure
of the angle is 1 radian. See Figure 12(a).

Initial side Initial side

(a) (b)

For a circle of radius 1, the rays of a central angle with measure 1 radian would
subtend an arc of length 1. For a circle of radius 3, the rays of a central angle with
measure 1 radian would subtend an arc of length 3. See Figure 12(b).

Find the Arc Length of a Circle

Now consider a circle of radius r and two central angles, 6 and 6;, measured in radi-
ans. Suppose that these central angles subtend arcs of lengths s and s, respectively,
as shown in Figure 13. From geometry, we know that the ratio of the measures of the
angles equals the ratio of the corresponding lengths of the arcs subtended by these
angles; that is,

0 s

—=— 2

0, s (2)

Suppose that #; = 1 radian. Refer again to Figure 12(a). The amount of arc s,

subtended by the central angle ; = 1 radian equals the radius r of the circle. Then
s; = r,so equation (2) reduces to

=2 or s=r G
1 r

Arc Length

For a circle of radius r, a central angle of 6 radians subtends an arc whose
length s is

s =r0 (€))
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NOTE  Formulas must be consistent with regard to the units used. In equation (4), we write
s =rf
To see the units, however, we must go back to equation (3) and write

0 radians s length units

1radian rlength units

6 radians

s length units = rlength units -
1 radian

Since the radians cancel, we are left with
s length units = (rlength units) s=1r

where 0 appears to be “dimensionless” but, in fact, is measured in radians. So, in using the formula
5 = r6, the dimension for 0 is radians, and any convenient unit of length (such as inches or meters)
may be used for s and r. |

EXAMPLE 3

Figure 14

Solution

1 revolution = 27 radians

1 revolution

S =2Tr

Finding the Length of an Arc of a Circle

Find the length of the arc of a circle of radius 2 meters subtended by a central angle
of 0.25 radian.

We use equation (4) with = 2 meters and § = 0.25. The length s of the arc is
s =r0 = 2(0.25) = 0.5 meter <

mmmmm———- NOW WORK PROBLEM 71.

Convert from Degrees to Radians and from Radians to
Degrees
Consider a circle of radius r. A central angle of 1 revolution will subtend an arc
equal to the circumference of the circle (Figure 14). Because the circumference of a
circle equals 27rr, we use s = 27rr in equation (4) to find that, for an angle 6 of
1 revolution,
s =r0
2mr = rf 0 = 1revolution; s = 27r

0 = 2 radians Solve for 6.

From this we have,

1 revolution = 27 radians Q)

Since 1 revolution = 360°, we have
360° = 2 radians
or

180° = 7 radians (6)

Divide both sides of equation (6) by 180. Then

1 degree = % radian
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Divide both sides of (6) by 7. Then

180
o degrees = 1 radian

We have the following two conversion formulas:

T ) . 180
1 degree = @radlan 1 radian = p- degrees 7
EXAMPLE 4 | Converting from Degrees to Radians
Convert each angle in degrees to radians.
(a) 60° (b) 150° (c) —45° (d) 90° (e) 107°
. T . T
Solution  (a) 60° = 60-1 degree = 60‘@1‘&(11811 = gradlans
5
(b) 150° = 150-%radian = %radians
(c) —45° = —45 -%radian = — " radian
0 — 90" adian = " radi
(d) 90° = 90 180 radian > radians
(e) 107° = 107-%radian ~ 1.868 radians <
Example 4 illustrates that angles that are fractions of a revolution, (a)—(d),
are expressed in radian measure as fractional multiples of 7, rather than as
decimals. For example, a right angle, as in Example 4(d), is left in the
form g radians, which is exact, rather than wusing the approximation
3.1416
7~ > = 15708 radians.
memm===- NOW WORK PROBLEMS 35 AND 61.
EXAMPLE 5 | Converting Radians to Degrees
Convert each angle in radians to degrees.
3 3
(a) T tadian (b) °7 radians (c) — =7 radians
6 2 4
Tm . .
(d) 3 radians (e) 3radians
. . . 180
Solution (a) %radlan = .1 radian = z-7degrees = 30°

6 6

3 37 180
(b) %radians = TW? degrees = 270°
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1
(¢) —’{Tﬂ-radians = —%-%degrees = —135°
m 180

T . 7 _ o
(d) ?radlans =3 degrees = 420

180
(e) 3radians = 3 -7degrees ~ 171.89°

ommmm——-- NOW WORK PROBLEM 47.

Table 1 lists the degree and radian measures of some commonly encountered
angles. You should learn to feel equally comfortable using degree or radian measure
for these angles.

Table 1
Degrees 0° 30° 45° 60° 90° 120° 135° 150° 180°
. T T T T 27 37 S
Radians 0 6 4 3 ) 3 4 6 T
Degrees 210° 225° 240° 270° 300° 315° 330° 360°
. 77 S5 41 37 57 77 M
Radians 6 3 3 2 3 4 6 2
EXAMPLE 6 Finding the Distance between Two Cities
See Figure 15(a). The latitude of a location L is the angle formed by a ray drawn from
the center of Earth to the Equator and a ray drawn from the center of Earth to L.
See Figure 15(b). Glasgow, Montana, is due north of Albuquerque, New Mexico. Find
the distance between Glasgow (48°9' north latitude) and Albuquerque (35°5’ north
latitude). Assume that the radius of Earth is 3960 miles.
Figure 15 North Pole North Pole
Radius at 6° N |
Equator
@ South Pole @ South Pole
(a) (b)
Solution  The measure of the central angle between the two cities is 48°9" — 35°5" = 13°4,

We use equation (4), s = r6, but first we must convert the angle of 13°4’ to radians.

6 = 13°4’ ~ 13.0667° = 13.0667-%radian ~ 0.228 radian
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We use § = 0.228 radian and » = 3960 miles in equation (4). The distance between
the two cities is
s = rf = 3960-0.228 ~ 903 miles <

When an angle is measured in degrees, the degree symbol will always be shown.
However, when an angle is measured in radians, we will follow the usual practice
and omit the word radians. So, if the measure of an angle is given as 5 it is

T .
understood to mean 5 radian.

Figure 16 m” - NOW WORK PROBLEM 101.
4 Find the Area of a Sector of a Circle
Consider a circle of radius r. Suppose that 6, measured in radians, is a central angle
of this circle. See Figure 16. We seek a formula for the area A of the sector formed
by the angle 6 (shown in blue).
Now consider a circle of radius r and two central angles 6 and 6, both measured
in radians. See Figure 17. From geometry, we know the ratio of the measures of the
Fi angles equals the ratio of the corresponding areas of the sectors formed by these
igure 17 .
0 A angles. That is,
0 A 0_A
61 Ay
Suppose that 6, = 27 radians. Then A; = area of the circle = #r* Solving
» for A, we find
0 0 1
A=A—=ar—=_r
( A T L
Theorem Area of a Sector
The area A of the sector of a circle of radius r formed by a central angle of
0 radians is
1
A= 5r29 )
EXAMPLE 7 Finding the Area of a Sector of a Circle
Find the area of the sector of a circle of radius 2 feet formed by an angle of 30°.
Round the answer to two decimal places.
Solution  We use equation (8) with r = 2 feet and 6 = 30° = %radians. [Remember, in equa-

tion (8), # must be in radians.] The area A of the sector is

Loy _1onm _m ~
A= " 0= 2(2) ¢ = 3 Square feet ~ 1.05 square feet
rounded to two decimal places. <

L - NOW WORK PROBLEM 79.
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Find the Linear Speed of an Object Traveling

in Circular Motion

We have already defined the average speed of an object as the distance traveled
divided by the elapsed time. Suppose that an object moves around a circle of radius r
at a constant speed. If s is the distance traveled in time ¢ around this circle, then the
linear speed v of the object is defined as

v =

)

N
t

As this object travels around the circle, suppose that 6 (measured in radians)
is the central angle swept out in time ¢. See Figure 18. Then the angular speed
(the Greek letter omega) of this object is the angle (measured in radians) swept
out, divided by the elapsed time; that is,

w =

0
, (10)

Angular speed is the way the turning rate of an engine is described. For
example, an engine idling at 900 rpm (revolutions per minute) is one that rotates at
an angular speed of

revolutions revelutions radians radians
900 . = 900 . -2 — = 18007 —;
minute minute revelution minute

There is an important relationship between linear speed and angular speed:

. s ro 0

linear speed = v = ; - 7 _ r<z)
(R

9 5

Then, using equation (10), we obtain

v = ro (11)

where w is measured in radians per unit time.
. . s .
When using equation (11), remember that v = " (the linear speed) has the

dimensions of length per unit of time (such as feet per second or miles per hour),
r (the radius of the circular motion) has the same length dimension as s, and w (the
angular speed) has the dimensions of radians per unit of time. If the angular speed is
given in terms of revolutions per unit of time (as is often the case), be sure to convert
it to radians per unit of time before attempting to use equation (11).

| EXAMPLE 8 |

Finding Linear Speed

A child is spinning a rock at the end of a 2-foot rope at the rate of 180 revolutions
per minute (rpm). Find the linear speed of the rock when it is released.

Solution Look at Figure 19. The rock is moving around a circle of radius
r = 2 feet. The angular speed w of the rock is

revolutions revelutions radians radians
w = —_— Y = : <2 : = T
minute minute revelution minute




\
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From equation (11), the linear speed v of the rock is

v =row = 2feet-360m——— = 7207
mi

feet
nute minute minute

radians feet

The linear speed of the rock when it is released is 2262 ft/min ~ 25.7 mi/hr. <

Ly

NOW WORK PROBLEM 97.

HisToRrIiCcAL FEATURE

Trigonometry was developed by Greek astronomers, who regard-
ed the sky as the inside of a sphere, so it was natural that triangles
on a sphere were investigated early (by Menelaus of Alexandria
about AD 100) and that triangles in the plane were studied much
later. The first book containing a systematic treatment of plane and
spherical trigonometry was written by the Persian astronomer
Nasir Eddin (about AD 1250).

Regiomontanus (1436—1476) is the person most responsible
for moving trigonometry from astronomy into mathematics. His
work was improved by Copernicus (1473—1543) and Copernicus’s

student Rhaeticus (1514-1576). Rhaeticus’s book was the first to
define the six trigonometric functions as ratios of sides of triangles,
although he did not give the functions their present names. Credit
for this is due to Thomas Finck (1583), but Finck’s notation was by
no means universally accepted at the time. The notation was finally
stabilized by the textbooks of Leonhard Euler (1707-1783).

Trigonometry has since evolved from its use by surveyors,
navigators, and engineers to present applications involving ocean
tides, the rise and fall of food supplies in certain ecologies, brain
wave patterns, and many other phenomena.

5.1 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. What is the formula for the circumference C of a circle of
radius r? (p. 963)

Concepts and Vocabulary

3. Anangle 6 is in if its vertex is at the origin of a
rectangular coordinate system and its initial side coincides
with the positive x-axis.

4. On a circle of radius 7, a central angle of 6 radians subtends
an arc of length s = ; the area of the sector formed by
this angle fis A =

5. An object travels around a circle of radius » with constant
speed. If s is the distance traveled in time ¢ around the circle
and 6 is the central angle (in radians) swept out in time ¢,
then the linear speed of the object is v = and the
angular speed of the objectis w =

Skill Building

In Problems 11-22, draw each angle.
30° 12. 60°
3

4 T
17. — 18. — 19. ——
4 8 3 ? 6

13. 135°

2. What is the formula for the area A of a circle of radius r?
(p. 963)

6. True or False: w = 180.
7. True or False: 180° = 7 radians.

8. True or False: On the unit circle, if s is the length of the arc
subtended by a central angle 6, measured in radians, then
s=0.

9. True or False: The area A of the sector of a circle of radius r
1
formed by a central angle of 6 degreesis A = Erze.

10. True or False: For circular motion on a circle of radius r,
linear speed equals angular speed divided by r.

14. —120° 15. 450° 16. 540°
2 167 AL

20. ——— 21. — 22, —

0 3 3 4
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In Problems 23-28, convert each angle to a decimal in degrees. Round your answer to two decimal places. Verify your results using a

graphing utility.
40°10'25"

24. 61°42'21"

25. 1°2'3"

26.

73°40'40"

27. 9°9'9”

28. 98°22'45"

In Problems 29-34, convert each angle to D°M'S" form. Round your answer to the nearest second. Verify your results using a graphing utility.

40.32°

30. 61.24°

31. 18.255°

32.

29.411°

In Problems 35-46, convert each angle in degrees to radians. Express your answer as a multiple of .

30°

41. 180°

In Problems 47-58, convert each angle in radians to degrees.

SERRE!

53.

36. 120°

42. 270°

S
6
S
12

48.

54.

37. 240°

43. —135°

S
49, ——
4
T
55. ——
2

38.

4.

50.

56.

330° 39. —60°
—225° 45. —-90°

2 T
- 51. —

3 2

T

— 57. ——

m 6

33. 19.99°

34. 44.01°

40. —30°

46. —180°

52. 47

5. -7

In Problems 59-64, convert each angle in degrees to radians. Express your answer in decimal form, rounded to two decimal places.

59. 17°

60. 73°

2

—40°

62.

—51° 63. 125°

64. 350°

In Problems 65-70, convert each angle in radians to degrees. Express your answer in decimal form, rounded to two decimal places.

65. 3.14

66. 0.75

67. 2

68.

3 69. 6.32

70. \/2

In Problems 71-78, s denotes the length of the arc of a circle of radius r subtended by the central angle 6. Find the missing quantity. Round
answers to three decimal places.

1
r = 10 meters, 0 = Eradian,

1
73. 0 = gradian,

75. r = 5 miles,

77. r = 2 inches,

s = 2feet, r

s = 3 miles

0 = 30°,

s =7?

Il
-~

, 0=27

s =7

72. r = 6 feet,

1
74. 0 = Zradian,

76. r = 6 meters,

78. r = 3 meters,

0 = 2 radians,

s = 6 centimeters,

s = 8 meters,

0 = 120°,

s =7?

r=7

0 =2

s =7

In Problems 79-86, A denotes the area of the sector of a circle of radius r formed by the central angle 0. Find the missing quantity. Round
answers to three decimal places.

r = 10 meters,

81. 6 = %radian,

83. r = 5 miles,

85. r = 2 inches,

A = 2square feet,

1
0 = —radi
2ra ian,

A=7?

r=7

A = 3square miles, 0 = ?

0 = 30°,

A=7?

80. r = 6 feet,

1
82. 6 = Zradian,

84. r = 6 meters,

86. r = 3 meters,

In Problems 87-90, find the length s and area A. Round answers to three decimal places.

87. 88. 89. 90.
S S
S
|

6 = 2 radians,

A = 6square centimeters,

A = 8square meters,

0 = 120°,

A=7?

r=27?

0="7

A=7?
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Applications and Extensions

91.

92.

93.

9.

9s.

96.

98.

99.

Minute Hand of a Clock The minute hand of a clock is 6
inches long. How far does the tip of the minute hand move
in 15 minutes? How far does it move in 25 minutes?

1" 7y

10 \2
9 VS
8 4

765

Movement of a Pendulum A pendulum swings through an
angle of 20° each second. If the pendulum is 40 inches long,
how far does its tip move each second?

Area of a Sector Find the area of the sector of a circle of
radius 4 meters formed by an angle of 45°. Round the an-
swer to two decimal places.

Area of a Sector Find the area of the sector of a circle of
radius 3 centimeters formed by an angle of 60°. Round the
answer to two decimal places.

Watering a Lawn A water sprinkler sprays water over a
distance of 30 feet while rotating through an angle of 135°.
What area of lawn receives water?

Designing a Water Sprinkler An engineer is asked to de-
sign a water sprinkler that will cover a field of 100 square
yards that is in the shape of a sector of a circle of radius 50
yards. Through what angle should the sprinkler rotate?
Motion on a Circle An object is traveling around a circle
with a radius of 5 centimeters. If in 20 seconds a central

1
angle of 3 radian is swept out, what is the angular speed of

the object? What is its linear speed?

Motion on a Circle An object is traveling around a circle
with a radius of 2 meters. If in 20 seconds the object travels 5
meters, what is its angular speed? What is its linear speed?
Bicycle Wheels The diameter of each wheel of a bicycle is
26 inches. If you are traveling at a speed of 35 miles per hour
on this bicycle, through how many revolutions per minute
are the wheels turning?

100. Car Wheels The radius of each wheel of a car is 15 inches.
If the wheels are turning at the rate of 3 revolutions per sec-
ond, how fast is the car moving? Express your answer in
inches per second and in miles per hour.

In Problems 101-104, the latitude of a location L is the angle
formed by a ray drawn from the center of Earth to the Equator
and a ray drawn from the center of Earth to L. See the figure.

Equator

South Pole

Distance between Cities Memphis, Tennessee, is due north
of New Orleans, Louisiana. Find the distance between Mem-
phis (35°9’ north latitude) and New Orleans (29°57' north lat-
itude). Assume that the radius of Earth is 3960 miles.

102. Distance between Cities Charleston, West Virginia, is due
north of Jacksonville, Florida. Find the distance between
Charleston (38°21" north latitude) and Jacksonville (30°20’
north latitude). Assume that the radius of Earth is 3960 miles.

103. Linear Speed on Earth Earth rotates on an axis through
its poles. The distance from the axis to a location on Earth
30° north latitude is about 3429.5 miles. Therefore, a loca-
tion on Earth at 30° north latitude is spinning on a circle of
radius 3429.5 miles. Compute the linear speed on the sur-
face of Earth at 30° north latitude.

104. Linear Speed on Earth Earth rotates on an axis through
its poles. The distance from the axis to a location on Earth
40° north latitude is about 3033.5 miles. Therefore, a loca-
tion on Earth at 40° north latitude is spinning on a circle of
radius 3033.5 miles. Compute the linear speed on the sur-
face of Earth at 40° north latitude.

105. Speed of the Moon The mean distance of the Moon from
Earth is 2.39 X 10° miles. Assuming that the orbit of the
Moon around Earth is circular and that 1 revolution takes
27.3 days, find the linear speed of the Moon. Express your
answer in miles per hour.

106. Speed of Earth The mean distance of Earth from the Sun is
9.29 X 107 miles. Assuming that the orbit of Earth around the
Sun is circular and that 1 revolution takes 365 days, find the lin-
ear speed of Earth. Express your answer in miles per hour.

107. Pulleys Two pulleys, one with radius 2 inches and the
other with radius 8 inches, are connected by a belt. (See the
figure.) If the 2-inch pulley is caused to rotate at 3 revolu-



108

109.

110.

111

112.

tions per minute, determine the revolutions per minute of
the 8-inch pulley.

[Hint: The linear speeds of the pulleys are the same; both
equal the speed of the belt.]

Ferris Wheels A neighborhood carnival has a Ferris wheel
whose radius is 30 feet. You measure the time it takes for
one revolution to be 70 seconds. What is the linear speed (in
feet per second) of this Ferris wheel? What is the angular
speed in radians per second?

Computing the Speed of a River Current To approximate
the speed of the current of a river, a circular paddle wheel
with radius 4 feet is lowered into the water. If the current
causes the wheel to rotate at a speed of 10 revolutions per
minute, what is the speed of the current? Express your
answer in miles per hour.

Spin Balancing Tires A spin balancer rotates the wheel of
a car at 480 revolutions per minute. If the diameter of the
wheel is 26 inches, what road speed is being tested? Express
your answer in miles per hour. At how many revolutions per
minute should the balancer be set to test a road speed of 80
miles per hour?

The Cable Cars of San Francisco At the Cable Car Muse-
um you can see the four cable lines that are used to pull cable
cars up and down the hills of San Francisco. Each cable trav-
els at a speed of 9.55 miles per hour, caused by a rotating
wheel whose diameter is 8.5 feet. How fast is the wheel rotat-
ing? Express your answer in revolutions per minute.
Difference in Time of Sunrise Naples, Florida, is approxi-
mately 90 miles due west of Ft. Lauderdale. How much
sooner would a person in Ft. Lauderdale first see the rising
Sun than a person in Naples?

[Hint: Consult the figure. When a person at Q sees the first
rays of the Sun, a person at P is still in the dark. The person
at P sees the first rays after Earth has rotated so that P is at
the location Q. Now use the fact that at the latitude of Ft.
Lauderdale in 24 hours a length of arc of 277(3559) miles is
subtended.]
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113. Keeping Up with the Sun How fast would you have to

114

115

b

b

travel on the surface of Earth at the equator to keep up with
the Sun (that is, so that the Sun would appear to remain in
the same position in the sky)?

Nautical Miles A nautical mile equals the length of arc
subtended by a central angle of 1 minute on a great circle”
on the surface of Earth. (See the figure.) If the radius of
Earth is taken as 3960 miles, express 1 nautical mile in terms
of ordinary, or statute, miles.

J North Pole

South Pole

Approximating the Circumference of Earth Eratosthenes
of Cyrene (276-194 BC) was a Greek scholar who lived and
worked in Cyrene and Alexandria. One day while visiting in
Syene he noticed that the Sun’s rays shone directly down a
well. On this date 1 year later, in Alexandria, which is 500
miles due north of Syene he measured the angle of the Sun
to be about 7.2 degrees. See the figure. Use this information
to approximate the radius and circumference of Earth.

*Any circle drawn on the surface of Earth that divides Earth into two
equal hemispheres.
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116.

Pulleys Two pulleys, one with radius r; and the other with
radius r,, are connected by a belt. The pulley with radius r;
rotates at w; revolutions per minute, whereas the pulley

Discussion and Writing

117

118.

119.

120.

121.

. Do you prefer to measure angles using degrees or radians?

Provide justification and a rationale for your choice.
What is 1 radian?

