Analytic
Geometry

Pluto’s Unusual Orbit

Pluto is about 39 times as far from the Sun as Earth is. Its
average distance from the Sun is about 3,647,240,000
miles (5,869,660,000 kilometers). Pluto travels around the
Sun in an elliptical (oval-shaped) orbit. At some point in
its orbit, it comes closer to the Sun than Neptune, usually
the second farthest planet. It stays inside Neptune’s orbit
for about 20 Earth-years. This event occurs every 248
Earth-years, which is about the same number of Earth-
years it takes Pluto to travel once around the Sun. Pluto
entered Neptune’s orbit on January 23, 1979, and re-
mained there until February 11, 1999. Pluto will remain
the outermost planet until the year 2227.

SOURCE: Reprinted with permission of The Associated Press.

—See Chapter Project 1.

A LOOK BACK in Chapter 1, we introduced

rectangular coordinates and showed how geometry
problems can be solved algebraically. We defined a circle
geometrically and then used the distance formula and
rectangular coordinates to obtain an equation for a circle.

A LOOK AHEAD in this chapter we give geometric

definitions for the conics and use the distance formula and
rectangular coordinates to obtain their equations.

Historically, Apollonius (200 BC) was among the first to
study conics and discover some of their interesting
properties. Today, conics are still studied because of their
many uses. Paraboloids of revolution (parabolas rotated
about their axes of symmetry) are used as signal collectors
(the satellite dishes used with radar and cable TV, for
example), as solar energy collectors, and as reflectors
(telescopes, light projection, and so on). The planets circle
the Sun in approximately elliptical orbits. Elliptical surfaces
can be used to reflect signals such as light and sound from
one place to another. And hyperbolas can be used to
determine the location of lightning strikes.

The Greeks used the methods of Euclidean geometry
to study conics. However, we shall use the more powerful
methods of analytic geometry, bringing to bear both
algebra and geometry, for our study of conics.

This chapter concludes with sections on equations of
conics in polar coordinates and plane curves and
parametric equations.

OUTLINE

9.1 Conics

9.2 The Parabola
9.3 The Ellipse
9.4 The Hyperbola

9.5 Rotation of Axes; General Form of a Conic

9.6 Polar Equations of Conics

9.7 Plane Curves and Parametric Equations

Chapter Review Chapter Test Chapter Projects
Cumulative Review
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OBJECTIVE 1 Know the Names of the Conics

Figure 2

Know the Names of the Conics

The word conic derives from the word cone, which is a geometric figure that can be
constructed in the following way: Let a and g be two distinct lines that intersect at a
point V. Keep the line a fixed. Now rotate the line g about a while maintaining the
same angle between a and g. The collection of points swept out (generated) by the
line g is called a (right circular) cone. See Figure 1. The fixed line a is called the axis of
the cone; the point V is its vertex; the lines that pass through V and make the same
angle with a as g are generators of the cone. Each generator is a line that lies entirely
on the cone. The cone consists of two parts, called nappes, that intersect at the vertex.

Figure 1 Axis, a

—

— Generators

- Vertex, V/

[\

Conics, an abbreviation for conic sections, are curves that result from the inter-
section of a (right circular) cone and a plane. The conics we shall study arise when
the plane does not contain the vertex, as shown in Figure 2. These conics are circles
when the plane is perpendicular to the axis of the cone and intersects each genera-
tor; ellipses when the plane is tilted slightly so that it intersects each generator, but
intersects only one nappe of the cone; parabolas when the plane is tilted farther so
that it is parallel to one (and only one) generator and intersects only one nappe of
the cone; and hyperbolas when the plane intersects both nappes.

If the plane does contain the vertex, the intersection of the plane and the cone is a
point, a line, or a pair of intersecting lines. These are usually called degenerate conics.

Axis Axis Axis Axis

A
Generator

\/

A &

(a) Circle (b) Ellipse (c) Parabola (d) Hyperbola
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9.2 The Parabola

PREPARING FOR THIS SECTION

¢ Distance Formula (Section 1.1, pp. 4-6) e Completing the Square (Appendix, Section A.5, pp. 991-992)
e Symmetry (Section 1.2, pp. 17-19) ¢ Graphing Techniques: Transformations (Section 2.6,
e Square Root Method (Appendix, Section A.5, p. 990) pp. 118-126)

\

~ Now work the ‘Are You Prepared? problems on page 661.

OBJECTIVES 1 Work with Parabolas with Vertex at the Origin
2 Work with Parabolas with Vertex at (h, k)

3 Solve Applied Problems Involving Parabolas

Before getting started, review the following:

Figure 3

We stated earlier (Section 3.1) that the graph of a quadratic function is a parabola.
In this section, we begin with a geometric definition of a parabola and use it to
obtain an equation.