Which angle has the larger measure: 1 degree or 1 radian?
Or are they equal?

Explain the difference between linear speed and angular
speed.

For a circle of radius r, a central angle of 6 degrees subtends

an arc whose length s is s = &r@. Discuss whether this is a

‘Are You Prepared?” Answers

1. C = 27r

2. A =mr?

122.

123.

124.

with radius r, rotates at w, revolutions per minute. Show
rn _ w

that — = —.
W

true or false statement. Give reasons to defend your
position.

Discuss why ships and airplanes use nautical miles to mea-
sure distance. Explain the difference between a nautical
mile and a statute mile.

Investigate the way that speed bicycles work. In particular,
explain the differences and similarities between 5-speed and
9-speed derailleurs. Be sure to include a discussion of linear
speed and angular speed.

In Example 6, we found that the distance between Albu-
querque, NM and Glasgow, MT is approximately 903 miles.
According to mapquest.com, the distance is approximately
1300 miles. What might account for the difference?

5.2 Trigonometric Functions: Unit Circle Approach

PREPARING FOR THIS SECTION

¢ Pythagorean Theorem (Appendix, Section A.2, pp. 961-962)
e Unit Circle (Section 1.5, p. 45)

\\ Now work the ‘Are You Prepared? problems on page 384.

OBJECTIVES 1 Find the Exact Values of the Trigonometric Functions Using a Point on the Unit Circle

2 Find the Exact Values of the Trigonometric Functions of Quadrantal Angles

3 Find the Exact Values of the Trigonometric Functions of% = 45°

4 Find the Exact Values of the Trigonometric Functions of% = 30° and — = 60°

5 Find the Exact Values of the Trigonometric Functions for Integer Multiples of

= 450, and% = 60°

m m
= =30°,—
6 4

6 Use a Calculator to Approximate the Value of a Trigonometric Function

7 Use a Circle of Radius r to Evaluate the Trigonometric Functions

Before getting started, review the following:

e Symmetry (Section 1.2, pp. 17-19)
e Functions (Section 2.1, pp. 56-65)

3

We are now ready to introduce trigonometric functions. The approach that we take

uses the unit circle.
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The Unit Circle

Recall that the unit circle is a circle whose radius is 1 and whose center is at the ori-
gin of a rectangular coordinate system. Also recall that any circle of radius r has cir-
cumference of length 2zr. Therefore, the unit circle (radius =1) has a
circumference of length 2. In other words, for 1 revolution around the unit circle
the length of the arc is 27 units.

The following discussion sets the stage for defining the trigonometric functions
using the unit circle.

Let ¢ be any real number. We position the f-axis so it is vertical with the positive
direction up. We place this z-axis in the xy-plane, so that ¢+ = 0 is located at the point
(1, 0) in the xy-plane.

If t = 0, let s be the distance from the origin to ¢ on the f-axis. See the red por-
tion of Figure 20(a).

Now look at the unit circle in Figure 20(a). Beginning at the point (1, 0) on the
unit circle, travel s = ¢ units in the counterclockwise direction along the circle, to ar-
rive at the point P = (x, y). In this sense, the length s = ¢ units is being wrapped
around the unit circle.

If t < 0, we begin at the point (1, 0) on the unit circle and travel s = [¢| units in
the clockwise direction to arrive at the point P = (x, y). See Figure 20(b).

P=(x))
$ = tunits
y
t 1
s = tunits \
(1,0))0
(1,0)]0 X - X
s =|t]| units
-1
t
S = |t| units

P=(xY)
(a) (b)

If t > 27 or if t < —2mr, it will be necessary to travel around the unit circle
more than once before arriving at the point P. Do you see why?

Let’s describe this process another way. Picture a string of length s = |¢| units
being wrapped around a circle of radius 1 unit. We start wrapping the string around
the circle at the point (1, 0). If r = 0, we wrap the string in the counterclockwise di-
rection; if t < 0, we wrap the string in the clockwise direction. The point P = (x, y)
is the point where the string ends.

This discussion tells us that, for any real number 7, we can locate a unique point
P = (x, y) on the unit circle. We call P the point on the unit circle that corresponds
to z. This is the important idea here. No matter what real number ¢ is chosen, there is
a unique point P on the unit circle corresponding to it. We use the coordinates of the
point P = (x, y) on the unit circle corresponding to the real number ¢ to define the
six trigonometric functions of .

Let ¢ be a real number and let P = (x, y) be the point on the unit circle that
corresponds to ¢.
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The sine function associates with ¢ the y-coordinate of P and is denoted by

sint =y

The cosine function associates with ¢ the x-coordinate of P and is denoted by

cost = x

If x # 0, the tangent function is defined as

tant=X
X

If y # 0, the cosecant function is defined as

1
csct = —
y

If x # 0, the secant function is defined as

1
sect = —
X

If y # 0, the cotangent function is defined as

X
cotr = —
y

Notice in these definitions that if x = 0, that is, if the point P is on the y-axis,
then the tangent function and the secant function are undefined. Also, if y = 0, that
is, if the point P is on the x-axis, then the cosecant function and the cotangent func-
tion are undefined.

Because we use the unit circle in these definitions of the trigonometric func-
tions, they are also sometimes referred to as circular functions.

Find the Exact Values of the Trigonometric Functions Using
a Point on the Unit Circle

EXAMPLE 1 |

Finding the Values of the Six Trigonometric Functions Using a
Point on the Unit Circle

1 V3 . .
Let ¢t be a real number and let P = (—2, 2) be the point on the unit
circle that corresponds to t. Find the values of sin ¢, cos ¢, tan ¢, csc ¢, sec ¢, and cot ¢.
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Solution See Figure 21. We follow the definition of the six trigonometric functions, using

1 V3 . 1 V3
Figure 21 P = <_2’2) = (x, y). Then, with x = _E,y = T,We have

4] it =y =23

y
st =y =—— Cost =x = —— tant = —
t Y 2 2 X

L

<
| Ng
| = )

[ = N

/
.y

csct—l——— 3 sect—l—i——Z cott—f——z——ﬁ
y V3 3 xo 1 Yy 3 3
2 2 2 <

m - NOW WORK PROBLEM 11.

Trigonometric Functions of Angles

Let P = (x, y) be the point on the unit circle corresponding to the real number .
See Figure 22(a). Let 6 be the angle in standard position, measured in radians, whose
terminal side is the ray from the origin through P. See Figure 22(b). Since the unit cir-
cle has radius 1 unit, from the formula for arc length, s = r6, we find that
s=rf =20
)

r=1

So,if s = || units, then # = ¢ radians. See Figures 22(c) and (d).

Figure 22

$ = tunits, 1

y
1
P=(x y)//\ P=(xy) o t P=(xy) O\*Z‘radti;é) /_e\— tradians
(1,0) ™\ (1,0) DY \(1,0)
1 1 1
\J X \J X \Jﬁ . \ =
/ t<0

-1 ~1 -1 “1lpLx )
(@) (b) (c) (d)

The point P = (x, y) on the unit circle that corresponds to the real number ¢ is
the point P on the terminal side of the angle § = ¢ radians. As a result, we can say that

sint = sin 0

) |

Real number 6 = tradians

and so on. We can now define the trigonometric functions of the angle 6.

If 6 = ¢ radians, the six trigonometric functions of the angle 0 are defined as

sin @ = sin ¢ cos = cost tan 6 = tant
csch = csct sec = sect cotfh = cott
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Even though the distinction between trigonometric functions of real num-
bers and trigonometric functions of angles is important, it is customary to refer
to trigonometric functions of real numbers and trigonometric functions of
angles collectively as the trigonometric functions. We shall follow this practice from
now on.

If an angle 6 is measured in degrees, we shall use the degree symbol when writing
a trigonometric function of 6, as, for example, in sin 30° and tan 45°. If an angle 6 is
measured in radians, then no symbol is used when writing a trigonometric function

. a
of 6, as, for example, in cos 7 and sec 3

Finally, since the values of the trigonometric functions of an angle 6 are deter-
mined by the coordinates of the point P = (x, y) on the unit circle corresponding to 6,
the units used to measure the angle 6 are irrelevant. For example, it does not
aw
2
responding to this angle is P = (0, 1). As a result,

matter whether we write # = — radians or 6 = 90°. The point on the unit circle cor-

sin% =sn90° =1 and cosg = c0s90° =0

Figure 23

2 Find the Exact Values of the Trigonometric Functions of
Quadrantal Angles
To find the exact value of a trigonometric function of an angle 6 or a real number ¢
requires that we locate the point P = (x, y) on the unit circle that corresponds to .
This is not always easy to do. In the examples that follow, we will evaluate the
trigonometric functions of certain angles or real numbers for which this process is
relatively easy. A calculator will be used to evaluate the trigonometric functions of
most other angles.
EXAMPLE 2 Finding the Exact Values of the Six Trigonometric
Functions of Quadrantal Angles
Find the exact values of the six trigonometric functions of:
T
(a) 6=0=0° (b)0=5=90°
37
(c) 6 =7 = 180° (d)0=7=270O
Solution (a) The point on the wunit circle that corresponds to 6 =0=0° is

=

-

(@

P = (1,0). See Figure 23(a). Then

sin(0 = sin 0° = 0 cosO =cos0°=x=1

0 sec 0 = sec0°

y:
tan 0 = tan 0° =X=
X

Il
==
Il
—_

Since the y-coordinate of P is 0, csc 0 and cot 0 are not defined.
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=

Figure 23

/1
\

—_
>

(b)
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(b) The point on the unit circle that corresponds to 6 = % =90°is P = (0, 1). See
Figure 23(b). Then

singzsin90°=y=1 cosgzcos90°:x=0

1
cscz =csc90° =—=1 cotz = cot 90°
2 y 2

. . . T T .
Since the x-coordinate of P is 0, tan B and sec B are not defined.

(c) The point on the unit circle that corresponds to § = 7 = 180° is P = (—1,0).
See Figure 23(c). Then

=0 cos7 = cos 180° = x = —1

sin 77 = sin 180° =

tan7 = tan 180° = — =0 secm = sec 180° =

== =

Since the y-coordinate of P is 0, csc 7 and cot 7 are not defined.

3
(d) The point on the unit circle that corresponds to 6 = 777 =270°is P = (0, —1).

Figure 23 See Figure 23(d). Then
g 3 3 3
_ 3T _ 9700 . 3 . T
10 =" =270 sm7=sm270°=y=—1 cos7=cos270°=x=0
37 1 37 X
-1 T X csc— = ¢sc270° = — = —1 cot— = cot270° == =0
2 y 2 y
~17P=(0, -1)
. . . 37 37 .
() Since the x-coordinate of P is 0, tan o and sec By are not defined. <
Table 2 summarizes the values of the trigonometric functions found in Example 2.
Table 2
Quadrantal Angles
0 (Radians) 0 (Degrees) sin 6 cos 0 tan 0 csc 0 sec 0 cot 6
0 0° 0 1 0 Not defined 1 Not defined
% 90° 1 0 Not defined 1 Not defined 0
T 180° 0 =1 0 Not defined -1 Not defined
3777 270° -1 0 Not defined =1l Not defined 0

There is no need to memorize Table 2. To find the value of a trigonometric
function of a quadrantal angle, draw the angle and apply the definition, as we did in
Example 2.
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| EXAMPLE 3 Finding Exact Values of the Trigonometric Functions
of Angles That Are Integer Multiples of Quadrantal Angles
Find the exact value of:
(a) sin(37) (b) cos(—=270°)

Solution (a) See Figure 24.The point P on (b) See Figure 25. The point P on
the unit circle that the unit circle that
corresponds to 6 = 3 is corresponds to § = —270° is
P =(-1,0),sosin(37) = 0. P =(0,1),so cos(—270°) = 0.
Figure 24 Figure 25 y

y
1 11P=(0,1)
P=(—1,O)K¢\RA3"T ﬁj\
RN RN
3 [ e=-2100 g
memm—==-- NOW WORK PROBLEMS 19 AND 63.
Find the Exact Values of theTrigonometric Functions
ko
of — = 45°
4
EXAMPLE 4 | Finding the Exact Values of the Trigonometric Functions
T
of — = 45°
4
Find the exact values of the six trigonometric functions of% = 45°.
Solution We seek the coordinates of the point P = (x, y) on the unit circle that corresponds

Figure 26

y y=x
1
/ P=(xy)
(45°
LA 1 X
Ve
T Ry =

tof = % = 45°. See Figure 26. First, we observe that P lies on the line y = x. (Do
1
you see why? Since 6 = 45° = 5" 90°, P must lie on the line that bisects quadrant I.)

Since P = (x, y) also lies on the unit circle, x> + y?> = 1, it follows that

x2+y2=1
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Then
V2
2 2 2
sinz=sin45°=£ oS = = cos 45° = ~= tan— = tan 45° = — = 1
4 2 4 2 4 V2
2
V2
cscz—csc45°—L—\6 secz—sec45°—L—\/2 cotz—cot45°—i—1
! V2 ! V2 ! V2
2 2 2 <
EXAMPLE 5 | Finding the Exact Value of a Trigonometric Expression
Find the exact value of each expression.
3 2
(a) sin 45° cos 180° (b) tan% - sing (c) (sec Z) + CSC%
. 2 2
Solution (a) sin 45° cos 180° = \2/ (-1) = —\2/
T 1
From Example 4 From Table 2
3
(b) tan% - sin% —1-(-1)=2
T 1
From Example 4 From Table 2
(c) (secw>2 + csc o = (\/5)2 +1=2+1=3
4 2 <
Mo~ NOW WORK PROBLEM 33.
4 Find the Exact Values of theTrigonometric Functions
ko ko
of - = 30°and - = 60°
6 3
Consider a right triangle in which one of the angles is T~ 30°. It then follows that

6
the third angle is g = 60°. Figure 27(a) illustrates such a triangle with hypotenuse

of length 1. Our problem is to determine a and b.

We begin by placing next to this triangle another triangle congruent to the first,
as shown in Figure 27(b). Notice that we now have a triangle whose angles are each
60°. This triangle is therefore equilateral, so each side is of length 1. In particular,

Figure 27
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1
the base is 2a = 1, and so a = 5 By the Pythagorean Theorem, b satisfies the

equation a®> + b> = ¢2, so we have
Figure 27 a + b =c?
1 1
—+ =1 =—,c=1
3 4 b 2T pc
2
1 3
b2 =1-=-==
4 4
o V3
2
This results in Figure 27(c).
EXAMPLE 6 Finding the Exact Values of the Trigonometric Functions

of T = 40°
3
Find the exact values of the six trigonometric functions ofg = 60°.

Solution Position the triangle in Figure 27(c) so that the 60° angle is in the standard position.

See Figure 28.
Figure 28 y
1
Pen=(49)
1/ 13
600 2
-1 1 1 X
2
— X2+ y?2 =1
1 3
The point on the unit circle that corresponds to 6 = % =60°is P = (2, \/>
Then
V3 LN |
sm3—sm60 = cos3—cos60 =5
1 2 2V3 1
CSCZZCSC6OO:%=\/§=\3/ sec%=sec60°=I=2
2 2
V3 1
2 2 1 3
tanz=tan60°=—=\/§ cotz=cot60°=—=7=i
3 T 3 NV R
2 R |
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EXAMPLE 7 Finding the Exact Values of the Trigonometric Functions
of T = 30°
6
Find the exact values of the trigonometric functions of% = 30°.
Solution Position the triangle in Figure 27(c) so that the 30° angle is in the standard position.
Figure 29 See Figure 29. .
, The point on the wunit circle that corresponds to 6 = i 30° is
1 V3 31
P=n=(33) P= (\/,).Then
272
1 1 3
1 1300 12 sin% = sin 30° = ) cos% = cos 30° = \2/
- X
% cscz—csc30°—l—2 secz—sec?aoo—L—i—M
6 1 6 V3 V3o 3
2 2 ~ — -
— X+ y2 =1 2 2
1 V3
2 1 3 2
tanz=tan30°=—=7=i cotz=00t30°=—=\/§
6 V3o V33 6 1
2 2 <
Table 3 summarizes the information just derived for % = 300,% = 45°,
and §= 60°. Until you memorize the entries in Table 3, you should draw an
appropriate diagram to determine the values given in the table.
Table 3 0 (Radians) 0 (Degrees) sinf® cos@® tan@ «cscO sech coth
7 i 1 Vi V3 2V3
B %0 O R R S
z 45° vZ V3 1 V2 V2 1
4 2 2
7 . V3 1 2\V3 V3
3 s 2 2 V3 3 3
mmmm====—- NOW WORK PROBLEM 39.
EXAMPLE 8 Constructing a Rain Gutter
A rain gutter is to be constructed of aluminum sheets 12 inches wide. After marking
off a length of 4 inches from each edge, this length is bent up at an angle 0. See
Figure 30 Figure 30. The area A of the opening may be expressed as a function of 6 as
[ 12in : A(6) = 16sin6(cos 6 + 1)
. . Find the area A of the opening for 6 = 30°,0 = 45°, and 6 = 60°.
4in 4in 4in

Solution For 6 = 30 A(30°) = 165sin 30°(cos 30° + 1)

16<1><\/g + 1) =4V3 + 8 ~ 149

2)\ 2

The area of the opening for § = 30° is about 14.9 square inches.
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Figure 31

For 6 = 45°:  A(45°) = 16sin 45°(cos 45° + 1)
= 16<\2/2><\f + 1) =8+ 8V2~193
The area of the opening for 6 = 45° is about 19.3 square inches.
For 0 = 60°:  A(60°) = 16 sin 60°(cos 60° + 1)
3\/1
= 16(“)( + 1) = 12V3 ~ 208
2 2
The area of the opening for # = 60° is about 20.8 square inches. <

Find the Exact Values of the Trigonometric Functions for

Integer Multiples of: = 30°,: = 45°, and:- = 60°

. . . T .
We know the exact values of the trigonometric functions of i 45°. Using

symmetry, we can find the exact values of the trigonometric functions of
3 5 7
T’T = 1350,7” = 205°, andf = 315°. Figure 31 shows how,

As Figure 31 shows, using symmetry with respect to the y-axis, the point

2 V2 3
(— \2/, \2/> is the point on the unit circle that corresponds to the angle 777 = 135°.

V2 V2

Similarly, using symmetry with respect to the origin, the point (—2, —2) is

5
the point on the unit circle that corresponds to the angle Tﬂ- = 225°. Finally, using

symmetry with respect to the x-axis, the point EREEN A the point on the unit

7
circle that corresponds to the angle Tﬂ- = 315°.

EXAMPLE 9

T
Finding Exact Values for Multiples Ofi = 45°

Based on Figure 31, we see that

2 2
(a) sin 135° = \2/ (b) coss% = — \2/

(c) tan315° =

5|l

<

Figure 31 can also be used to find exact values for other multiples of % = 45°.

2
For example, the point (2, — 2) is the point on the unit circle that corresponds

2 V2
to the angle —% = —45° the point (2, 2) is the point on the unit circle that

9
corresponds to the angle 777 = 405°.

" - NOW WORK PROBLEMS 53 AND 57.
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The use of symmetry also provides information about certain integer multiples

of the angles% = 30° and % = 60°. See Figures 32 and 33.

Figure 32 Figure 33

-
ol

EXAMPLE 10

Using Figures 32 and 33

Based on Figures 32 and 33, we see that

V3
3 3 5 2
(a) cos210° = . (b) sin(—60°) = W © tan0r = —= = —\/3
2 2 3 1
2 |
mmmmmm-- NOW WORK PROBLEM 49.

Use a Calculator to Approximate the Value
of a Trigonometric Function

Before getting started, you must first decide whether to enter the angle in the cal-
culator using radians or degrees and then set the calculator to the correct MODE.
Check your instruction manual to find out how your calculator handles degrees
and radians. Your calculator has keys marked | sin |, | cos |, and | tan |. To find the val-
ues of the remaining three trigonometric functions, secant, cosecant, and cotan-
gent, we use the fact that, if P = (x, y) is a point on the unit circle on the terminal
side of 6, then

1
tan 0

1 1 1 X
sec) = — = csch = — = — cothd = — =
X cosé@ y sinf y

=< |~

EXAMPLE 11 |

Using a Calculator to Approximate the Value
of a Trigonometric Function

Use a calculator to find the approximate value of:

(a) cos 48° (b) csc21° (c) tan

m
12
Express your answers rounded to two decimal places.
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Solution

Figure 34

Figure 35

lesint2ll
2.79842811

Figure 36

tantm<12%
2EFS491924

Figure 37

Theorem

(a) First we set the MODE to receive degrees. See Figure 34(a). Figure 34(b) shows the
solution using a TI-84 Plus graphing calculator. Rounded to two decimal places,

cos 48° = 0.66991306 ~ 0.67

Sci Eng cos (482
$E123456?89 « BB ] ZEEAAD

Horiz G-T
()] (b)

(b) Most calculators do not have a csc key. The manufacturers assume that the user
knows some trigonometry. To find the value of csc21°, use the

1
fact that csc 21° = Sin 21 Figure 35 shows the solution using a TI-84 Plus

graphing calculator. Rounded to two decimal places,
csc21° = 2.79

(c) Set the MODE to receive radians. Figure 36 shows the solution using a TI-84
Plus graphing calculator. Rounded to two decimal places,

T
tan — ~ 0.27
12
L - NOW WORK PROBLEM 67.

Use a Circle of Radius r to Evaluate
the Trigonometric Functions

Until now, to find the exact value of a trigonometric function of an angle 6 required
that we locate the corresponding point P = (x, y) on the unit circle. In fact, though,
any circle whose center is at the origin can be used.

Let 6 be any nonquadrantal angle placed in standard position. Let
P = (x,y) be the point on the circle x*> + y*> = r? that corresponds to 6,
and let P* = (x*, y*) be the point on the unit circle that corresponds to 6. See
Figure 37.

Notice that the triangles OA*P* and OAP are similar; as a result, the ratios of
corresponding sides are equal.

*

ye oy x*  x ye _y
1 1 r  x* x
1 r 1 r x*  x
vy oxr x o yEy

These results lead us to formulate the following theorem:

For an angle 6 in standard position, let P = (x, y) be the point on the
terminal side of 6 that is also on the circle x> + y*> = r% Then

sin 6 = cos 0 = tanf0 = —, x #0

=N =

csc=—, y#0 sech =—, x#0 coth =—, y#0

<N Y=
<= ==
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EXAMPLE 12 |

Finding the Exact Values of the Six Trigonometric Functions

Find the exact values of each of the six trigonometric functions of an angle 6 if
(4, —3) is a point on its terminal side.

Solution

See Figure 38. The point (4, —3) is on a circle of radius r = \/4> + (=3)? =

V16 + 9 = \/25 = 5 with the center at the origin.

Figure 38

For the point (x, y) = (4, —3), we have x
sinf = 2
r

r
csch = —
y

o -

HisTtoRICAL FEATURE

=4 and y = —3. Since r = 5, we find
—é cose—f—i ‘[an@—z——§
5 r 5 X 4
5 r 5 X 4
—g SGC@—;—Z COtG—;——g <

NOW WORK PROBLEM 83.

The name sine for the sine function is due to a medieval confusion.
The name comes from the Sanskrit word jiva (meaning chord), first
used in India by Araybhata the Elder (AD 510). He really meant half-
chord, but abbreviated it. This was brought into Arabic as jiba,
which was meaningless. Because the proper Arabic word jaib
would be written the same way (short vowels are not written out
in Arabic), jiba was pronounced as jaib, which meant bosom or hol-
low, and jiba remains as the Arabic word for sine to this day.
Scholars translating the Arabic works into Latin found that the
word sinus also meant bosom or hollow, and from sinus we get the
word sine.

The name tangent, due to Thomas Finck (1583), can be under-
stood by looking at Figure 39. The line segment DC is tangent to
the circle at C. If d(O, B) = d(O, C) = 1, then the length of the line
segment DC is

d(D,C) d(D, Q)
1 d0,0
The old name for the tangent is umbra versa (meaning turned

shadow), referring to the use of the tangent in solving height prob-
lems with shadows.

dD, ¢) =

= tan o

The names of the remaining functions came about as follows. If &
and B are complementary angles, then cos a = sin 3. Because 3 is
the complement of «, it was natural to write the cosine of « as
sin co c. Probably for reasons involving ease of pronunciation, the co
migrated to the front, and then cosine received a three-letter abbre-
viation to match sin, sec, and tan. The two other cofunctions were
similarly treated, except that the long forms cotan and cosec survive to
this day in some countries.

Figure 39
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5.2 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. In a right triangle, with legs a and b and hypotenuse c, the

Pythagorean Theorem states that . (p.962)
2. The value of the function f(x) = 3x — 7at5is
(pp. 61-63)

3. True or False: For a function y = f(x), for each x in the do-
main, there is exactly one element y in the range. (pp. 55-61)

4. What is the equation of the unit circle? (p. 45)

Concepts and Vocabulary
7. tan% + sin 30° =

8. Using a calculator, sin 2 = ,rounded to two dec-
imal places.

Skill Building

5. What point is symmetric with respect to the y-axis to the
(13
point > ? (pp. 17-19)

6. If (x, y) is a point on the unit circle in quadrant IV and if

3
x = % what is y? (p. 45)

9. True or False: Exact values can be found for the trigonomet-
ric functions of 60°.
10. True or False: Exact values can be found for the sine of any
angle.

In Problems 11-18, t is a real number and P = (x, y) is the point on the unit circle that corresponds to t. Find the exact values of the six

trigonometric functions of t.

N\ 11 (\/§ 1) 12. (1 —\@)

n (22 1 (-1.2%9)

22 2 2 5 55
Is (_W \fz) 16 (\fz \/2) . (2\6 _1) " (_\fs _z)
’ 272 ) 272 ’ 373 ) 37 3
In Problems 19-28, find the exact value. Do not use a calculator.
11 7 11
\ 19. sinTﬂ- 20. cos(7) 21. tan(67) 22. cot% 23. CSCTW
3
24. sec(8) 25. cos(—%) 26. sin(—3) 27. sec(—m) 28. tan(—3)
In Problems 29-48, find the exact value of each expression. Do not use a calculator.
29. sin 45° + cos 60° 30. sin 30° — cos 45° 31. sin 90° + tan 45° 32. cos 180° — sin 180°
\-. 33. sin 45° cos 45° 34. tan 45° cos 30° 35. csc 45° tan 60° 36. sec 30° cot 45°
37. 4sin 90° — 3 tan 180° 38. 5cos 90° — 8 sin 270° \ 39. 2 sin% -3 tan% 40. 2 sin% +3 tan%
41. sin% - cos% 42, tang + cos% 43. 2 sec% + 4 cot% 44, 3 csc% + cot%
3
45. tan 7 — cos 0 46. sinl + tan 7 47. csc% + cotg 48. secm — csc%

In Problems 4960, find the exact values of the six trigonometric functions of the given angle. If any are not defined, say “not defined.” Do

not use a calculator.

\ .27 50. 27 51. 210°
3 6

55, 57 s6. 137 . 57. 405°
3 6

61. —45° 62. —60° \ 63 2"

3 1
52, 240° \ 53 27 54, — L
4 4
T T
58. 390° 59, - T 60. ——
6 3
64. 57 65. 720° 66. 630°
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In Problems 67-82, use a calculator to find the approximate value of each expression rounded to two decimal places.

s

sin 28° 68. cos 14° 69. tan 21° 70. cot 70°

71. sec 41° 72. csc 55° 73. sin T 74. cos T
10 8

S T T S

75. tan ) 76. cotﬁ 77. sec v 78. csc e}
79. sin 1 80. tan 1 81. sin 1° 82. tan 1°

In Problems 83-92, a point on the terminal side of an angle 0 is given. Find the exact values of the six trigonometric functions of 6.

»

(=3,4) 84. (5,-12) 85. (2,-3) 86. (—1,-2) 87. (—2,-2)
1 1
88. (1,-1) 89. (—3,-2) 90. (2,2) 91. (5’ 71) 92. (—0.3,-0.4)
93. Find the exact value of: 94. Find the exact value of:
sin 45° + sin 135° + sin 225° + sin 315° tan 60° + tan 150°
95. Ifsin 6 = 0.1, findsin(6 + 7). 96. If cos = 0.3, find cos(6 + ).
97. If tan § = 3, findtan(6 + ). 98. If cot§ = —2, find cot(f + ).
. 1 . 2 .
99. Ifsin 6 = 3 find csc 6. 100. If cos 6 = 3 find sec 6.

In Problems 101-112, f(6) = sin 0 and g(0) = cos 0. Find the exact value of each function below if 0 = 60°. Do not use a calculator.

0 0
101. £(6) 102. g(6) 103. f<5) 104. g(E) 105. [f(6))? 106. [g(0) ]
107. f(26) 108. g(26) 109. 2f(6) 110. 2g(6) 111. f(—6) 112. g(—6)
/£113. Use a calculator in radian mode to complete the following table.
in 0
What can you conclude about the value of % as 0 approaches 0?

0 0.5 0.4 0.2 0.1 0.01 0.001 0.0001 0.00001

sin 6

sin 6

0

X114, Use a calculator in radian mode to complete the following table.

0—1
What can you conclude about the value of % as @ approaches 0?

0 0.5 0.4 0.2 0.1 0.01 0.001 0.0001 0.00001
cosf — 1
cosh — 1
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Projectile Motion The path of a projectile fired at an inclina-
tion 6 to the horizontal with initial speed v is a parabola (see the

figure).
vp = Initial speed

-~
-7 S~Q
~
-~ ~

-~ Height, H RN
% l \‘:“*ﬁ

Range, R

The range R of the projectile, that is, the horizontal distance that
the projectile travels, is found by using the formula

_ vgsin(26)
8
where g =~ 32.2 feet per second per second =~ 9.8 meters per sec-
ond per second is the acceleration due to gravity. The maximum
height H of the projectile is
v3 (sin 6)?
28
In Problems 115-118, find the range R and maximum height H.

115. The projectile is fired at an angle of 45° to the horizontal
with an initial speed of 100 feet per second.

116. The projectile is fired at an angle of 30° to the horizontal
with an initial speed of 150 meters per second.

117. The projectile is fired at an angle of 25° to the horizontal
with an initial speed of 500 meters per second.

118. The projectile is fired at an angle of 50° to the horizontal
with an initial speed of 200 feet per second.

119. Inclined Plane If friction is ignored, the time ¢ (in seconds)
required for a block to slide down an inclined plane (see the
figure) is given by the formula

[ = / 2a
g sin 6 cos 6

where a is the length (in feet) of the base and g =~ 32 feet
per second per second is the acceleration due to gravity.
How long does it take a block to slide down an inclined
plane with base a = 10 feet when:
(a) 6 = 30°? (b) 6 = 45°?

(c) 6 = 60°?

120. Piston Engines In a certain piston engine, the distance x
(in centimeters) from the center of the drive shaft to the
head of the piston is given by

x =cosf +\/16 + 0.5 cos(20)

where 6 is the angle between the crank and the path of the
piston head (see the figure). Find x when 6 = 30° and when
0 = 45°.

-

)

—x—

121. Calculating the Time of a Trip Two oceanfront homes are
located 8 miles apart on a straight stretch of beach, each a
distance of 1 mile from a paved road that parallels the
ocean. Sally can jog 8 miles per hour along the paved road,
but only 3 miles per hour in the sand on the beach. Because
of a river directly between the two houses, it is necessary to
jog in the sand to the road, continue on the road, and then
jog directly back in the sand to get from one house to the
other. See the illustration. The time 7 to get from one house
to the other as a function of the angle 6 shown in the illus-
tration is

21
3sinf 4tan@’

TO) =1+ 0° <6 <90°

(a) Calculate the time T for # = 30°. How long is Sally on
the paved road?

(b) Calculate the time T for # = 45°. How long is Sally on
the paved road?

(c) Calculate the time T for # = 60°. How long is Sally on
the paved road?

(d) Calculate the time T for # = 90°. Describe the path
taken. Why can’t the formula for 7" be used?

Ocean

Beach

122. Designing Fine Decorative Pieces A designer of decorative
art plans to market solid gold spheres encased in clear crystal
cones. Each sphere is of fixed radius R and will be enclosed in
a cone of height 4 and radius r. See the illustration. Many
cones can be used to enclose the sphere, each having a differ-
ent slant angle 6. The volume V of the cone can be expressed
as a function of the slant angle 6 of the cone as



1. (1+sec 6)*
V(o) = 7R ——-5—, 0° <6 < 90°
3 (tan 9)
What volume V is required to enclose a sphere of radius 2 cen-
timeters in a cone whose slant angle 6 is 30°? 45°? 60°?

L)

123. Projectile Motion An object is propelled upward at an
angle 6,45° < 0 < 90°, to the horizontal with an initial ve-
locity of v, feet per second from the base of an inclined plane
that makes an angle of 45° with the horizontal. See the illus-
tration. If air resistance is ignored, the distance R that it trav-
els up the inclined plane is given by

v3V2

32

[sin(20) — cos(26) — 1]

(a) Find the distance R that the object travels along the in-
clined plane if the initial velocity is 32 feet per second
and 0 = 60°.

(b) Graph R = R(6) if the initial velocity is 32 feet per sec-
ond.

(c) What value of # makes R largest?

Discussion and Writing

129. Write a brief paragraph that explains how to quickly com-
pute the trigonometric functions of 30°,45°, and 60°.

130. Write a brief paragraph that explains how to quickly com-
pute the trigonometric functions of 0°, 90°, 180°, and 270°.

‘Are You Prepared?” Answers

LE=d+ P 2.8 3. True 4. +y' =1

SECTION 5.2 Trigonometric Functions: Unit Circle Approach
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124. If 6,0 < 0 < r, is the angle between the positive x-axis
and a nonhorizontal, nonvertical line L, show that the slope
m of L equals tan 6. The angle 6 is called the inclination of L.

[Hint: See the illustration, where we have drawn the line M
parallel to L and passing through the origin. Use the fact
that M intersects the unit circle at the point (cos 6, sin 6).]

(cos 6, sin 6)

-1

e

In Problems 125128, use the figure to approximate the value of
the six trigonometric functions at t to the nearest tenth. Then use a
calculator to approximate each of the six trigonometric functions

att.
y
2
E Unit Circle
05F
3 -
1 A I I I O A |
=05 C 05 X
C 6
~05F
5
125. (a) t = 1 (b) t =51 (c) t=24
126. (a) t =2 (b) t=4 (¢) t=159
127. (a) t = 1.5 (b) t =43 (¢) t=53
128. (a) t = 2.7 (b) t =39 () t=06.1

131. How would you explain the meaning of the sine function to
a fellow student who has just completed college algebra?

(1Y) e

N | =
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5.3 Properties of the Trigonometric Functions

¢ Functions (Section 2.1, pp. 56-65)

OBJECTIVES 1
2

3
4

PREPARING FOR THIS SECTION Before getting started, review the following:

e Identity (Appendix, Section A.5, p.984)

\ Now work the ‘Are You Prepared? problems on page 399.
. P P pag

¢ Even and Odd Functions (Section 2.3, pp. 80-82)

Determine the Domain and the Range of the Trigonometric Functions
Determine the Period of the Trigonometric Functions

Determine the Signs of the Trigonometric Functions in a Given Quadrant
Find the Values of the Trigonometric Functions Using Fundamental Identities

Find the Exact Values of the Trigonometric Functions of an Angle Given One of the
Functions and the Quadrant of the Angle

Use Even—Odd Properties to Find the Exact Values of the Trigonometric Functions

Figure 40

(—1,0) 0 (1,00 x

Determine the Domain and the Range of the Trigonometric
Functions

Let 0 be an angle in standard position,and let P = (x, y) be the point on the unit cir-
cle that corresponds to 6. See Figure 40. Then, by definition,

sinf =y cosf = x tang ==, x #0

< x ®w<

1 1
csc0=;, y#0 sec0=;, x#0 cotd =—, y#0

For sin 6 and cos 6, 6 can be any angle, so it follows that the domain of the sine
function and cosine function is the set of all real numbers.

The domain of the sine function is the set of all real numbers.
The domain of the cosine function is the set of all real numbers.

If x = 0, then the tangent function and the secant function are not defined. That
is, for the tangent function and secant function, the x-coordinate of P = (x, y) can-
not be 0. On the unit circle, there are two such points (0, 1) and (0, —1). These two

3
points correspond to the angles %(90") and 777(270") or, more generally, to any
3 S

angle that is an odd integer multiple of % (90°), such as g (90°), B (270°), EX (450°),
3
- % (—=90°), — 7#(—2700), and so on. Such angles must therefore be excluded from

the domain of the tangent function and secant function.
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The domain of the tangent function is the set of all real numbers, except odd
integer multiples of g (90°).
The domain of the secant function is the set of all real numbers, except odd

integer multiples of % (90°).

If y = 0, then the cotangent function and the cosecant function are not defined.
For the cotangent function and cosecant function, the y-coordinate of P = (x, y)
cannot be 0. On the unit circle, there are two such points, (1, 0) and (-1, 0). These
two points correspond to the angles 0(0°) and 7 (180°) or, more generally, to any
angle that is an integer multiple of 7(180°), such as 0(0°), 7(180°), 27 (360°),
37(540°), —7(—180°), and so on. Such angles must therefore be excluded from the
domain of the cotangent function and cosecant function.

The domain of the cotangent function is the set of all real numbers, except
integer multiples of 7 (180°).

The domain of the cosecant function is the set of all real numbers, except
integer multiples of 7(180°).

Next we determine the range of each of the six trigonometric functions. Refer
again to Figure 40. Let P = (x, y) be the point on the unit circle that corresponds to
the angle 6. It follows that —1 = x =1 and —1 = y = 1. Consequently, since
sin ® = y and cos # = x, we have

-1 =sin6 =1 -1 =cosf =1

The range of both the sine function and the cosine function consists of all real num-
bers between —1 and 1, inclusive. Using absolute value notation, we have |sin 6] < 1
and |cos 0] = 1.

1
If 6 is not an integer multiple of 77(180°), then csc # = —. Since y = sin § and
L1
jsino] |yl
cosecant function consists of all real numbers less than or equal to —1 or greater
than or equal to 1. That is,

ly| = |sin ] = 1, it follows that |csc | = = 1. The range of the

csch =—1 or csch =1

1

If 6 is not an odd integer multiple of %(90"), then, by definition, sec 6§ = <
1 1

Sincex = cos # and |x| = |cos ] = 1, it follows that [secf] = —— = — = 1.
|Cos 0| |x|

The range of the secant function consists of all real numbers less than or equal to —1

or greater than or equal to 1. That is,

sech = —1 or secf =1
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The range of both the tangent function and the cotangent function is the set of
all real numbers. You are asked to prove this in Problems 121 and 122.

—00 < tanf < —00 < coth < o©

Table 4 summarizes these results.

SNy =y

Table 4

Function Symbol Domain Range

sine f(0) = sin 6 All real numbers All real numbers from —1 to 1, inclusive

cosine f(6) = cos 0 All real numbers All real numbers from —1 to 1, inclusive

tangent f(0) = tan 6 All real numbers, except odd integer multiples of%(90°) All real numbers

cosecant f(0) = csc O All real numbers, except integer multiples of 77(180°) All real numbers greater than or equal to
1 or less than or equal to —1

secant f(0) = sec All real numbers, except odd integer multiples of %(90") All real numbers greater than or equal to
1 or less than or equal to —1

cotangent f(f) = cot 6 All real numbers, except integer multiples of 7(180°) All real numbers

m - NOW WORK PROBLEM 97.
2 Determine the Period of the Trigonometric Functions
. . . T . .
Figure 41 Look at Figure 41. This figure shows that for an angle of 3 radians the corresponding
y . (1 V3 . T .
1 13 point P on the unit circle is { —, —— |. Notice that, for an angle of - + 27 radians,
P = (E' ?) 272 3
m o L 1 V3
N3 the corresponding point P on the unit circle is also A . Then
-1

J>/1 X
grem 7 V3 T V3
and sin §+27T =

2

T 1 T 1
—_— = — — 4+ = —
cos 3 > and cos< 3 277) >

This example illustrates a more general situation. For a given angle 6, measured

Figure 42 in radians, suppose that we know the corresponding point P = (x, y) on the unit
y circle. Now add 27 to 6. The point on the unit circle corresponding to 6 + 2 is
: identical to the point P on the unit circle corresponding to 6. See Figure 42. The val-
P () ues of the trigonometric functions of § + 27 are equal to the values of the corre-
’ — sponding trigonometric functions of 6.
A% If we add (or subtract) integer multiples of 27 to 6, the trigonometric values re-
_ \-/ T x main unchanged. That is, for all 6.
0+ 2
1 sin( + 2wk) = sin 0 cos(0 + 2mk) = cos 6 A
where k is any integer.

Functions that exhibit this kind of behavior are called periodic functions.



In Words

Tangent and cotangent have
period 7; the others have period
2.
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A function f is called periodic if there is a positive number p such that, when-
ever 6 is in the domain of f,sois § + p, and

f(6+p)=f(0)

If there is a smallest such number p, this smallest value is called the
(fundamental) period of f.

Based on equation (1), the sine and cosine functions are periodic. In fact, the
sine and cosine functions have period 27r. You are asked to prove this fact in Prob-
lems 123 and 124. The secant and cosecant functions are also periodic with period
2, and the tangent and cotangent functions are periodic with period 7. You are
asked to prove these statements in Problems 125 through 128.

These facts are summarized as follows:

Periodic Properties

sin(f + 27) =sinf cos(f + 27) = cosf tan(f + 7) = tan 0
csc(f + 27) = csc sec(f + 2m) =secH cot(f + 7) = cotd

Because the sine, cosine, secant, and cosecant functions have period 27, once we
know their values for 0 = 6 < 27, we know all their values; similarly, since the tan-
gent and cotangent functions have period 7, once we know their values for
0 = 0 < 7, we know all their values.

EXAMPLE 1 |

Solution

Figure 43

Finding Exact Values Using Periodic Properties

Find the exact value of:

(a) sinl?TTr (b) cos(5) (c) tanSTTr

(a) Itis best to sketch the angle first, as shown in Figure 43(a). Since the period of
the sine function is 27, each full revolution can be ignored. This leaves the

angle % Then

sinm—sin(w+4>—'—
YR 1 7| =sin— =

D
N
f
N

(a) (b) (c)
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Figure 44

™

1 X

-

P=(xy)x>0y<0

Yoy

Table 5

Figure 45

(b) See Figure 43(b). Since the period of the cosine function is 27, each full revolu-
tion can be ignored. This leaves the angle 7. Then

cos(5m) = cos(m + 4mw) = cosm = —1
(c) See Figure 43(c). Since the period of the tangent function is 7, each half-

revolution can be ignored. This leaves the angle % Then
tanSTr—tan(Tr-i— >—tanﬂ-—1 <
4 47 4
The periodic properties of the trigonometric functions will be very helpful to us

when we study their graphs later in the chapter.

Ly - NOW WORK PROBLEM 11.

Determine the Signs of the Trigonometric Functions
in a Given Quadrant

Let P = (x, y) be the point on the unit circle that corresponds to the angle 6. If we
know in which quadrant the point P lies, then we can determine the signs of the
trigonometric functions of 6. For example, if P = (x, y) lies in quadrant IV, as shown
in Figure 44, then we know that x > 0 and y < 0. Consequently,

sinf =y <0 cosf =x>0 tan0=§<0
1 1

csch=—<0 sech=—>0 cot0=£<0
y X y

Table 5 lists the signs of the six trigonometric functions for each quadrant. See
also Figure 45.

Quadrant of P sin 0, csc 6 cos 0, sec 6 tan 6, cot 0
| Positive Positive Positive
Il Positive Negative Negative
n Negative Negative Positive
v Negative Positive Negative
y
+ +
y sine
” (_, +) |(+! +) _ _ X Cosecant
sine>0,csc0>0 All positive
others negative
y
- + .
cosine
% i L X secant
m(-,-) IV (+,-)
tan o >0,cot® >0 | cos®>0,secd>0 N,
others negative others negative tangent

x  cotangent

(a) (b)
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EXAMPLE 2 Finding the Quadrant in Which an Angle 0 Lies

If sin & < 0 and cos 6 < 0, name the quadrant in which the angle 0 lies.

Solution Let P = (x,y) be the point on the unit circle corresponding to 6. Then
sinf = y < 0andcosf = x < 0. The point P = (x, y) must be in quadrant III, so
0 lies in quadrant IIL <

mmmmmmm-- NOW WORK PROBLEM 27.

4 Find the Values of the Trigonometric Functions Using
Fundamental Identities

If P = (x, y) is the point on the unit circle corresponding to 6, then

sinf =y cosf = x tanGz%, ifx #0
1 . 1. X
csc) =—, ify#0 sech =—, ifx#0 coth =—, ify#0
y X y
Based on these definitions, we have the reciprocal identities:
Reciprocal Identities
1 1 1
csch = —— sec) = —— coth = 2)
sin 6 cos 0 tan 0
Two other fundamental identities are the quotient identities.
Quotient Identities
in 0 0
tan 6 = L coth = C?S 3)
os 6 sin 6

The proofs of identities (2) and (3) follow from the definitions of the trigono-
metric functions. (See Problems 129 and 130.)

If sin 0 and cos 0 are known, identities (2) and (3) make it easy to find the values
of the remaining trigonometric functions.

EXAMPLE 3 Finding Exact Values Using Identities When Sine

and Cosine Are Given

. . 5 2V5 .
Given sin § = 5 and cos 0 = 5 find the exact values of the four remaining
trigonometric functions of 6 using identities.

Solution Based on a quotient identity from (3), we have
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Then we use the reciprocal identities from (2) to get

1 5 1 1 5 V5 1 1
- =— =2 -\ - - - -2 coth = ——=2
ese sinf /5 /5 V5 secd cosf  2\/5 2V/5 2 cotd tanf 1
5 5 2 <
mmmmmmm-- NOW WORK PROBLEM 35.

The equation of the unit circle is x> + y? = 1, or equivalently, y*> + x?> = 1. If
P = (x, y) is the point on the unit circle that corresponds to the angle 6, then

v+ x2=1
But y = sin 6 and x = cos 6, so
(sin 0)* + (cos 0)* = 1 @)

It is customary to write sin® § instead of (sin 6)?, cos” 6 instead of (cos 0)?, and
so on. With this notation, we can rewrite equation (4) as

sin# + cos’ 0 = 1 5)

If cos @ # 0, we can divide each side of equation (5) by cos? 6.
sinf  cos’6 1
cos’f  cos’  cos’ 6
( sin 0 )2 < 1 )2
+1=
cos 6 cos 6

Now use identities (2) and (3) to get

tan’f + 1 = sec’ 6 (6)

Similarly, if sin § # 0, we can divide equation (5) by sin’ § and use identities (2)
and (3) to get 1 + cot?§ = csc? 0, which we write as

cot?9 + 1 = csc? 0 7

Collectively, the identities in (5), (6), and (7) are referred to as the Pythagorean

identities.
Let’s pause here to summarize the fundamental identities.

Fundamental Identities

sin 6 cos 6
tan 6 = cotfh = —
cos 0 sin 6
1
csc O = — secH = cotf =
sin 0 cos 0 tan 0
sin?@ + cos?h = 1 tan20 + 1 = sec? 6 cot?0 + 1 = csc? 0
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EXAMPLE 4 Finding the Exact Value of a Trigonometric Expression Using
Identities
Find the exact value of each expression. Do not use a calculator.
sin 20° T 1
tan 20° — b) sin> — + ———
(2) tan cos 20° (6) sin 12 o2 T
12
. in 20°
Solution (a) tan20° — ~~= = tan20° — tan 20° = 0
cos 20°
sin 6
= tan 0
cos 0
1
(b) sinzﬁ + e = sin2% + cos® i 1
12 T T
1 (2 2
cos § = sin“ 60 + cos” 6 =1 <
sec 0
memm===-- NOW WORK PROBLEM 79.
5 Find the Exact Values of the Trigonometric Functions
of an Angle Given One of the Functions and the
Quadrant of the Angle
Many problems require finding the exact values of the remaining trigonometric func-
tions when the value of one of them is known and the quadrant in which 6 lies can be
found. There are two approaches to solving such problems. One approach uses a cir-
cle of radius r, the other uses identities.
When using identities, sometimes a rearrangement is required. For example, the
Pythagorean identity
sin? @ + cos’f = 1
can be solved for sin 6 in terms of cos 0 (or vice versa) as follows:
sin?§ = 1 — cos’ 0
sinf = £\V1 — cos? 6
where the + sign is used if sin # > 0 and the — sign is used if sin § < 0. Similarly, in
tan’ @ + 1 = sec? 6, we can solve for tan @ (or sec ), and in cot? @ + 1 = csc? 6, we
can solve for cot 6 (or csc 0).
EXAMPLE 5 Finding Exact Values Given One Value and the Sign

of Another

1
Given that sin 6 = 3 and cos 6 < 0, find the exact values of each of the remaining

five trigonometric functions.
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Solution 1 Suppose that P = (x, y) is the point on a circle that corresponds to 6. Since

. . 1
Using a Circle sinf = — >0 and cos# < 0, the point P = (x,y) is in quadrant II. Because

Figure 46
1
y sinf = 3" %, we let y = 1 and r = 3. The point P = (x,y) that corresponds to 6
lies on the circle of radius 3, namely x*> + y*> = 9. See Figure 46.
P={x1
( ) /\9 To find x, we use the fact that x> + y?> = 9, y = 1, and P is in quadrant II.
-3 0 3 X X +yr=9
X +1=9 y=1
-3 Xt J/2 =9 x2 =8
x=-2V2 x <O
Since x = —2V/2 y = 1, and r = 3, we find that
x_ 2V2 y 1 V2
cosf =—=——— tanf = — = = ——
g 3 X 2\V2 4
3 3 3 -2V2
csch=—=—-=3 sec = — = = - cot@zf: V2 —2V2
1 —2V2 4 1

Solution 2 First, we solve equation (5) for cos 6.

Using Identities = 5
sin“6 + cos“ 6 =1

cos’f =1 — sin’ 0

cosf = +V1 — sin?6

Because cos 6 < 0, we choose the minus sign.

1 8 2V2
cos = = V1 — sin? =—1/1—=—\/7=—\/
1 9 9 3
1

sinh = —
5

Now we know the values of sin 6 and cos 6, so we can use identities (2) and (3) to get

1
tan()=sm0= 3 = ! =—ﬁ coth = ! =—2\6
cosb  _2\2 —2\2 4 tan 60
3
sech = v ! _ 3 ——3\6 csch = —1—3
cost  _2\2 2V2 4 sin 1
3

3
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Finding the Values of the Trigonometric
Functions When One Is Known

Given the value of one trigonometric function and the quadrant in which 6
lies, the exact value of each of the remaining five trigonometric functions can
be found in either of two ways.

Method 1 Using a Circle of Radius r

StEP 1: Draw a circle showing the location of the angle # and the point
P = (x,y) that corresponds to 6. The radius of the circle is

r = \/x2+y2.

STEP 2: Assign a value to two of the three variables x, y, r based on the value
of the given trigonometric function and the location of P.

STEP 3: Use the fact that P lies on the circle x> + y?> = r? to find the value of
the missing variable.

StEP 4: Apply the theorem on page 382 to find the values of the remaining
trigonometric functions.

Method 2 Using Identities

Use appropriately selected identities to find the value of each of the remaining
trigonometric functions.

EXAMPLE 6

Solution 1
Using a Circle

Figure 47

w
T

Given One Value of a Trigonometric Function, Find
the Remaining Ones

1
Given that tan § = 5 and sin 6 < 0, find the exact value of each of the remaining

five trigonometric functions of 6.

1
StEP 1: Since tan 0 = ) > 0 and sin 6 < 0, the point P = (x, y) that corresponds

to 0 lies in quadrant I11. See Figure 47.

1
STEP 2: Since tan 6 = 5" %and 0 lies in quadrant III, welet x = —2and y = —1.

SteEP 3: Then r = \/x2 + 3?2 = \/(—2)2 + (-1)2 = \/5, and P lies on the circle
x2+y? =5,

V5.

STEP 4: Now apply the theorem on p.382 using x = =2,y = —1,r

-1 Vs

. y X
sinf = — = = —— cosf = — =
r r

V5 5

_2V5
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Solution 2 We use the Pythagorean identity that involves tan 6, that is, tan® @ + 1 = sec? 6. Since

Using Identiti 1
sing ldentities tan 0 = > > (andsin # < 0, then 6 lies in quadrant III, where sec § < 0.

tan’6 + 1 = sec’ 6 Pythagorean identity
1)\? 1
() + 1 =sec’6 tan @ = —
2 2
5 1 5
sec 0:Z+1:Z Proceed to solve for sec 0.
5
secO——\zf sec < O
Then
wspo L oL _ 2 2Vs
sec 6 V5 V5 5
2
in 0 1 2V'5 5
tan49=Sln SO sin0=tan0-cos¢9=(>-<—\/>=—\/
cos 6 2 5 5
1 1 5
f=—=——==-——"=-5
T sine T V5 s
5
1 1
to = ===2
€0 tan 0 1
2 |
" - NOW WORK PROBLEM 43.

6 Use Even-Odd Properties to Find the Exact Values
of the Trigonometric Functions

Recall that a function f is even if f(—6) = f(6) for all # in the domain of f; a func-
tion f is odd if f(—6) = —f(6) for all 6 in the domain of f. We will now show that
the trigonometric functions sine, tangent, cotangent, and cosecant are odd functions
and the functions cosine and secant are even functions.

Theorem Even-Odd Properties
In Words sin(—0) = —sin cos(—6) = cos 0 tan(—6) = —tan 6
Cosine and secant are even CSC(_H) = —csc b Sec(—o) = sec6 COt(_G) = —cot @
functions; the others are odd

functions.

Proof Let P = (x,y) be the point on the unit circle that corresponds to the angle
0. See Figure 48. The point Q on the unit circle that corresponds to the angle —6 will
have coordinates (x, —y). Using the definition of the trigonometric functions, we
have

sinf =y sin(—0) = —y cosh = x cos(—6) = x
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Figure 48 SO
y sin(—f) = —y = —sin 6 cos(—0) = x = cos @
1 P=(xy) Now, using these results and some of the fundamental identities, we have
tan(—0) = Sin(70) _ —sinf _ —tan 6 cot(—0) = ! S —cot 6
b A=(.0) cos(—6)  cosf tan(—6) —tan6
SINN) WA (R ) i 1
sec(—0) = = = secd csc(—0) = — =——— = —csch
cos(—6) cos@ sin(—f)  —sin6 m
a=(x-y)
-1
EXAMPLE 7 | Finding Exact Values Using Even—Odd Properties
Find the exact value of:
3 37
(a) sin(—45°)  (b) cos(—m)  (c) cot<—277> (d) tan<—4”)
2
Solution  (a) sin(—45°) = —sin45° = —\2/ (b) cos(—m) = cosm = —1
1
Odd function Even function
3 3
(c) cot<—277> = —cot% =0
Odd function
37 37
(d) tan<—477> = - anTﬂ- = —tan<Z + 977) = —tan% = -1
T 1
Odd function Feriod is T. <
ommmmm===- NOW WORK PROBLEM 59.

5.3 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The domain of the function 2x 1 is
(pp. 64-65) *

2. A function for which f(x) = f(—x) for all x in the domain
of f is called an function. (pp. 80-82)

Concepts and Vocabulary

5. The sine, cosine, cosecant, and secant functions have period
; the tangent and cotangent functions have
period

6. The domain of the tangent function is

7. The range of the sine function is

3.

10.

True or False: The function f(x) = VX is even.
(pp- 80-82)

. True or False: The equation x*> + 2x = (x + 1)> — 1 is an

identity. (p. 984)

. True or False: The only even trigonometric functions are the

cosine and secant functions.

. True or False: All the trigonometric functions are periodic,

with period 2.

True or False: The range of the secant function is the set of
positive real numbers.
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Skill Building

In Problems 11-26, use the fact that the trigonometric functions are periodic to find the exact value of each expression. Do not use a
calculator.

s

sin 405° 12. cos 420° 13. tan 405° 14. sin 390° 15. csc 450° 16. sec 540°
33 9 9
17. cot 390° 18. sec 420° 19. cosT” 20. sin% 21. tan(217) 22. csc%
17 177 197 25w
23. secT 24, cotT 25. tanT 26. secT

In Problems 27-34, name the quadrant in which the angle 0 lies.

.

sinf >0, cosf <0 28. sinf <0, cosf >0 29. sinf <0, tanfh <O
30. cos >0, tanb >0 31. cos® >0, tan6 <0 32. cosf <0, tan6 >0
33.secH <0, sinf >0 34. cscH >0, cosfh <0

In Problems 35—42, sin 0 and cos 6 are given. Find the exact value of each of the four remaining trigonometric functions.

\ . 3 4 3 BRAVE Vs
sm0——5, 0050—5 36. sm0—5, cos 6 = 5 37. sinf = 5 cosf = 5
5 2V5 1 3 3 1
38. sin6 = —i, cos O = —i 39. sinf = —, cosezi 40. sinezi, cosf = —
5 5 2 2 2 2
1 2V2 2V2
41. sin0 = ——, «cos(9=i 42. sin6=i, cosfh = ——
3 3 3
In Problems 43-58, find the exact value of each of the remaining trigonometric functions of 6.
3 12 3 . 4 .
sin @ = IR 0 in quadrant IT 44. cos b = 5 0 in quadrant IV 45. cos 6§ = 5 0 in quadrant I1I
. 5 . . 5 4
46. sin ) = 13 0 in quadrant IIT 47. sin 6 = 3 90° < 6 < 180° 48. cos 6 = 35 270° < 6 < 360°
1 = . 2 37 . 2
. =—-=, —<6< . =-= <h<— . == <
49, cos 6 3 5 o< 50. sin 6 3 T <0 > 51. sin 6 3 tanf < 0
52. cos 6 = —%, tanf > 0 53. secf =2, sinfh <0 54, csch =3, coth <O
3 . 4 1 .
55. tan0=1, sinf < 0 56. cotﬂzg, cosh <0 57. tan 6 = 3 sinf > 0

58. sec/ = -2, tanf >0

In Problems 59-76, use the even—odd properties to find the exact value of each expression. Do not use a calculator.

»

sin(—60°) 60. cos(—30°) 61. tan(—30°) 62. sin(—135°) 63. sec(—60°) 64. csc(—30°)
65. sin(—90°) 66. cos(—270°) 67. tan(—%) 68. sin(—m) 69. cos(—%) 70. sin(—%)
71. tan(—mr) 72. sin(—?%r) 73. csc(—%) 74. sec(—m) 75. sec(—%) 76. csc(—%)

In Problems 77-88, use properties of the trigonometric functions to find the exact value of each expression. Do not use a calculator.

”

77. sin®40° + cos? 40° 78. sec? 18° — tan? 18° y sin 80° csc 80° 80. tan 10° cot 10°
in 40° 20°
81. tan 40° — ~ 82. cot 20° — < 83. cos 400° - sec 40° 84. tan 200° - cot 20°
cos 40° sin 20°

25 37 sin(—20° in 70°
85. sin(—l) cse =8 86. sec(—l) - cos Tgr 87. W + tan 200° 88. cozl(n—7430°) + tan(—70°)
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89.

90.

91.

92.

93.

94.

95.

96.

98.

99.
100.
101.
102.
103.
104.
105.
106.

107.

108.

109.

110.

111.

112.

If sin # = 0.3, find the value of:
sin 6 + sin(6 + 27) + sin(0 + 4)
If cos & = 0.2, find the value of:

cos 0 + cos(0 + 2m) + cos(6 + 4m)

If tan = 3, find the value of:

tan @ + tan(f + ) + tan(6 + 2)
If cot § = —2, find the value of:
cotf + cot(d — ) + cot( — 2m)

Find the exact value of:
sin 1° + sin 2° + sin 3° + --- + sin 358° + sin 359°

Find the exact value of:
cos 1° + cos 2° + cos 3° + --- + cos 358° + cos 359°

What is the domain of the sine function?

What is the domain of the cosine function?

For what numbers 6 is f(0) = tan 6 not defined?
For what numbers 6 is f(0) = cot 6 not defined?
For what numbers 6 is f(6) = sec 6 not defined?
For what numbers 6 is f(6) = csc 6 not defined?
What is the range of the sine function?

What is the range of the cosine function?

What is the range of the tangent function?

What is the range of the cotangent function?
What is the range of the secant function?

What is the range of the cosecant function?

Is the sine function even, odd, or neither? Is its graph sym-
metric? With respect to what?

Is the cosine function even, odd, or neither? Is its graph
symmetric? With respect to what?

Is the tangent function even, odd, or neither? Is its graph
symmetric? With respect to what?

Is the cotangent function even, odd, or neither? Is its graph
symmetric? With respect to what?

Is the secant function even, odd, or neither? Is its graph
symmetric? With respect to what?

Is the cosecant function even, odd, or neither? Is its graph
symmetric? With respect to what?
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In Problems 113-118, use the periodic and even—odd properties.
1
113. If f(#) = sin 6 and f(a) = 3 find the exact value of:

(@) f(=a)  (b) f(a) + f(a +27) + f(a + 4m)
114. If f(0) = cos 6 and f(a) = %, find the exact value of:
(@) f(=a)  (b) f(a) + fla+2m) + f(a - 2m)

115. If f(#) = tan 6 and f(a) = 2, find the exact value of:
(@) f(=a)  (b) f(a) + f(a + m) + fla + 2m)
116. If f(#) = cot # and f(a) = —3, find the exact value of:

(@) f(=a)  (b) f(a) + fla+m) + fla + 4m)

117. If f(0) =
(a) f(—a) (b) f(a) + f(a + 27) + f(a + 4m)

sec § and f(a) = —4, find the exact value of:

(a)
118. If f(0) = csc 0 and f(a) = 2, find the exact value of:
—a) (b) f(a) + f(a +27) + f(a + 4m)

119. Calculating the Time of a Trip From a parking lot, you want
to walk to a house on the ocean. The house is located 1500 feet
down a paved path that parallels the ocean, which is 500 feet
away. See the illustration. Along the path you can walk
300 feet per minute, but in the sand on the beach you can only
walk 100 feet per minute.

The time 7 to get from the parking lot to the beach-
house can be expressed as a function of the angle 6 shown in
the illustration and is

5 5 T
() =5 3tan9+sin9’ 0<0<2
Calculate the time 7 if you walk directly from the parking
lot to the house.

5
[Hint: tan 0 = — ]

Forest It

L B B
lParkingIot

120. Calculating the Time of a Trip Two oceanfront homes are
located 8 miles apart on a straight stretch of beach, each a
distance of 1 mile from a paved road that parallels the
ocean. Sally can jog 8 miles per hour along the paved road,
but only 3 miles per hour in the sand on the beach. Because
of a river directly between the two houses, it is necessary to
jog in the sand to the road, continue on the road, and then
jog directly back in the sand to get from one house to the
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other. See the illustration. The time 7 to get from one house

to the other as a function of the angle 6 shown in the illus-
tration is
2 1 T
TO) =1+ - 0<6<—
() 3sinf 4tan6 2
1
(a) Calculate the time 7 for tan § = I
(b) Describe the path taken.
(c) Explain why 6 must be larger than 14°.
’“ River ‘ ”
Discussion and Writing
132. Write down five properties of the tangent function. Explain
the meaning of each.
133. Describe your understanding of the meaning of a periodic
function.
‘Are You Prepared?” Answers
1
1. {x|x # —5} 2. Even 3. False 4. True

121.

122.

123.

124.
125.
126.
127.
128.
129.
130.
131.

134.

135.

Show that the range of the tangent function is the set of all
real numbers.

Show that the range of the cotangent function is the set of
all real numbers.

Show that the period of f(0) = sin 6 is 27r.

[Hint: Assume that 0 < p <27 exists so that
sin(f@ + p) = sin 6 for all 6. Let 6 = 0 to find p. Then

T . -
let6 = B to obtain a contradiction.]

Show that the period of f(6) = cos 0 is 2.
Show that the period of f(0) = sec 6 is 21r.
Show that the period of f(6) = csc 0 is 2.
Show that the period of f(#) = tan 6 is 7.

Show that the period of f(6) = cot 6 is .
Prove the reciprocal identities given in formula (2).
Prove the quotient identities given in formula (3).

Establish the identity:
(sin 6 cos ¢)? + (sin @ sin ¢)? + cos’ 6 = 1

Explain how to find the value of sin 390° using periodic
properties.

Explain how to find the value of cos(—45°) using even—-odd
properties.

5.4 Graphs of the Sine and Cosine Functions”
PREPARING FOR THIS SECTION  Before getting started, review the following:

¢ Graphing Techniques: Transformations (Section 2.6, pp. 118-126)
\

Now work the ‘Are You Prepared? problems on page 414.

OBJECTIVES 1 Graph Transformations of the Sine Function
2 Graph Transformations of the Cosine Function
3 Determine the Amplitude and Period of Sinusoidal Functions
4 Graph Sinusoidal Functions Using Key Points

5 Find an Equation for a Sinusoidal Graph

“For those who wish to include phase shifts here, Section 5.6 can be covered immediately after Section 5.4

without loss of continuity.



Table 6
X y = sinx
0 0
T 1
6 2
i 1
2
S5 1
6 2
T 0
7w 1
6 2
LA
2
1M 1
6 2
27 0
Figure 50
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Since we want to graph the trigonometric functions in the xy-plane, we shall use the tra-
ditional symbols x for the independent variable (or argument) and y for the dependent
variable (or value at x) for each function. So we write the six trigonometric functions as

y = f(x) = tan x
y = f(x) = cotx

y = f(x) = cos x
y = f(x) = secx

y = f(x) =sinx
y = f(x) =cscx

Here the independent variable x represents an angle, measured in radians. In calcu-
lus, x will usually be treated as a real number. As we said earlier, these are
equivalent ways of viewing x.

Graph Transformations of the Sine Function

Since the sine function has period 277, we need to graph y = sin x only on the inter-
val [0, 277]. The remainder of the graph will consist of repetitions of this portion of
the graph.

We begin by constructing Table 6, which lists some points on the graph of
y =sinx, 0 = x =< 27. As the table shows, the graph of y = sinx,0 = x = 27,

. . . T .
begins at the origin. As x increases from 0 to o the value of y = sin x increases
. ™ 3w
from O to 1; as x increases from B to m to DR the value of y decreases from 1 to 0 to

3
—1; as x increases from 777 to 21, the value of y increases from —1 to 0. If we plot

the points listed in Table 6 and connect them with a smooth curve, we obtain the
graph shown in Figure 49.

Figure 49 y

y =sinx,0 =x =27 (%11)

_‘

T
!
=
N |—

|
T
rol3 -
o3 3
| :
N =
I w
NE
SBR[
N||—~ M’-
=g
>

The graph in Figure 49 is one period, or cycle, of the graph of y = sin x.
To obtain a more complete graph of y = sin x, we repeat this period in each
direction, as shown in Figure 50(a). Figure 50(b) shows the graph on a TI-84 Plus
graphing calculator.

y
31 1) 15
| s A
N . - i o A o
- -7 7 ™ 7 2m . \/l \\/{
™ -1 m
T 1) m ) 15

(@) (b)
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The graph of y = sin x illustrates some of the facts that we already know about
the sine function.

Properties of the Sine Function

1. The domain is the set of all real numbers.
2. The range consists of all real numbers from —1 to 1, inclusive.

3. The sine function is an odd function, as the symmetry of the graph with re-
spect to the origin indicates.

4. The sine function is periodic, with period 2.

5. The x-intercepts are ..., —2m, —, 0, 7, 27, 37, ... ; the y-intercept is 0.
. . 37 7 S7m 97
6. The maximum valueis 1 and occursat x = ..., ———,—, —,—,...;
2°2°2°2
. . . m 37 Tm 11«
the minimum value is —1 and occurs at x = ..., ——,—,—,——,....
22727 2
L - NOW WORK PROBLEMS 9, 11, AND 13.

The graphing techniques introduced in Chapter 2, Section 2.6, may be used to
graph functions that are transformations of the sine function.

EXAMPLE 1 Graphing Variations of y = sin x Using Transformations

Use the graph of y = sin x to graph y = sin(x — Z)

Solution  Figure 51 illustrates the steps.

Figure 51 ™ 3T
NG nr (2, 1)

| | | | | |
-7 _m ol T 3 27T om x — _m m @ 3w qr bwN\ 8w 7m 2qr/9m Sm Um x
2 2 2 2 4 4 2 4 4 4 4 2 4
- o
3T oy i1y
T (5,-1) (-7 (=, 1)

(@) y=sinx (b) y=sin(x-T)
Replace x by x—F;
horizontal shift to th

right 7 units.

v CHEck: Figure 52 shows the graph of Y| = sin(x - Z)

Figure 52 .
15 ViZsin(x-7)

JRrAYAR
NV,

-15 >
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EXAMPLE 2 Graphing Variations of y = sin x Using Transformations

Use the graph of y = sin x to graph y = —sin x + 2.

Figure 53 Solution  Figure 53 illustrates the steps.

| ! /\ ! ! ! ’ ! !
U, N . 3m 5m X L _m T Jm 3 5 X —-m _m= [ m w3 5
NS / . 17\7/2,“. = o . s 2m\_ 5m : : i 2m S x
s oy

(=2, -1 (FE-1) (z, =)

(@) y=sinx (b) y= -sinx (¢) y=-sinx+2
—_— ——
Multiply by —1; Add 2;
reflect vertical shift.
about x-axis.

v CHECk: Figure 54 shows the graph of Y| = —sin x + 2.

Figure 54 Yy = —sinx+2
3
AWAY
- 3 <
M=~ NOW WORK PROBLEM 25.
Table 7 2 Graph Transformations of the Cosine Function
x y =cosx (xY) The cosine function also has period 27r. We proceed as we did with the sine function
0 : o1 by constructing Table 7, which lists some points on the graph of
©.1) y = cos x,0 = x = 2. As the table shows, the graph of y = cos x,0 = x = 27,
T 1 7 1
3 2 (?’ E) begins at the point (0, 1). As x increases from 0 to g to 7, the value of y decreases
. 3 .
% 0 (% 0) from 1 to 0 to —1; as x increases from 7 to 7# to 21, the value of y increases from
2 _1 (21 _ l) —1to 0to 1. As before, we plot the points in Table 7 to get one period or cycle of the
3 2 302 graph. See Figure 55.
-1 (m, —1)
47 1 (477 1 ) Figure 55 y
0 I —_—, == — 0= =2 2, 1
3 ) 30 2 y = cos x x = 2w 1‘(0,1) N n ( )
3 37 (?' E) (Tﬂ 5)
7o (T \\ . .
21 (@) 3 m T o
3 2 3°2 (ZT’IT’ _%) (4;:7 _%)
27 1 @m, 1) -1 (, —1)
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A more complete graph of y = cos x is obtained by repeating this period in
each direction, as shown in Figure 56(a). Figure 56(b) shows the graph on a TI-84
Plus graphing calculator.

Figure 56 1.5

y = cosx, —00 < x < 00
. TN . l/\\ /\\ o
(=, —1) (m, =1)

~15
(a) (b)

The graph of y = cos x illustrates some of the facts that we already know about
the cosine function.

Properties of the Cosine Function

1. The domain is the set of all real numbers.
2. The range consists of all real numbers from —1 to 1, inclusive.

3. The cosine function is an even function, as the symmetry of the graph with
respect to the y-axis indicates.

4. The cosine function is periodic, with period 2.

3m 7 w 3w 5w the vaint tis 1

— =y~ ,...; the y-intercept is 1.

27 22272 Y P

6. The maximum value is 1 and occurs at x = ..., =2, 0, 27, 4, 677, ...
the minimum value is —1 and occurs at x = ..., —, 7, 37, 5m,....

5. The x-intercepts are ..., —

Again, the graphing techniques from Chapter 2 may be used to graph transfor-
mations of the cosine function.

EXAMPLE 3 Graphing Variations of y = cos x Using Transformations

Use the graph of y = cos x to graph y = 2 cos x.

Solution  Figure 57 illustrates the steps.

Figure 57

L
;1:/ [ E\:r/@ 27 5WNX - L@ [ ™ - 5_“T\X
2 4 2 2 2 2 4L 2 2 2

@, 2)

(=, —1) (m, —1)
~m-2 I m
y = oS X y=2co0s x
(a) —_— (b)

Multiply by 2;
vertical stretch
by a factor of 2.
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v/ CHeck: Figure 58 shows the graph Y} = 2 cos x.

Figure 58 Y1 =2C0S X

EXAMPLE 4

Solution

Figure 59

Graphing Variations of y = cos x Using Transformations
Use the graph of y = cos x to graph y = cos(3x).

Figure 59 illustrates the graph, which is a horizontal compression of the graph of

1
y = cos x. (Multiply each x-coordinate by g) Notice that, due to this compression,

2
the period of y = cos(3x) is ?77’ whereas the period of y = cos x is 2.

— Seeing the Concept —

Graph Y; = cos(3x) with Xmin = 0,
2

Xmax = l, and Xscl = — to verify

that the period is 3

y=cosx y = cos (3x)

(a) Replace x by 3x; (b)
horizontal compression
by a factor of ; .

v CHEck: Figure 60 shows the graph of ¥; = cos(3x).

Figure 60 Y, = cos (3x)

1.5 /

b - NOW WORK PROBLEM 33.
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Sinusoidal Graphs
Shift the graph of y = cosx to the right % units to obtain the graph of

y = cos(x - 727> See Figure 61(a). Now look at the graph of y = sin x in Figure
61(b). We see that the graph of y =sinx is the same as the graph of

Ko
y =cos| x = = |.

Figure 61 y y
1
_ 3 _ 3
— E\WZ'R 5Ty s o ’T\/ZW 5T x
—1 2 2 —1 2 2

(@) y=cosx y=cos(x—3) (b) y=sinx

Based on Figure 61, we conjecture that

q ™
Sim x = COS X_E

— Seeing the Concept —

Graph Y; = sinxand Y, = cos<x - %)
(We shall prove this fact in Chapter 6.) Because of this similarity, the graphs of sine

H hs d ? . . . . .
oW Mamly graphs €o you see functions and cosine functions are referred to as sinusoidal graphs.
Let’s look at some general properties of sinusoidal graphs.

3 Determine the Amplitude and Period of Sinusoidal Functions

In Example 3 we obtained the graph of y =2 cos x, which we reproduce in Figure 62.
Notice that the values of y = 2 cos x lie between —2 and 2, inclusive.

Figure 62 y 2m.2)
m,

y = 2 cos x 2
| | |
_ A 3 5
:/%_1_ %W%f 2w
72_

(=17, —2) (T, —2)

In general, the values of the functions y = Asinx and y = A cos x, where
A # 0, will always satisfy the inequalities
—|A| = Asinx = |A] and —|A| = Acosx = |A]

respectively. The number | A| is called the amplitude of y = A sin x or y = A cos x.

See Figure 63.
Figure 63 y

|
o T\_/ZTr 5T X
—A 2 2
y=Asinx, A>0

Period = 277

e
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In Example 4, we obtained the graph of y = cos(3x), which we reproduce in

2
Figure 64. Notice that the period of this function is ?ﬂ-

Figure 64 (

y = cos(3x) 3

b
>§

In general, if @ > 0, the functions y = sin(wx) and y = cos(wx) will have
2
period T = % To see why, recall that the graph of y = sin(wx) is obtained from
the graph of y = sin x by performing a horizontal compression or stretch by a factor
1
o This horizontal compression replaces the interval [0, 27], which contains one
2
period of the graph of y = sin x, by the interval {O, Z}, which contains one period
of the graph of y = sin(wx). The period of the functions y = sin(wx) and
. 2w
y = cos(wx),w > 0,is o
For example, for the function y = cos(3x), graphed in Figure 64, ® = 3, so the
iod ] 27 2m
period is —= = =~
One period of the graph of y = sin(wx) or y = cos(wx) is called a cycle.

Figure 65 illustrates the general situation. The blue portion of the graph is one cycle.

Figure 65 y

E\/zﬂ X
—A (O] (O]
y=Asin (wx),A>0,w>0

i — 2T
Period = £

—

If o < 0iny = sin(wx) or y = cos(wx), we use the Even-Odd Properties of
the sine and cosine functions as follows:

sin(—wx) = —sin(wx) and cos(—wx) = cos(wx)

This gives us an equivalent form in which the coefficient of x is positive.
For example,

sin(—2x) = —sin(2x) and cos(—mx) = cos(wx)
Theorem If o > 0, the amplitude and period of y = A sin(wx) and y = A cos(wx) are
given by
2

Amplitude = |A] Period =T = o @
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| EXAMPLE 5

Solution

Figure 66

Finding the Amplitude and Period of a Sinusoidal Function

Determine the amplitude and period of y = 3 sin(4x).

Comparing y = 3sin(4x) to y = Asin(wx), we find that A =3 and o = 4.
From equation (1),

2 2
Amplitude = |A| =3 Period =T = % = TTT =

L - NOW WORK PROBLEM 41.

Graph Sinusoidal Functions Using Key Points

Earlier, we graphed sine and cosine functions using tranformations. We now
introduce another method that can be used to graph these functions.

Figure 66 shows one cycle of the graphs of y = sin x and y = cos x on the
interval [0, 27]. Notice that each graph consists of four parts corresponding to
the four subintervals:

T T 3T 3T
o3} 5o} =5 5]
Each subinterval is of length g (the period 27 divided by 4, the number of parts),
and the endpoints of these intervals give rise to five key points on the graph:

For y = sin x: (0, 0), <;-, 1), (7,0), (3277, —1), (27, 0)

For y = cos x: (0, 1), (;, O), (m, —1), (3277, O), (2m, 1)

See Figure 66.

When graphing a sinusoidal function of the form y = Asin(wx) or
y = A cos(wx) we use the amplitude to determine the maximum and minimum val-
ues of the function. The period is used to divide the x-axis into four subintervals. The
endpoints of the subintervals give rise to five key points on the graph, which are
used to sketch one cycle. Finally, extend the graph in either direction to make it
complete.

Let’s look at an example.
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EXAMPLE 6

Solution

NOTE

We could also obtain the five key
points by evaluating y = 3 sin(4x)
at the endopoints of each subin-

Graphing a Sinusoidal Function Using Key Points
Graph: y = 3sin(4x)

From Example 5, the amplitude is 3 and the period is g Because the amplitude is 3,
the graph of y = 3sin(4x) will lie between —3 and 3 on the y-axis. Because the

period is g, one cycle will begin at x = 0 and end at x = g

We divide the interval {O, 727] into four subintervals, each of lengthg + 4 = %

i) 54 (5] [53]
’8’ 8’4’ 4’8 b 872

The endpoints of these intervals give rise to the x-coordinates of the five key points
on the graph.To obtain the y-coordinates of the five key points, multiply the y-coor-
dinates of the five key points in y = sin x by A = 3. Refer to Figure 66. The five
key points are

terval. |
T T 37 T
(0,0), (8’ 3>, <4, 0), (8’ —3), (2, 0>
We plot these five points and fill in the graph of the sine curve as shown in
Figure 67(a). We extend the graph in either direction to obtain the complete
graph shown in Figure 67(b).

To graph a sinusoidal function using a graphing utility, we use the amplitude to
set Ymin and Ymax and use the period to set Xmin and Xmax. Figure 67(c) shows
the graph using a graphing utility.

Figure 67

= (39 CF.3)

3l ( g 3) sk 8 8 3

T 7 E’ 0 L/’\ /\
eof . \NEO GO A eof | \®O L. .
X _m\ _m m @\ 3w Jm 5m x l \/ \/
- 4 8 L 8 4 8 2 8
—3r am ™ -3 o -3
5 3 (=%, -3 (%g-—3)

(b) ()

v CHECK: Graph y = 3sin(4x) by hand using transformations. Which graphing
method do you prefer? <

L - NOW WORK PROBLEM 47.
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Figure 68

| EXAMPLE 7

Solution

(@

Finding the Amplitude and Period of a Sinusoidal
Function and Graphing It Using Key Points

Determine the amplitude and period of y = —4 cos(7x), and graph the function.

Comparing y = —4 cos(mx) with y = A cos(wx), we find that A = —4 and w = 7.

2 2
The amplitude is |A| = |—4| = 4, and the period is T = % = 777 =2.

The graph of y = —4 cos(7rx) will lie between —4 and 4 on the y-axis. One cycle
will begin at x = 0 and end at x = 2. We divide the interval [0, 2] into four
1

52

1 1 3 3
{0’2} [2’1]’ {1’2} [2’2]-
The five key points on the graph are

(0, —4), (;,0) (1,4), (;,0) (2, —4).

We plot these five points and fill in the graph of the cosine function as shown in
Figure 68(a). Extending the graph in either direction, we obtain Figure 68(b).
Figure 68(c) shows the graph using a graphing utility.

ITAWAN)
VoA

(b) (c)

v CHECK: Graph y = —4 cos(mx) by hand using transformations. Which graphing
method do you prefer? <

subintervals, each of length 2 + 4 =

(1,4)

EXAMPLE 8

Solution

Finding the Amplitude and Period of a Sinusoidal Function and
Graphing It Using Key Points

Determine the amplitude and period of y = 2 sin( — ;-x), and graph the function.
Since the sine function is odd, we can use the equivalent form:

y=-2 sin(;x)

Comparing y = —2 sin(§x> to y = Asin(wx), we find that A = —2 and w = %

2
The amplitude is |A| = 2, and the period is T = % == =4

SIERES
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The graph of y = —2 sin(;rx) will lie between —2 and 2 on the y-axis. One

cycle will begin at x = 0 and end at x = 4. We divide the interval [0, 4] into four
subintervals, each of length 4 +~ 4 = 1:

[0,1], [1,2], [2,3], [3,4]
The five key points on the graph are
(0,0), (1,-2), (2,0), (3,2), (4,0)

We plot these five points and fill in the graph of the sine function as shown in
Figure 69(a). Extending the graph in either direction, we obtain Figure 69(b).
Figure 69(c) shows the graph using a graphing utility.

y 2

| VAN

(@) (b) (c)

v CHECK: Graphy =2 sin(—;x) by hand using transformations. Which graph-
ing method do you prefer? <

b - NOW WORK PROBLEM 61.

Find an Equation for a Sinusoidal Graph

We can also use the ideas of amplitude and period to identify a sinusoidal function
when its graph is given.

EXAMPLE 9

Figure 70

Solution

Finding an Equation for a Sinusoidal Graph

Find an equation for the graph shown in Figure 70.

The graph has the characteristics of a cosine function. Do you see why? So we view
the equation as a cosine function y = A cos(wx) with A = 3 and period T = 1.

2
Then % = 1, so w = 2. The cosine function whose graph is given in Figure 70 is

y = Acos(wx) = 3 cos(2mx)

¢ CHECK: GraphY; = 3 cos(27x) and compare the result with Figure 70. <
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| EXAMPLE 10

Figure 71

3

Finding an Equation for a Sinusoidal Graph

Find an equation for the graph shown in Figure 71.

2
The graph is sinusoidal, with amplitude |A| = 2. The period is 4, so % =4 or
w = g Since the graph passes through the origin, it is easiest to view the equation

as a sine function,” but notice that the graph is actually the reflection of a sine func-
tion about the x-axis (since the graph is decreasing near the origin). Thus, we have

ATAN)

v/ CHECK: Graph Y,

-2 sin(;-x) and compare the result with Figure 71.

y = —Asin(wx) = =2 sin(qu)

<

- NOW WORK PROBLEMS 71 AND 75.

“The equation could also be viewed as a cosine function with a horizontal shift, but viewing it as a sine

function is easier.

5.4 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1.

Use transformations to graph y = 3x? (pp. 120-122)

Concepts and Vocabulary

3.

. The function y = 3 cos(6x) has amplitude

The maximum value of y = sin x is and occurs at

X =

. The function y = Asin(wx), A > 0, has amplitude 3 and

period 2;then A = and w =

and period

Skill Building

In Problems 9-18, if necessary, refer to the graphs to answer each question.

/ /

2. Use transformations to graph y = —x2 (pp. 123-124)

. True or False: The graphs of y = sinx and y = cos x are

identical except for a horizontal shift.

. True or False: For y = 2 sin(rx), the amplitude is 2 and the

o
iod is —.
period is >

. True or False: The graph of the sine function has infinitely

many x-intercepts.

9. What is the y-intercept of y = sin x? 10. What is the y-intercept of y = cos x?

11. For what numbers x, —7 = x =< m, is the graph of y = sin x 12. For what numbers x, —7 < x <, is the graph of
increasing?

y = cos x decreasing?
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‘\ 13. What is the largest value of y = sin x? 14. What is the smallest value of y = cos x?
15. For what numbers x,0 = x = 27, does sin x = 0? 16. For what numbers x,0 = x =< 27, does cos x = 0?
17. For what numbers x, =27 = x = 2, does sin x = 1? What 18. For what numbers x, =27 = x = 2, does cos x = 1? What

aboutsin x = —1? about cos x = —1?

In Problems 19 and 20, match the graph to a function. Three answers are possible.

. . T
A. y= —sinx B. y= —cosx C y= sm(x - E)
D. y= —cos(x - g) E. y=sin(x +7) E y=cos(x + m)
19, y 20. y

NN i

In Problems 21-36, use transformations to graph each function. Verify your results using a graphing utility.

21. y = 3sinx 22, y =4cosx 23. y = —cos x 24. y = —sinx
N\ 25, y=sinx — 1 26. y =cosx +1 27. y =sin(x — ) 28. y = cos(x + m)
29. y = sin(mx) 30. y = cos(%x) 3y =2sinx +2 32 y=3cosx + 3
‘ 1
N\ 33. y = 4cos(2x) 34. y = 3sin(5x) 35. y = —2sinx + 2 36. y = —3cosx — 2
In Problems 37-46, determine the amplitude and period of each function without graphing.
1
37. y =2sinx 38. y = 3cosx 39. y = —4 cos(2x) 40. y = —sin(gx)
‘ 1 3 4 2
N\ 41. y = 6sin(mx) 42. y = —3 cos(3x) 43. y = ficos<5x> 4. y= gsin<§x>
5 2 9 37
45, y = —sin{ ——— 46. y = — -
S. y 3s1n( 3 x> 6. y 5cos( ) x)

In Problems 47-56, match the given function to one of the graphs (A)—(J).

ANA
_'1T 1'r 311' @X -2\ -1 1 2\3/1 5 X
_2 2
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y y
y 3L 3
2 WA AANA
_m B B
rx /:\ | / g | | | | | | |
_ 3 5
’ N/ A NTAET\ T \/\/ﬂ\
-2 -3k -3k
(@) (H) )
y Noveln)  wa(n)  moae()
3l . y = 2sin 2x 48. y = 2 cos 2x 49. y = 2 cos 2x
B 1
\ /\ 50. y = 3 cos(2x) 51. y = —3sin(2x) 52. y= 2sin<5x>
A A 1
) B ) ) ! 53, y=-2 cos(ax) 54, y=-2 cos(gx) 55. y = 3sin(2x)
73_

56. y = —2 sin(%x)
)

In Problems 57-60, match the given function to one of the graphs (A)—(D).

3 3 3 3
0 /\\/\\/ . 0/\\/\\/ - f\/A\/A . f\/ﬂ\/ﬂ .
-3 -3 - -3
(A) (B) (©) (D)
. (1 . . . (1
57. y = 3sin 5% 58. y = —3sin(2x) 59. y = 3sin(2x) 60. y = —3sin 5%
In Problems 61-70, graph each sinusoidal function.
y = 5sin(4x) 62. y = 4 cos(6x) 63. y = 5cos(7x) 64. y = 2sin(mx)
1 1
65. y = —2cos(2mx) + 1 66. y = —5cos(2mx) — 2 67. y = —4 sin(5x> 68. y = -2 cos(ix)
3 2 4 1
69. y = Esin(—gx) 70. y = gcos(—gx)
In Problems 71-74, write the equation of a sine function that has the given characteristics.
Amplitude: 3 72. Amplitude: 2 73. Amplitude: 3 74. Amplitude: 4
Period: Period: 47 Period: 2 Period: 1
In Problems 75-88, find an equation for each graph.
y 76. y
5 Al
\ | | | |
I I I —4r\ -2 2 6 107 X
—4 -2 4 [6 8 10\ x i
- 74_
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77. y 78. y

/N ./ AN

L L L L
/2 —1 1 2 3 4\ 5x
—2m / om WX -2
-3
79. y 80.
3
AN 1 4 1 1 |/|-A
1% 1IN 5 x
2 1 4 2 4
81. /\1 82.
1
e ] ] |/\| L X
5 7 NN

83. y 84.
2 -
1L
1 1
_3 3 3 X
4 4 2
8s. 3 86. 2 87. 4 88. 4
-2 /\ A 6 ) /\ /\ 2 _2m A A 2m g /\ /\ m
\/ / \ | / \ 3 \/ \/
-3 -2 —4 —4
Applications and Extensions
89. Alternating Current (ac) Circuits The current /, in am- 91. Alternating Current (ac) Generators The voltage V

peres, flowing through an ac (alternating current) circuit at
time ¢ is

I = 220 sin(607t), t=0

What is the period? What is the amplitude? Graph this
function over two periods.

90. Alternating Current (ac) Circuits The current /, in am-
peres, flowing through an ac (alternating current) circuit at
time ¢ is

I = 120 sin(30mt), t=0

What is the period? What is the amplitude? Graph this
function over two periods.

92.

produced by an ac generator is
V = 220 sin(1207t)

(a) What is the amplitude? What is the period?

(b) Graph V over two periods, beginning at t = 0.

(c) If a resistance of R = 10 ohms is present, what is the
current /?

[Hint: Use Ohm’s Law, V' = [R.]

(d) What is the amplitude and period of the current 7?

(e) Graph I over two periods, beginning at ¢ = 0.

Alternating Current (ac) Generators The voltage V
produced by an ac generator is

V = 120 sin(120)
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(a) What is the amplitude? What is the period?

(b) Graph V over two periods, beginning at ¢t = 0.

(c) If a resistance of R = 20 ohms is present, what is the
current /?
[Hint: Use Ohm’s Law, V = [R.]

(d) What is the amplitude and period of the current I?

(e) Graph I over two periods, beginning at t = 0.

93. Alternating Current (ac) Generators The voltage V pro-
duced by an ac generator is sinusoidal. As a function of time,
the voltage V'is

V = V,sin(2wft)
where f is the frequency, the number of complete oscilla-
tions (cycles) per second. [In the United States and Canada,
f is 60 hertz (Hz).] The power P delivered to a resistance R
at any time ¢ is defined as

V2
pP="
R
P
Yo
=

S
ey
)
4
S
=
=

Power in an ac generator

4
(a) Show that P = R sin?(27ft).

(b) The graph of P is shown in the figure. Express P as a
sinusoidal function.
(c) Deduce that

sin?(2mft) = %[1 — cos(4mft)]

Discussion and Writing

98. Explain how you would scale the x-axis and y-axis before
graphing y = 3 cos(mx).

99. Explain the term amplitude as it relates to the graph of a
sinusoidal function.

‘Are You Prepared?” Answers

1. Vertical stretch by a factor of 3

Y
4

y
2

94.

95.
96.
97.

100.

101.

Biorhythms In the theory of biorhythms, a sine function of

the form

P = 50 sin(wt) + 50

is used to measure the percent P of a person’s potential at
time ¢, where ¢ is measured in days and ¢ = 0 is the person’s
birthday. Three characteristics are commonly measured:

Physical potential: period of 23 days
Emotional potential: period of 28 days
Intellectual potential: period of 33 days

(a) Find o for each characteristic.

(b) Graph all three functions.

(c) Is there a time ¢ when all three characteristics have
100% potential? When is it?

(d) Suppose that you are 20 years old today
(t = 7305 days). Describe your physical, emotional,
and intellectual potential for the next 30 days.

Graph y = |cos x|, =27 = x = 2.
Graph y = [sin x|, —27 = x = 27.

Draw a quick sketch of y = sin x. Be sure to label at least
five points.

Explain how the amplitude and period of a sinusoidal graph
are used to establish the scale on each coordinate axis.

Find an application in your major field that leads to a
sinusoidal graph. Write a paper about your findings.

2. Reflection about the x-axis
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5.5 Graphs of the Tangent, Cotangent, Cosecant,

and Secant Functions

PREPARING FOR THIS SECTION  Before getting started, review the following:

e Vertical Asymptotes (Section 3.3 pp. 189-191)
\

~ Now work the ‘Are You Prepared? problems on page 423.

OBJECTIVES 1 Graph Transformations of the Tangent Function and Cotangent Function
2 Graph Transformations of the Cosecant Function and Secant Function

1 Graphs Transformations of the Tangent Function and
Cotangent Function

Because the tangent function has period 7, we only need to determine the graph
over some interval of length 7. The rest of the graph will consist of repetitions
of that graph. Because the tangent function is not defined at

9w mom 3w e will concentrate on the interval <—Tr 77) of
T T gy e WE Wi interv > )
length 7, and construct Table 8, which lists some points on the graph

of y = tan x, —g <x< g We plot the points in the table and connect them with a
smooth curve. See Figure 72 for a partial graph of y = tan x, where —g =x= %

Figure 72

Table 8 X y = tanx (% y)

T
Vi)

T
y=tanx, —— =X =

-V3~-1.73 3
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|
ol &3
|
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“I5,
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“I5,
w
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™~ —
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1

w
N N

V3~ 1.73

wla a3 3 o ol a3 wa
o
S
E

wly ~[3 o3
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|
w|w
T
S
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2

—\3k

To complete one period of the graph of y = tan x, we need to investigate the

Table 9

s
5

LSIE]
|
Y

LSIE]

Y Ty Ty ey,
e nininin

behavior of the function as x approaches —g and % We must be careful, though,

because y = tan x is not defined at these numbers. To determine this behavior, we
use the table feature on a graphing utility.

See Table 9. As x gets closer to % ~ 1.5708, but remains less than %, the values

of tan x are positive and getting larger, so tan x approaches OO< lirqrrlf tan x = OO>.

X5

2
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Figure 73

. . T . .
In other words, the vertical line x = 5 Isa vertical asymptote to the graph of
y = tan x.

T . T
As x gets closer to 5 but remains greater than o the values of tan x
are negative and getting larger in magnitude, so tan x approaches —oo

( lirr}r  tanx = —oo | In other words, the vertical line x = —% is also a
Tt
vertical asymptote to the graph.
With these observations, we can complete one period of the graph. We obtain
the complete graph of y = tan x by repeating this period, as shown in Figure 73(a).
Figure 73(b) shows the graph of y = tan x, —00 < x < 00, using a graphing
utility. Notice we used dot mode when graphing y = tan x. Do you know why?

) T
y = tan x, —00 < x < 00, x not equal to odd multiples of;

2

—_
T
|
N
3
rrrer e | O

(a) (b)

The graph of y = tan x illustrates some facts that we already know about the
tangent function.

Properties of the Tangent Function

1. The domain is the set of all real numbers, except odd multiples of %
2. The range is the set of all real numbers.

3. The tangent function is an odd function, as the symmetry of the graph with
respect to the origin indicates.

4. The tangent function is periodic, with period 7r.

5. The x-intercepts are ..., —2w, —, 0, 7, 27, 3, ...; the y-intercept is 0.

6. Vertical asymptotes occur at x = —3l T 3l
h ymp e T Ty

" - NOW WORK PROBLEMS 7 AND 15.

EXAMPLE 1

Solution

Graphing Variations of y = tan x Using Transformations
Graph: y =2tanx

We start with the graph of y = tan x and vertically stretch it by a factor of 2. See
Figure 74.
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Figure 74 y | | |
| | | | ! |
ﬁ 2 /! | B G
BRI At : YA :
| | | | | |
| " | | : :
5%11 IR %Ti X *?i Il 3 [T 37“: X
% n ) : | ! : |
| | |
[ -2k : | (4,72 1 |
| I ! | : |
y=tanx — y=2tanx
Multiply by 2;
(@) vertically stretch (b)
by a factor of 2.
v CHEck: Figure 75 shows the graph using a graphing utility.
Figure 75 6
—2a7 |= 5 4 + 3 - = 277
S <

EXAMPLE 2 Graphing Variations of y = tan x Using Transformations

Graph: y = —tan(x + Z)

Solution  We start with the graph of y = tan x. See Figure 76.

Figure 76
/ y y I Yo |\
| | | | | | | | | I
| | | | | | | | | |
| : | | | ! | | | |
BRI LS | I SN CE 0% f |
I ! I I I I I \ I I I
: : : : | | : | : | | ﬂ: I 'rlf | : | | :
_m 3m _Im /5T a 3m 5 _5m\ _3 _ oy 3 5t
SRR /TR R SR SRR AN N T\
=% | ) | I I (-3 -1 I I I URVA I
| | | | ! | | | | |
| | | | ! | | | | |
| | / | | | / | | |
y=tanx _— y:tan(x-g-%) _— yzftan(x+%)
Replace xby x + T; Multiply by —1;
shift left 7 units. reflect about
x-axis.
@ (b) (¢

v CHEck: GraphY, = —tan(x + Z) and compare the result to Figure 76(c). <

ommmm——-- NOW WORK PROBLEM 25.
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Table 10 We obtain the graph of y = cot x as we did the graph of y = tan x. The period
of y = cotx is w. Because the cotangent function is not defined for integer
XNYASEEosaR o) multiples of 7, we will concentrate on the interval (0, 7). Table 10 lists some points
T\ (Z \/§> on the graph of y = cot x,0 < x < 7.
6 6’ See Table 11. As x approaches 0, but remains greater than 0, the values of
L. (77 , > cot x will be positive and large; so as x approaches 0, with x > 0, cot x approaches oo
4 4 (lim cotx = OO). Similarly, as x approaches 7, but remains less than a, the
T V3 T V3 x=0"
3 3 (? T) values of cot x will be negative and will approach —oo ( lim cotx = —OO).
- - Figure 77 shows the graph. o
2 0 (E’ °> Figure 77
2 3 (277_ \6> y = cotx, —00 < x < 00, x not equal to integer multiples of 7, —00 <y < 00
3 3 373 y
3w 37 w |
5 ( % ‘1> | | 4
| |
5z 5m | |
. V3 (6, \6) } L } -k |
| | k ki k 5
\ \ —2m 2m
- 3 X -, X " b
Table 11 T N\AE 2 N SO ST
| | . -
| | " )
= | Wl | | : :
£ 1 @30 | | —4
1 0.0RGE I \
a1 go ogp
Sl kT
4 Lpias m - NOW WORK PROBLEM 31.
.14 “Bz7.g
Y181t ancK) 2 Graph Transformations of the Cosecant Function and Secant
Function
The cosecant and secant functions, sometimes referred to as reciprocal functions,
are graphed by making use of the reciprocal identities
CSC X = — and secx =
sin x cos x
For example, the value of the cosecant function y = csc x at a given number x
equals the reciprocal of the corresponding value of the sine function, provided that
the value of the sine function is not 0. If the value of sin x is 0, then x is an integer mul-
tiple of 7r. At such numbers, the cosecant function is not defined. In fact, the graph of
the cosecant function has vertical asymptotes at integer multiples of 7. Figure 78
shows the graph.
Figure 78
y = cscx, —00 < x < 00, x not equal to integer multiples of 7, y| =1
: ' : :
| y=cscx | :\ .
’1T
| G0/ | -
: 't : :
| T | R R
! ! ! y=sinx 2mi A —2m 27
/E I ! -7 7 m X — —
| | —1- | .
: : ( m 1) : .
-z _
\: | | =
| | |
| | |
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EXAMPLE 3 Graphing Variations of y = csc x Using Transformations

Graph: y =2cscx — 1

Solution  Figure 79 shows the required steps.

Figure 79
1 y 1 1 . y . .
y l l l l l l
| ! | | | | | | |
' : l P U l l l l l
| - 21
: | I [T i o
| 1 K710 | 1 | | [ s [ [
| | | | | | : (g 1) : :
I. .I | — | I
-7 ™ X —aT ™ 2T X -7 ™ 2T X
oy ! ! |3»n- I ! i | i |
(=2, =1) 1 | -1 o —1F ! g | A | |
| | | (_E’ -2) ,(_"T’ -2) | | |
l l l 2oaca e B
|
| - | :/'\: (-3.-9) Ty
' B ' ' i o I I
. > | | | —_— | | |
Multiply by 2; Subtract 1; I B I I
vertical stretch vertical shift | | |
down 1 unit
y=1cscx y=2cscx y=2cscx—1
(a) (b) (0
v CHECk: GraphY; = 2 csc x — 1 and compare the result with Figure 79. <
smmmmmmm-- NOW WORK PROBLEM 37.
Using the idea of reciprocals, we can similarly obtain the graph of y = sec x.
See Figure 80.
Figure 80 y

y = secx, —00 < x < 090, x not equal

to odd multiples ofg, ly| =1

5.5 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

3
1. The graph of y = ;_

it? (pp. 189-191)

1 has a vertical asymptote. What is 2. True or False: 1f a function f has the vertical asymptote
x = ¢, then f(c) is not defined. (pp. 189-191)
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Concepts and Vocabulary

3. The graph of y = tan x is symmetric with respect to the 5. It is easiest to graph y = sec x by first sketching the graph
and has vertical asymptotes at . of .
4. The graph of y = sec x is symmetric with respect to the 6. True or False: The graphs of y =tanx,y = cotux,
and has vertical asymptotes at . y = secx, and y = cscx each have 1nf1n1tely many vertical
asymptotes.

Skill Building

In Problems 7-16, if necessary, refer to the graphs to answer each question.

\ What is the y-intercept of y = tan x? 8. What is the y-intercept of y = cot x?
9. What is the y-intercept of y = sec x? 10. What is the y-intercept of y = csc x?
11. For what numbers x, —27 = x = 27, does secx = 1? 12. For what numbers x, —27 = x = 27, does cscx = 1?
What about sec x = —1? What about csc x = —1?
13. For what numbers x, —27 = x =< 2, does the graph of 14. For what numbers x, —27 = x =< 2, does the graph of
y = sec x have vertical asymptotes? y = csc x have vertical asymptotes?
N\ For what numbers‘x, —27 = x = 2m, does the graph of 16. For what numbers x, =27 = x =< 27, does the graph of
y = tan x have vertical asymptotes? y = cot x have vertical asymptotes?

In Problems 17-20, match each function to its graph.

A. y= —tanx B y= tan(x + %) C. y=tan(x + ) D.y= —tan(x - 7)

17. y 18. y 19. y 20.

v

NIE]
INIE]
INIE]

NI

SIE ]

In Problems 21-44, use tranformations to graph each function. Verify your results using a graphing utility.

21. y = —secx 22. y = —cotx 23. y = sec(x - %) 24. y = csc(x — )
1
N\ y = tan(x — ) 26. y = cot(x — ) 27. y = 3 tan(2x) 28. y =4 tan(ax)
1

29. y = sec(2x) 30. y = csc(gx) N\ y = cot(mx) 32. y = cot(2x)

33. y = —3tan(4x) 34. y = —3tan(2x) 35. y = Zsec(%x) 36. y = 2sec(3x)
\ =-3 csc(x + E) 38.y=-2 tan(x + E) 39. y= 1cot(x - E) 40. y =3 sec(x + E)

i 4 -V 4 R 4 Y 2

41. y = tanx + 2 42, y =cotx — 1 43.y:sec(x+g)—l 44.y=csc(x—%)+1
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Applications and Extensions

45. Carrying a Ladder around a Corner Two hallways, one of The beacon light on top of the fire truck is located 10 feet
width 3 feet, the other of width 4 feet, meet at a right angle. from the wall and has a light on each side. If the beacon light
See the illustration. rotates 1 revolution every 2 seconds, then a model for deter-

mining the distance d that the beacon of light is from point
A on the wall after ¢ seconds is given by

d = 10 tan(mt)

(a) Graphd = 10 tan(7t) for0 = ¢ = 2.

(b) For what values of ¢ is the function undefined? Explain
what this means in terms of the beam of light on the wall.

(¢) Fill in the following table.

t d = 10 tan(wt)
(a) Show that the length L of the line segment shown as a 0
function of the angle 6 is 0.1
L(0) =3sech + 4csch 02
(b) Graph L = L(6),0 < 6 < g 03
(c) For what value of 6 is L the least? 0.4
(d) What is the length of the longest ladder that can be carried
around the corner? Why is this also the least value of L? Q) C d(0.1) — d(0) d(0.2) — d(0.1) d
46. A Rotating Beacon Suppose that a fire truck is parked in (d) Compute 01-0 > 02-01 and so on,
front of a building as shown in the figure. for each consecutive value of ¢. These are called first dif-

ferences.

(e) Interpret the first differences found in part (d). What is
happening to the speed of the beam of light as d
increases?

47. Exploration Graph

y=tanx and y = —cot<x + g)

I

// /[

Do you think that tan x = —cot(x + g)‘?

I

‘Are You Prepared? Answers
1. x=4 2. True

77

5.6 Phase Shift; Sinusoidal Curve Fitting

OBJECTIVES 1 Graph Sinusoidal Functions of the Form y = A sin(wx — ¢),
Using the Amplitude, Period, and Phase Shift

2 Find a Sinusoidal Function from Data

Figure 81 1 Graph Sinusoidal Functions of the Formy = A sin(wx — ¢),
One cycle Using the Amplitude, Period, and Phase Shift
y = Asin(wx),A > 0,w > 0
y We have seen that the graph of y = A sin(wx), @ > 0, has amplitude |A| and period
2 2
Al | | | | T = % One cycle can be drawn as x varies from 0 to % or, equivalently, as wx
2
Al Perio d}/i o ¥ Varies from 0 to 2. See Figure 81.
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Figure 82
One cycley = Asin(wx — ¢),A > 0,
w>0¢>0

y
A

—A

N |
D N

<— :

Phase! |

shift |« period =27 |
w

We now want to discuss the graph of
L L 3
y = Asin(wx — ¢) = Asinjo| x — "

where w > 0 and ¢ (the Greek letter phi) are real numbers. The graph will be a sine
curve with amplitude |A|. As wx — ¢ varies from 0 to 27, one period will be traced
out. This period will begin when

wx —¢ =0 or x=%

and will end when

2
wx — ¢ =27 or x=%+%

See Figure 82.

We see that the graph of y = A sin(wx — ¢) = A sin[w(x - i)} is the same
as the graph of y = A sin(wx), except that it has been shifted % units (to the right if
¢ > 0 and to the left if ¢ < 0).This number L is called the phase shift of the graph
of y = Asin(wx — ¢). @

For the graphs of y = A sin(wx — ¢) or y = A cos(wx — ¢),w > 0,

2
Amplitude = |A| Period = T = % Phase shift = %

The phase shift is to the left if ¢ < 0 and to the right if ¢ > 0.

EXAMPLE 1

Solution

Finding the Amplitude, Period, and Phase Shift
of a Sinusoidal Function and Graphing It

Find the amplitude, period, and phase shift of y = 3sin(2x — ), and graph the
function.

Comparing
y=3sin(2x — 7) =3 sin{Z(x - 2)}

to

w

y = Asin(wx — ¢) = Asin{w(x - qﬁ)}

we find that A = 3, w = 2, and ¢ = . The graph is a sine curve with amplitude
3 period T = 27 = 27 _ -7
|A| = 3, period T = w 2™ and phase shift = o2



Figure 83
Figure 84
AR

- w <
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The graph of y = 3sin(2x — ) will lie between —3 and 3 on the y-axis.
$_m _m b _ T _37
One cycle will begin atx—w—2 and end at x = ° +w—77+2 =5

3
We divide the interval [;T, ;T} into four subintervals, each of length 7 +~ 4 = %:

S NP N e
2’4 b 4’77-’ 77-’4 b 4’2

The end points of these subintervals give rise to the following five key points on the

graph:
(30} (33} o (F0) (30)

We plot these five points and fill in the graph of the sine function as shown in
Figure 83(a). Extending the graph in either direction, we obtain Figure 83(b).

(—%3)3

—
o

T 3) (T.-9) (T -9 (-3

e

(a) (b)

The graph of y = 3sin(2x — 7) = 3 sin{Z(x - ;)} may also be obtained

using transformations. See Figure 84.

(@

i w\/ZTr x /L w\/ﬂ X . Tr\ X
2 2
-3 -3 -3

2w X
(3T, -3) (3, -3) (F. -9
——  y=3snx ——>  y=3sin(x) ——> yzgsin[g(x_g)]
Multiply by 3; Replace x by 2x; Replace xby x — 7 ; .
vertical stretch horizontal compression shift right =3sin (2x—m)
by a factor of 3 by a factor of T units
(b) (c) (d)

v/ CHEeck: Figure 85 shows the graph of Y; = 3 sin(2x — ) using a graphing utility.

Figure 85 3

ANA

NE

|
SE]

\
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Finding the Amplitude, Period, and Phase Shift

of a Sinusoidal Function and Graphing It

| EXAMPLE 2
Find the amplitude, period, and phase shift of y = 2 cos(4x + 37), and graph the
function.
Solution  Comparing
3
y = 2cos(4x + 3m) = 2005[4()( + Z)}
to
y=Acos(ox — ) = A cos[w(x - )]
we see that A = 2, w = 4, and ¢ = —37. The graph is a cosine curve with ampli-
9 periodT = T o2 _ T = ? o 37
tude |A| = 2, period T = o -4 2,and phase shift = o 4
The graph of y = 2 cos(4x + 3a) will lie between —2 and 2 on the y-axis. One
Ml beginatx = 2 = 7 _2m, b _T 3dmy_ .m
cyclew1llbeg1natx—w— 7 and end at x = ° +w—2+ 1) 4
3
We divide the interval [—;T, —4] into four subintervals, each of the length
T4
2 8
25} g (55 [
47 87 87 27 27 87 87 4
The five key points on the graph are
T 37 T
) (-52) (F0) (52)

_7,0

37 S
-——,2
(-52) (5
We plot these five points and fill in the graph of the cosine function as shown in
Figure 86(a). Extending the graph in either direction, we obtain Figure 86(b).

Figure 86

T
L =3
/5
w3 |-
T
ES
>

The graph of y = 2 cos(4x
using transformations. See Figure 87.

3
+37) =2 005{4()( + :)} may also be obtained
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Figure 87

(’1T 2 7’1T

40

r\>‘<

A

2
N
S

5

ENENS

uy Y
| B 2 4
T wT A AL
Yy =c0s x —> y=200SX ————————> y=2c0s(4x) —>3 y=
Multiply by 2; Replace x by 4x; Replace x by x + <
vertical stretch horizontal compression shift left 31’ units
by a factor of 2 by a factor of

(a) (b) (c)

v CHECK: Graph Y] = 2 cos(4x + 37) using a graphing utility.

mmmmmmm-- NOW WORK PROBLEM 3.

O NI AL A
/I

/ %
B 4
-2
2 cos [4 (x +3“)]
= 2¢0S (4x + 3m)
(d)
|

Summary
Steps for Graphing Sinusoidal Functions y = A sin(wx — ¢)ory = A cos(wx — ¢)

)
StEP 1: Determine the amplitude |A| and period T = %

STEP 2: Determine the starting point of one cycle of the graph,%

¢

2
StEP 3: Determine the ending point of one cycle of the graph, % I P

2 2
STEP 4: Divide the interval [z, % F z} into four subintervals, each of length % = dl,

StTEP 5: Use the endpoints of the subintervals to find the five key points on the graph.
STEP 6: Fill in one cycle of the graph.

SteEP 7: Extend the graph in each direction to make it complete.

2  Find a Sinusoidal Function from Data

Scatter diagrams of data sometimes take the form of a sinusoidal function.

Let’s look at an example.

The data given in Table 12 represent the average monthly temperatures in
Denver, Colorado. Since the data represent average monthly temperatures collected
over many years, the data will not vary much from year to year and so will essential-
ly repeat each year. In other words, the data are periodic. Figure 88 shows the scat-
ter diagram of these data repeated over 2 years, where x = 1 represents January,

x = 2 represents February, and so on.
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Figure 89

75

Table 12 Figure 88
75
op On
Average Monthly o o
Month, x Temperature, °F a O o
January, 1 297 o | o |
February, 2 33.4 o 5O a
March, 3 390 N P
April, 4 482 25
May, 5 57.2
June, 6 66.9
July, 7 735
August, 8 1.4
September, 9 62.3
October, 10 51.4
November, 11 39.0
December, 12 31.0

Source: U.S. National Oceanic and Atmospheric Administration

Notice that the scatter diagram looks like the graph of a sinusoidal function.
We choose to fit the data to a sine function of the form

y = Asin(wx — ¢) + B

where A, B, w, and ¢ are constants.

EXAMPLE

3

Figure 90

75

Solution

13

13

Finding a Sinusoidal Function from Temperature Data

Fit a sine function to the data in Table 12.

We begin with a scatter diagram of the data for 1 year. See Figure 89. The data will
be fitted to a sine function of the form

y = Asin(wx — ¢) + B
SteP 1: To find the amplitude A, we compute

largest data value — smallest data value
2

Amplitude =

735 - 297

=219
2

To see the remaining steps in this process, we superimpose the graph of
the function y = 21.9 sin x, where x represents months, on the scatter dia-
gram. Figure 90 shows the two graphs.

To fit the data, the graph needs to be shifted vertically, shifted horizon-
tally, and stretched horizontally.

STEP 2: We determine the vertical shift by finding the average of the highest and
lowest data value.

73.5 + 29.7

Vertical shift = >

= 51.6
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Now we superimpose the graph of y = 21.9sin x + 51.6 on the scatter
diagram. See Figure 91.

We see that the graph needs to be shifted horizontally and stretched
horizontally.

STEP 3: It is easier to find the horizontal stretch factor first. Since the temperatures
repeat every 12 months, the period of the function is 7" = 12. Since
2
T = % = 12, we have
_2m_m
“T 12 6
Now we superimpose the graph of y = 21.9 sin<76Tx) + 51.6 on the
scatter diagram. See Figure 92.
We see that the graph still needs to be shifted horizontally.
STEP 4: To determine the horizontal shift, we use the period T = 12 and divide the
interval [0, 12] into four subintervals of length 12 + 4 = 3:
[0,3], [3,6], [6,9], [9,12]
The sine curve is increasing on the interval (0, 3), and is decreasing on the
interval (3,9), so a local maximum occurs at x = 3. The data indicate that
a maximum occurs at x = 7 (corresponding to July’s temperature), so we
must shift the graph of the function 4 units to the right by replacing x by
x — 4. Doing this, we obtain
. T
y =219 sm<6(x - 4)> + 51.6
Multiplying out, we find that a sine function of the form
y = Asin(wx — ¢) + B that fits the data is
T 2
=219sin| —x — —— ) + 51.6
y sm( ¥ 3 >
D 2 .
The graph of y = 21.9 sm<6x - 3) + 51.6 and the scatter diagram
of the data are shown in Figure 93.
Figure 91 Figure 92 Figure 93
75
13 0 ............. 13
25 <

The steps to fit a sine function

y = Asin(wx — ¢) + B

to sinusoidal data follow:
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Steps for Fitting Data to a Sine Functiony = Asin(wx — ¢) + B
STEP 1: Determine A, the amplitude of the function.

largest data value — smallest data value
2
STEP 2: Determine B, the vertical shift of the function.

Amplitude =

largest data value + smallest data value
2

Vertical shift =

STEP 3: Determine w. Since the period 7, the time it takes for the data to re-

. 2
peat,is T = o we have

_ 4=

T

STEP 4: Determine the horizontal shift of the function by using the period of
the data. Divide the period into four subintervals of equal length.
Determine the x-coordinate for the maximum of the sine function
and the x-coordinate for the maximum value of the data. Use this

information to determine the value of the phase shift, %

m - NOW WORK PROBLEMS 21(a)-(c).

Let’s look at another example. Since the number of hours of sunlight in a day
cycles annually, the number of hours of sunlight in a day for a given location can be
modeled by a sinusoidal function.

The longest day of the year (in terms of hours of sunlight) occurs on the day of
the summer solstice. The summer solstice is the time when the sun is farthest north.
In 2005, the summer solstice occurred on June 21 (the 172nd day of the year) at 2:46
AM EDT. The shortest day of the year occurs on the day of the winter solstice. The
winter solstice is the time when the Sun is farthest south (again, for locations in the
northern hemisphere). In 2005, the winter solstice occurred on December 21 (the
355th day of the year) at 1:35 pm (EST).

EXAMPLE 4

Finding a Sinusoidal Function for Hours of Daylight

According to the Old Farmer’s Almanac, the number of hours of sunlight in Boston
on the summer solstice is 15.283 and the number of hours of sunlight on the winter
solstice is 9.067.

(a) Find a sinusoidal function of the form y = Asin(wx — ¢) + B that fits the
data.

(b) Use the function found in part (a) to predict the number of hours of sunlight on
April 1, the 91st day of the year.

(c) Draw a graph of the function found in part (a).

(d) Look up the number of hours of sunlight for April 1 in the Old Farmer’s
Almanac and compare the actual hours of daylight to the results found in
part (b).
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largest data value — smallest data value
2

Solution  (a) Step1: Amplitude

_ 15283 — 9.067 _ 3108
2
largest data value + smallest data value

2

STEP 2: Vertical shift

. + 9.
_15 2832 9.067 _ 12175

2
SteEP 3: The data repeat every 365 days. Since T = % = 365, we find

_ 27
365

w

2
So far, we have y = 3.108 sin(ng_x - ¢>) +12.175.
StEP 4: To determine the horizontal shift, we use the period 7 = 365 and divide

the interval [0, 365] into four subintervals of length 365 + 4 = 91.25:
[0,91.25], [91.25,182.5], [182.5,273.75], [273.75,365]

The sine curve is increasing on the interval (0, 91.25) and is decreasing
on the interval (91.25,273.75), so a local maximum occurs at x = 91.25.
Since the maximum occurs on the summer solstice at x = 172, we must
shift the graph of the function 172 — 91.25 = 80.75 units to the right by
replacing x by x — 80.75. Doing this, we obtain

2m

= 3.108 si
y sm(365

(x — 80.75)) + 12175

Multiplying out, we find that a sine function of the form
y = Asin(wx — ¢) + B that fits the data is

LA 323”) + 12,175

= 3.108 sin| —
y=3 851n(365x 730

(b) To predict the number of hours of daylight on April 1, we let x = 91 in the func-
tion found in part (a) and obtain

y = 3.108 sin<§67;'91 - 3?377) + 12.175
~ 12.72
Figure 94
16 So we predict that there will be about 12.72 hours = 12 hours, 43 minutes of
sunlight on April 1 in Boston.
(c) The graph of the function found in part (a) is given in Figure 94.
(d) According to the Old Farmer’s Almanac, there will be 12 hours 43 minutes of
sunlight on April 1 in Boston. Our results agree with the Old Farmer’s
Almanac! <
0 . . . . . . . . 400

8 LU - NOW WORK PROBLEM 27.
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Certain graphing utilities (such as a TI-83, TI-84 Plus, and TI-86) have the
capability of finding the sine function of best fit for sinusoidal data. At least four
data points are required for this process.

EXAMPLE 5

Solution

Finding the Sine Function of Best Fit

Use a graphing utility to find the sine function of best fit for the data in Table 12.
Graph this function with the scatter diagram of the data.

Enter the data from Table 12 and execute the SINe REGression program. The result
is shown in Figure 95.
The output that the utility provides shows the equation
y = asin(bx + ¢) +d
The sinusoidal function of best fit is
y = 21.155sin(0.55x — 2.35) + 51.19
where x represents the month and y represents the average temperature.

Figure 96 shows the graph of the sinusoidal function of best fit on the scatter di-
agram.

Figure 95 Figure 96
75

Sinkeg

u=gEksint be+o i+d

a=21. 14532735

b=.549453]1199

C= 2. 3SEET AT

d=51. 192333239

0 ............. 13
25 |

mmmmm===- NOW WORK PROBLEMS 21(d) AND (e).

5.6 Assess Your Understanding

Concepts and Vocabulary

1. For the graph of y = Asin(wx — ¢), the number % is 2. True or False: Only two data points are required by a graph-

called the .

Skill Building

ing utility to find the sine function of best fit.

In Problems 3-14, find the amplitude, period, and phase shift of each function. Graph each function. Show at least one period. Verify the
result using a graphing utility.

y = 4sin(2x — )
6. y = 3cos(2x + )
9. y = 4sin(wx + 2)

12. y = 2 cos(2mx — 4)

15. Amplitude: 2

Period: 7

4. y =3sin(3x — 7) 5. y= 2cos(3x + g)
7.y =-3 sin(Zx + %) 8. y=-2 cos<2x - %)
10. y = 2 cos(2wx + 4) 11. y = 3cos(mx — 2)
13.y=73 sin<—2x + g) 4.y =3 cos(—Zx + %)
In Problems 15-18, write the equation of a sine function that has the given characteristics.
16. Amplitude: 3 17. Amplitude: 3 18. Amplitude: 2
Period: ™ Period: 37 Period: 7

1
Phase shift: >

Phase shift: 2

Phase shift: f% Phase shift: —2



Applications and Extensions

19.

20.

Alternating Current (ac) Circuits The current /, in am-
peres, flowing through an ac (alternating current) circuit at
time ¢ is

I =120 sin(3077t - %) =0

What is the period? What is the amplitude? What is the
phase shift? Graph this function over two periods.

Alternating Current (ac) Circuits The current 7, in
amperes, flowing through an ac (alternating current) circuit
at time ¢ is

I =220 sin(607rt - %) =0

What is the period? What is the amplitude? What is the
phase shift? Graph this function over two periods.

Monthly Temperature The following data represent the
average monthly temperatures for Juneau, Alaska.

Average Monthly

> Month, x Temperature, °F
) q 5 January, 1 24.2
S February, 2 28.4
March, 3 32.7
April, 4 39.7
May, 5 47.0
June, 6 53.0
July, 7 56.0
August, 8 55.0
September, 9 49.4
October, 10 42.2
November, 11 32.0
December, 12 27.1

Source: U.S. National Oceanic and Atmospheric
Administration

(a) Use a graphing utility to draw a scatter diagram of the
data for one period.

(b) By hand, find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.

(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.

(d) Use a graphing utility to find the sinusoidal function of
best fit.

(e) Draw the sinusoidal function of best fit on the scatter
diagram.

435
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22. Monthly Temperature The following data represent the
average monthly temperatures for Washington, D.C.

Average Monthly
Month, x Temperature, °F
January, 1 34.6
February, 2 315
March, 3 47.2
April, 4 56.5
May, 5 66.4
June, 6 75.6
July, 7 80.0
August, 8 78.5
September, 9 7.3
October, 10 59.7
November, 11 49.8
December, 12 39.4

Source: U.S. National Oceanic and Atmospheric
Administration
(a) Use a graphing utility to draw a scatter diagram of the
data for one period.
(b) By hand, find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.
(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.
(d) Use a graphing utility to find the sinusoidal function of
best fit.
(e) Graph the sinusoidal function of best fit on the scatter
diagram.
23. Monthly Temperature The following data represent the
average monthly temperatures for Indianapolis, Indiana.

Average Monthly
Month, x Temperature, °F
January, 1 25.5
February, 2 29.6
March, 3 4.4
April, 4 52.4
May, 5 62.8
June, 6 71.9
July, 7 75.4
August, 8 732
September, 9 66.6
October, 10 54.7
November, 11 43.0
December, 12 30.9

Source: U.S. National Oceanic and Atmospheric
Administration
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(a) Use a graphing utility to draw a scatter diagram of the
data for one period.

(b) By hand, find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.

(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.

(d) Use a graphing utility to find the sinusoidal function of
best fit.

(e) Graph the sinusoidal function of best fit on the scatter
diagram.

24. Monthly Temperature The following data represent the

25.

average monthly temperatures for Baltimore, Maryland.

fﬁ Average Monthly
Month, x Temperature, °F

January, 1 31.8

February, 2 34.8

March, 3 441

April, 4 53.4

May, 5 63.4

June, 6 72.5

July, 7 71.0

August, 8 75.6

September, 9 68.5

October, 10 56.6

November, 11 46.8

December, 12 36.7

Source: U.S. National Oceanic and Atmospheric
Administration

(a) Use a graphing utility to draw a scatter diagram of the
data for one period.

(b) By hand, find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.

(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.

(d) Use a graphing utility to find the sinusoidal function of
best fit.

(e) Graph the sinusoidal function of best fit on the scatter
diagram.

Tides Suppose that the length of time between consecu-

tive high tides is approximately 12.5 hours. According to the

National Oceanic and Atmospheric Administration, on Sat-

urday, August 7, 2004, in Savannah, Georgia, high tide oc-

curred at 3:38 AM (3.6333 hours) and low tide occurred at

10:08 AM (10.1333 hours). Water heights are measured as the

amounts above or below the mean lower low water. The

height of the water at high tide was 8.2 feet, and the height

of the water at low tide was —0.6 foot.

(a) Approximately when will the next high tide occur?

(b) Find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.

(c) Draw a graph of the function found in part (b).

(d) Use the function found in part (b) to predict the height
of the water at the next high tide.

26.

28.

29.

30.

Tides Suppose that the length of time between consecu-

tive high tides is approximately 12.5 hours. According to the

National Oceanic and Atmospheric Administration, on Sat-

urday, August 7,2004, in Juneau, Alaska, high tide occurred

at 8:11 Am (8.1833 hours) and low tide occurred at 2:14 pm

(14.2333 hours). Water heights are measured as the amounts

above or below the mean lower low water. The height of the

water at high tide was 13.2 feet, and the height of the water
at low tide was 2.2 feet.

(a) Approximately when will the next high tide occur?

(b) Find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.

(c) Draw a graph of the function found in part (b).

(d) Use the function found in part (b) to predict the height
of the water at the next high tide.

Hours of Daylight According to the Old Farmers

Almanac,in Miami, Florida, the number of hours of sunlight

on the summer solstice is 12.75 and the number of hours of

sunlight on the winter solstice is 10.583.

(a) Find a sinusoidal function of
y = Asin(wx — ¢) + B that fits the data.

(b) Use the function found in part (a) to predict the num-
ber of hours of sunlight on April 1, the 91st day of the
year.

(c) Draw a graph of the function found in part (a).

(d) Look up the number of hours of sunlight for April 1 in
the Old Farmer’s Almanac, and compare the actual
hours of daylight to the results found in part (c).

Hours of Daylight According to the Old Farmers

Almanac, in Detroit, Michigan, the number of hours of

sunlight on the summer solstice is 13.65 and the number of

hours of sunlight on the winter solstice is 9.067.

(a) Find a sinusoidal function of
y = Asin(wx — ¢) + B that fits the data.

(b) Use the function found in part (a) to predict the number
of hours of sunlight on April 1, the 91st day of the year.

(c) Draw a graph of the function found in part (a).

(d) Look up the number of hours of sunlight for April 1 in
the Old Farmer’s Almanac, and compare the actual
hours of daylight to the results found in part (c).

Hours of Daylight According to the Old Farmer’s Al-

manac, in Anchorage, Alaska, the number of hours of sun-

light on the summer solstice is 16.233 and the number of

hours of sunlight on the winter solstice is 5.45.

(a) Find a sinusoidal function of
y = Asin(wx — ¢) + B that fits the data.

(b) Use the function found in part (a) to predict the
number of hours of sunlight on April 1, the 91st day
of the year.

(c) Draw a graph of the function found in part (a).

(d) Look up the number of hours of sunlight for April 1 in
the Old Farmer’s Almanac, and compare the actual
hours of daylight to the results found in part (c).

Hours of Daylight According to the Old Farmer’s Al-

manac, in Honolulu, Hawaii, the number of hours of sun-

light on the summer solstice is 12.767 and the number of

hours of sunlight on the winter solstice is 10.783.

the form

the form

the form
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(a) Find a sinusoidal function of the form (c) Draw a graph of the function found in part (a).
y = Asin(wx — ¢) + B that fits the data. (d) Look up the number of hours of sunlight for April 1 in
(b) Use the function found in part (a) to predict the number the Old Farmer’s Almanac, and compare the actual
of hours of sunlight on April 1, the 91st day of the year. hours of daylight to the results found in part (c).

Discussion and Writing

31. Explain how the amplitude and period of a sinusoidal graph 32. Find an application in your major field that leads to a sinu-
are used to establish the scale on each coordinate axis. soidal graph. Write a paper about your findings.

Chapter Review

Things to Know

Definitions

Angle in standard position (p. 356)
1 Degree (1°) (p.357)

1 Radian (p. 360)

Trigonometric functions
(pp-371-372)

Trigonometric functions using a
circle of radius r (pp. 382-383)

Periodic function (p.391)

Formulas
1 revolution = 360° (p-358)
= 2qr radians (p. 361)
s = r0 (p.360)

1
A= 72 6 (p.364)

v = ro (p.365)

Vertex is at the origin; initial side is along the positive x-axis
o 1 .
1° = ——revolution

T 360

The measure of a central angle of a circle whose rays subtend an arc whose length is the
radius of the circle

P = (x,y) is the point on the unit circle corresponding to § = ¢ radians.

, x#0

sint =sinf =y cost =cosf = x tant = tan 0 =

, y#0

<= =<

1 1
csct =csch=—, y#0 sect =sec =—, x#0 cott = cotf =
y X

For an angle 0 in standard position P = (x, y) is the point on the terminal side of 6 that is

also on the circle x> + y* = r2.

sinf = cosf = tanf = —, x # 0

csch=—, y#0 secd=—, x#0 cotd =—, y#0

<N v =
=~ =
<R %<

f(6 + p) = f(0), for all 6, p > 0, where the smallest such p is the fundamental period

0 is measured in radians; s is the length of arc subtended by the central angle 6 of the
circle of radius r; A is the area of the sector.

v is the linear speed along the circle of radius r; w is the angular speed (measured in ra-
dians per unit time).
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TABLE OF VALUES

6 (Radians) 6 (Degrees) sin 0 cos 6 tan 0 csc 6 sec 0 cot 6

0 0° 0 1 0 Not defined 1 Not defined
™ - 1 Vi V3 ) 2V3 V3

6 2 2 3 3

ur 45° Va Va 1 V2 V2 1

4 2 2

L c0° V3 1 Vi 2\V3 X V3

3 2 2 3 3

% 90° 1 0 Not defined 1 Not defined 0

T 180° 0 =1 0 Not defined ={ Not defined
3T o

T 270 =] 0 Not defined =1 Not defined 0

Fundamental Identities (p. 394)

sin 6 cos 0
tan = ——, cotf = —;
cos 6 sin 6
1 1 1
csch =—, secf =——, cotl =
sin 6 cos 6 tan 0

sin®f + cos?6 =1, tan®6 + 1 =sec?d, 1 + cot>0 = csc?0

Properties of the Trigonometric Functions y
y = sinx Domain: —00 < x < o© 1[7\
] =, = N | | | I/I\
(p-404) Range:—1=y=1 - L b o X
Periodic: period = 27 (360°) % 2 N/ 2
Odd function

y
y =cosx Domain: —00 < x < © /1_'\
(p-406) Range:—1=y=1 . . /T\

Periodic: period = 2 (360°) :l-r/ég 1}‘ N/S%T 21T 5%7 X

Even function

y=tanx Domain: —00 < x < 00, except odd multiples of%(90°)
(p-420) Range:—00 <y < o0
Periodic: period = 7 (180°)

|
|
|
|
Odd function - —%T/ -7 / "ET/ %T X
| | | | | |
y = cotx Domain: —00 < x < 00, except integer multiples of 7 (180°)

| | y | |

| | | |

| | | |
(p-422) Range: —00 < y < ®© : :\ "\4 :\4 :\

Periodic: period = 7 (180°) | _sm\ | -T N

Odd function | | | i

| | | |
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y =cscx  Domain: —00 < x < 00, except integer multiples of 7 (180°)
(p-422)  Range:|y| = 1
Periodic: period = 27 (360°)
Odd function

N
X,

<

y =secx  Domain: —00 < x < 00, except odd multiples of§(90°)
(p.423)  Range:|y| =1
Periodic: period = 27 (360°)
Even function

—

|
w
XN:]
= o3

I

_—"_
X
_M;],
>

Sinusoidal graphs (pp. 409 and 426)

2
y = Asin(wx), o >0 Period = ——
w
y = Acos(wx), ® >0 Amplitude = |A|
y = Asin(wx — ¢) = A sin{w(x - f)} Phase shift = id
w w
_ _ ¢
y = Acos(wx — ¢) = Acos|w x-
Objectives
Section You should be able to . .. Review Exercises
5.1 1 Convert between degrees, minutes, seconds, and decimal forms for angles (p.358) 82
2 Find the arc length of a circle (p.360) 83,84
3 Convert from degrees to radians and from radians to degrees (p.361) 1-8
4 Find the area of a sector of a circle (p.364) 83
5  Find the linear speed of an object traveling in circular motion (p.365) 85-88
52 1 Find the exact values of the trigonometric functions using a point on the unit circle (p.372) 79
2 Find the exact values of the trigonometric functions of quadrantal
angles (p. 374) 17,18,20
3 Find the exact values of the trigonometric functions of% = 45° (p.376) 9,11,13,15,16,19
4 Find the exact values of the trigonometric functions of% = 30° and% = 60° (p.377) 9-15

5  Find the exact values of the trigonometric functions for integer multiples of% = 30°, % = 45°,

andg = 60° (p.380) 13-16,94
6  Use a calculator to approximate the value of a trigonometric function (p. 381) 75,76
7 Use circle of radius r to evaluate the trigonometric functions (p. 388) 80
53 1 Determine the domain and the range of the trigonometric functions (p. 388) 81
2 Determine the period of the trigonometric functions (p. 390) 81
3 Determine the signs of the trigonometric functions in a given quadrant (p. 392) 77-78
4 Find the values of the trigonometric functions using fundamental identities (p. 393) 21-30

5  Find the exact values of the trigonometric functions of an angle given
one of the functions and the quadrant of the angle (p. 395) 31-46




440 CHAPTERS Trigonometric Functions

6  Use even—odd properties to find the exact values of the trigonometric functions (p. 398) 27-30
5.4 1 Graph transformations of the sine function (p. 403) 47,50
2 Graph transformations of the cosine function (p. 405) 48,49
3 Determine the amplitude and period of sinusoidal functions (p. 408) 59-64, 89
4 Graph sinusoidal functions using key points: (p. 410) 47,48, 63-64, 89
5  Find an equation for a sinusoidal graph (p. 413) 71-74
5.5 1 Graph transformations of the tangent function and cotangent
function (p. 419) 51-56
2 Graph transformations of the cosecant function and secant
function (p. 422) 57,58
5.6 1 Graph sinusoidal functions of the form y = Asin(wx — ¢) using the amplitude,
period and phase shift (p. 425) 65-70, 90
2 Find a sinusoidal function from data (p. 429) 91-93

Review Exercises

In Problems 1-4, convert each angle in degrees to radians. Express your answer as a multiple of .

1. 135° 2. 210° 3. 18° 4. 15°

In Problems 5-8, convert each angle in radians to degrees.

37 2 S 37
5. e 6. 3 7. - 8. -

In Problems 9-30, find the exact value of each expression. Do not use a calculator.

T .o T . ow . T
. tan — — sin — . cos— + sin— . °— —
9. tan 1 sin 6 10. cos 3 sin > 11. 3sin 45 4 tan 6
T 37 T 2 ST
. ° + = . —+ - . 3sin — — =
12. 4 cos 60 3 tan 3 13. 6 cos 2 2 tan< 3 > 14. 3 sin 3 4 cos 2
15 sec(—z) - cot(—51> 16 4csc3l — cot(—z) 17. tan 7 + sin
. 3 1 . 2 ) . T T
T T .
18. cos o — csc(—z) 19. cos 540° — tan(—45°) 20. sin 630° + cos(—180°)
. 9 1 1
21. sin” 20° + 3 22. 3 — 3 23. sec 50° cos 50°
sec” 20° cos”40°  cot”40°
o o 2 o 2 o 1 1
24. tan 10° cot 10 25. sec” 20° — tan” 20 26. 5 + 5
sec”40°  csc” 40°
27. sin(—40°) csc 40° 28. tan(—20°) cot 20° 29. cos 410° sec(—50°) 30. cot 200° tan(—20°)

In Problems 31-46, find the exact value of each of the remaining trigonometric functions.

4 12

31. sinf = 5 6 is acute 32. cos 6 = %, 6 is acute 33. tan 6 = 5 sinf <0
12 5 5

34. cotGZ?, cosh <0 35. secH = a tanf < 0 36. csch = 3 cotd <0
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12 3 5 3
37. sinf = —, 6 in quadrant II 38. cos§ = ——, 6 in quadrant III 39. sinf = ——, T~ 0 <2
13 5 13 2
40. cos 6 = %, 3777 <0 <2m 41. tan 6 = %, 180° < 6 < 270° 42. tan 6 = —%, 90° < 6 < 180°
43. sec = 3, 7”<0<27r 4. csc§ = —4, 77<o<37” 45. cot = —2, §<o<w
46. tan 6 = 3w

_2, 7<0<2’7T

In Problems 47-58, graph each function. Each graph should contain at least one period.

47. y = 2sin(4x) 48. y = —3 cos(2x) 49.y= -2 cos(x + %) 50. y = 3sin(x — )
51 y = tan(x + 7) 5.y = —tan(x - g) 53. y = —2 tan(3x) 54. y = 4 tan(2x)
55.y = cot(x + %) 56. y = —4 cot(2x) 57.y = sec(x - %) 58. y = csc(x + %)

In Problems 59-62, determine the amplitude and period of each function without graphing.

59. y = 4cos x 60. y = sin(2x) 61. y = —8 sin(%x) 62. y = —2cos(3mx)

In Problems 6370, find the amplitude, period, and phase shift of each function. Graph each function. Show at least one period.

1 1
63. y = 4sin(3x) 64. y = 2COS(§X) 65. y = 2sin(2x — ) 66. y = —cos<5x + g)
1./(3 3 2 (T 4
. = — — — . = — + A = —— = . = — — + —
67. y 2sm(2x 77) 68. y 2 cos(6x + 3) 69. y 3 cos(mx — 6) 70. y 7 sm( 3 3)

In Problems 71-74, find a function whose graph is given.

71. 72. 73. 74.
y
y 7
y 6C
A 4% /\ _
| | \ ! ! LX ! o L X ! ! ! !
4r [ 8w |\ X —2m thw -4\ Lh4sg s fo 4-2 | 2 468 10x
4 L
-6
-7
75. Use a calculator to approximate sin T Round the answer to 79. Find the 1eX;i>jvalues of the six trigonometric functions if
two decimal places. P = (— 3 ?) is the point on the unit circle that
76. Use a calculator to approximate sec 10°. Round the answer
. corresponds to .
to two decimal places.
77. Determine the signs of the six trigonometric functions of an . . o .
angle 6 whose terminal side is in quadrant I1L. 80. Find the exact value of sin #,cos t,and tan ¢t if P = (—2,5) is the

78. Name the quadrant 6 lies in if cos # > 0 and tan 6 < 0. point on the circle that corresponds to ¢.
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81

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.
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. What is the domain and the range of the secant function?
What is the period?

(a) Convert the angle 32°20'35” to a decimal in degrees.
Round the answer to two decimal places.

(b) Convert the angle 63.18° to D°M’'S” form. Express the
answer to the nearest second.

Find the length of the arc subtended by a central angle of
30° on a circle of radius 2 feet. What is the area of the sec-
tor?

The minute hand of a clock is 8 inches long. How far does
the tip of the minute hand move in 30 minutes? How far
does it move in 20 minutes?

Angular Speed of a Race Car A race car is driven around
a circular track at a constant speed of 180 miles

1
per hour. If the diameter of the track is — mile, what is

the angular speed of the car? Express your answer in revo-
lutions per hour (which is equivalent to laps per hour).

Merry-Go-Rounds A neighborhood carnival has a merry-
go-round whose radius is 25 feet. If the time for one revolu-
tion is 30 seconds, how fast is the merry-go-round going?

Lighthouse Beacons The Montauk Point Lighthouse on
Long Island has dual beams (two light sources opposite
each other). Ships at sea observe a blinking light every 5 sec-
onds. What rotation speed is required to do this?

Spin Balancing Tires The radius of each wheel of a car is
16 inches. At how many revolutions per minute should a
spin balancer be set to balance the tires at a speed of 90
miles per hour? Is the setting different for a wheel of radius
14 inches? If so, what is this setting?

Alternating Voltage The electromotive force E, in volts, in

a certain ac (alternating circuit) circuit obeys the equation
E = 120 sin(120m7¢), t=0

where ¢ is measured in seconds.

(a) What is the maximum value of E?

(b) What is the period?

(c) Graph this function over two periods.

Alternating Current The current /, in amperes, flowing
through an ac (alternating current) circuit at time ¢ is

[ =220 sin(30m + %) =0

(a) What is the period?

(b) What is the amplitude?

(c) What is the phase shift?

(d) Graph this function over two periods.

Monthly Temperature The following data represent the
average monthly temperatures for Phoenix, Arizona.

Average Monthly
Month, m Temperature, T
January, 1 51
February, 2 55
March, 3 63
April, 4 67
May, 5 77
June, 6 86
July, 7 90
August, 8 90
September, 9 84
October, 10 n
November, 11 59
December, 12 52

Source: U.S. National Oceanic and Atmospheric
Administration

(a) Use a graphing utility to draw a scatter diagram of the
data for one period.

(b) By hand, find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.

(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.

(d) Use a graphing utility to find the sinusoidal function of
best fit.

(e) Graph the sinusoidal function of best fit on the scatter
diagram.

92. Monthly Temperature The following data represent the
average monthly temperatures for Chicago, Illinois.

Average Monthly
Month, m Temperature, T
January, 1 25
February, 2 28
March, 3 36
April, 4 48
May, 5 61
June, 6 72
July, 7 74
August, 8 75
September, 9 66
October, 10 55
November, 11 39
December, 12 28

Source: U.S. National Oceanic and Atmospheric
Administration

(a) Use a graphing utility to draw a scatter diagram of the
data for one period.

(b) By hand, find a sinusoidal function of the form
y = Asin(wx — ¢) + B that fits the data.



(c) Draw the sinusoidal function found in part (b) on the
scatter diagram.

(d) Use a graphing utility to find the sinusoidal function of
best fit.

(e) Graph the sinusoidal function of best fit on the scatter
diagram.

93. Hours of Daylight According to the Old Farmer’s
Almanac, in Las Vegas, Nevada, the number of hours of sun-
light on the summer solstice is 13.367 and the number of
hours of sunlight on the winter solstice is 9.667.

(a) Find a sinusoidal function of the form
y = Asin(wx — ¢) + B
that fits the data.

(b) Draw a graph of the function found in part (a).

(c) Use the function found in part (a) to predict the num-
ber of hours of sunlight on April 1, the 91st day of the
year.

(d) Look up the number of hours of sunlight for April 1 in
the Old Farmer’s Almanac and compare the actual
hours of daylight to the results found in part (c).
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94. Unit Circle Fill in the angles (in degrees and radians) and
terminal points P of each angle on the unit circle shown.

Y 4 Angle:

Angle:

Angle:g

P

Angle:

Angle:

Angle:

Angle:

Chapter Test

In Problems 1-3, convert each angle in degrees to radians. Express your answer as a multiple of .

1. 260° 2. —400°

In Problems 4-6 convert each angle in radians to degrees.
T 9

4, —— 5. —
8 2

In Problems 7-12, find the exact value of each expression.

5
7. sin% 8. cos(—%) — CoS
10. tan 330° 11. sing ~ tan 197”

3. 13°

37

1 9. cos(—120°)

12. 2sin® 60° — 3 cos 45°

In Problems 13-16, use a calculator to evaluate each expression. Round your answers to three decimal places.

2
14. cos Bl

13. sin 17°
sin 5

17. Fill in each table entry with the sign of each function.
sin® cosO tanf secO csch coth
0 in QI
0 in QI1
0 in QIII
0 in QIV

28
16. cot =7

15. 229°
sec 9

18. If f(x) = sinx and f(a) = %,ﬁnd f(=a).
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In Problems 19-21 find the value of the remaining five
trigonometric functions of 6.

5
19. sin 6 = 7 0 in quadrant 1T

2 37
. = — — < <
20. cos 6 3 2 0 <2
12 =
. = —— — < <
21. tan 6 5o <

In Problems 22-24, the point (x, y) is on the terminal
side of angle 0 in standard position. Find the exact
value of the given trigonometric function.

22. (2,7),sin 0
23. (=5,11),cos 6
24. (6,—3),tan 6
In Problems 25 and 26, graph the function by hand.

25. y = 2sin(x - %)

26. y = tan(—x + %) +2
27. Write an equation for a sinusoidal graph with the following
properties:
. 27 . T
A=-3 period = 3 phase shift = 7
28. Logan has a garden in the shape of a sector of a circle; the
outer rim of the garden is 25 ft long and the central angle of
the sector is 50°. She wants to add a 3 ft wide walk to the
outer rim; how many square feet of paving blocks will she
need to build the walk?

“Annus was stripped of his medal after refusing post-medal drug testing.

29. Hungarian Adrian Annus won the gold medal for the hammer
throw at the 2004 Olympics in Athens with a winning distance
of 83.19 meters.” The event consists of swinging a 16 Ib
weight—attached to a wire 190 cm long—in a circle, then re-

leasing it. Assuming his release is at a 45° angle to the ground,
2

v
the hammer will travel a distance of — meters, where
8

g = 9.8 m/sec? and vy is the linear speed of the hammer when
released. At what rate (rpm) was he swinging the hammer
upon release?

30. The Freedom Tower is to be the centerpiece of the rebuild-
ing of the World Trade Center in New York City. The tower
will be 1776 feet tall (not including a broadcast antenna).
The angle of elevation from the base of an office building
to the top of the tower is 34°. The angle of elevation from
the helipad on the roof of the office building to the top of
the tower is 20°.

(a) How far away is the office building from the Freedom
Tower (assume the side of the tower is vertical)? Round
to the nearest foot.

(b) How tall is the office building? Round to the nearest
foot.

- 1776
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1. Tides A partial tide table for September 2001 for
Sabine Pass along the Texas Gulf Coast is given in the table.
(a) On September 15, when was the tide high? This is

called high tide. On September 19, when was the tide
low? This is called low tide. Most days will have two
low tides and two high tides.

(b) Why do you think there is a negative height for the low

Sept
14
15
16
17
18
19
20

tide on September 14? What is the tide height mea-
sured against?

(©)

(d)

(e)

()
(2)

(h)

High Tide High Tide Low Tide
Time Ht (ft) Time Ht (ft) Time Ht (ft)
03:08a 2.4 11:12a 22 08:14a 2.0
03:33a 24 12:56p 22 08:15a 1.9
03:57a 23 02:17p 23 08:45a 1.6
04:20a 22 03:33p 23 09:24a 1.4
04:41a 22 04:47p 23 10:08a 1.0
05:01a 2.0 06:04p 23 10:54a 0.7
05:20a 2.0 07:27p 23 11:44a 04

SOURCE: www.harbortides.com

On your graphing utility, draw a scatter diagram for
the data in the table. Let 7 (time) be the independent
variable, with 7" = 0 being 12:00 AM on September 1,
T = 24 being 12:00 AM on September 2, and so on. Re-
member that there are 60 minutes in an hour. Let H be
the height in feet. Also, make sure that your graphing
utility is in radian mode.

What shape does the data take? What is the period of
the data? What is the amplitude? Is the amplitude con-
stant? Explain.

Using Steps 1-4 given on page 432, fit a sine curve to
the data. Let the amplitude be the average of the am-
plitudes that you found in part (c), unless the ampli-
tude was constant. Is there a vertical shift? Is there a
phase shift?

Using your graphing utility, find the sinusoidal func-
tion of best fit. How does it compare to your equation?

Using the equation found in part (e) and the sinusoidal
equation of best fit found in part (f), predict the high
tides and the low tides on September 21.

Looking at the times of day that the low tides occur,
what do you think causes the low tides to vary so much
each day? Explain. Does this seem to have the same
type of effect on the high tides? Explain.

Low Tide Sun/Moon phase
Time Ht (ft) Rise/Set
07:19p —0.1 7:00a/7:23p
08:13p 0.0 7:00a/7:22p
09:05p 0.3 7:01a/7:20p
09:54p 0.5 7:01a/7:19p
10:43p 1.0 7:02a/7:08p
11:32p 14 7:02a/7:17p

7:03a/7:15p

The following projects are available at the Instructor’s Resource Center (IRC):

2. Project at Motorola Digital Transmission Over the Air
3. ldentifying Mountain Peaks in Hawaii
4. CBL Experiment
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Cumulative Review

1.

11.
12.

Find the real
22+ x—1=0.

solutions, if any, of the equation

. Find an equation for the line with slope —3 containing the

point (=2, 5).

. Find an equation for a circle of radius 4 and center at the

point (0, =2).

. Discuss the equation 2x — 3y = 12. Graph it.
. Discuss the equation x> + y> — 2x + 4y — 4 = 0. Graphit.
. Use transformations to graph the function

y=(x—3?%+2

. Sketch a graph of each of the following functions. Label at

least three points on each graph.

(a) y=x° (b) y=4x°
() y=e (d y=Inx
(e) y =sinx (f) y=tanx

. Find the inverse function of f(x) = 3x — 2.
. Find the exact value of (sin 14")2 + (cos 14")2 - 3.

10.

Graph y = 3sin(2x).
Find the exact value of tan% -3 cos% + csc %

Find an exponential function for the following graph.
Express your answer in the form y = Ab".

13. Find a sinusoidal function for the following graph.

y

-3

14. (a) Find a linear function that contains the points (-2, 3)
and (1, —6). What is the slope? What are the intercepts
of the function? Graph the function. Be sure to label the
intercepts.

(b) Find a quadratic function that contains the point
(=2, 3) with vertex (1, —6). What are the intercepts of
the function? Graph the function.

(c) Show that there is no exponential function of the form
f(x) = ae* that contains the points (—2,3) and
(1, —6).

15. (a) Find a polynomial function of degree 3 whose y-inter-
cept is 5 and whose x-intercepts are —2, 3, and 5. Graph
the function. Label the local minima and local maxima.

(b) Find a rational function whose y-intercept is 5 and
whose x-intercepts are —2, 3, and 5 that has the line
x = 2 as a vertical asymptote. Graph the function. An-
swers may vary.