A parabola is the collection of all points P in the plane that are the same dis-
tance from a fixed point F as they are from a fixed line D. The point F'is called
the focus of the parabola, and the line D is its directrix. As a result, a parabola
is the set of points P for which

d(F,P) = d(P, D) @)

Figure 3 shows a parabola. The line through the focus F and perpendicular to
the directrix D is called the axis of symmetry of the parabola. The point of intersec-
tion of the parabola with its axis of symmetry is called the vertex V.

Axis of symmetry
d(F,P)

Directrix D

Because the vertex V lies on the parabola, it must satisfy equation (1):
d(F,V) =d(V, D). The vertex is midway between the focus and the directrix.
We shall let a equal the distance d(F, V') from Fto V. Now we are ready to derive an
equation for a parabola. To do this, we use a rectangular system of coordinates
positioned so that the vertex V, focus F, and directrix D of the parabola are
conveniently located.
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1 Work with Parabolas with Vertex at the Origin

If we choose to locate the vertex V at the origin (0, 0), then we can conveniently

Figure 4
V= 4ax position the focus F on either the x-axis or the y-axis. First, we consider the case
D x= -z where the focus F is on the positive x-axis, as shown in Figure 4. Because the
Ta Y distance from F to V' is a, the coordinates of F will be (a, 0) with a > 0. Similarly,
because the distance from V to the directrix D is also a and, because D must be
perpendicular to the x-axis (since the x-axis is the axis of symmetry), the equation of
d(P, D) the directrix D must be x = —a.
| P=0y Now, if P = (x, y) is any point on the parabola, then P must obey equation (1):
N(F, P)
4 \ d(F,P) =d(P,D)
(0,0) F=(a0 X
So we have
(x — a)2 + y2 = |x + a| Use the Distance Formula.
y (x — a)2 + y2 = (x + a)2 Square both sides.
x* = 2ax + a®> + y* = x*> + 2ax + a*>  Remove parentheses,
y? = dax Simplify.
Theorem Equation of a Parabola; Vertex at (0, 0), Focus at (a, 0),a > 0
The equation of a parabola with vertex at (0, 0), focus at (a, 0), and directrix
x = —a,a > 0,1s
y? = 4ax 2)
EXAMPLE 1 Finding the Equation of a Parabola and Graphing It
Find an equation of the parabola with vertex at (0, 0) and focus at (3, 0). Graph the
equation.
Solution  The distance from the vertex (0, 0) to the focus (3,0) is a = 3. Based on equa-
Figure 5 tion (2), the equation of this parabola is
D:X=k—3 Y y2 = 4ax
y? = 12x a=23
To graph this parabola, it is helpful to plot the two points on the graph above and
below the focus. To locate them, we let x = 3. Then
T y? = 12x = 12(3) = 36

y = £6 Solve for y.

The points on the parabola above and below the focus are (3,6) and (3, —6).
These points help in graphing the parabola because they determine the “opening.”
See Figure 5. <
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In general, the points on a parabola y? = 4ax that lie above and below the focus
(a,0) are each at a distance 2a from the focus. This follows from the fact that if
x = athen y?> = 4ax = 4a% so y = +2a. The line segment joining these two points
is called the latus rectum,; its length is 4a.

L - NOW WORK PROBLEM 19.

EXAMPLE 2
Solution
Figure 6
8 Yy =12x

N

Graphing a Parabola Using a Graphing Utility

Graph the parabola y* = 12x.

To graph the parabola y? = 12x, we need to graph the two functions Y; = V12x
and Y, = —V/12x on a square screen. Figure 6 shows the graph of y> = 12x. Notice
that the graph fails the vertical line test, so y> = 12x is not a function. <

By reversing the steps we used to obtain equation (2), it follows that the graph
of an equation of the form of equation (2), y> = 4ax, is a parabola; its vertex is at
(0,0), its focus is at (a, 0), its directrix is the line x = —aq, and its axis of symmetry is
the x-axis.

For the remainder of this section, the direction “Discuss the equation” will

-8 Y= —+l2x mean to find the vertex, focus, and directrix of the parabola and graph it.

EXAMPLE 3 Discussing the Equation of a Parabola
Discuss the equation: y> = 8x

Solution  The equation y*> = 8x is of the form y? = 4ax, where 4a = 8 so that a = 2. Conse-
quently, the graph of the equation is a parabola with vertex at (0, 0) and focus on
the positive x-axis at (2, 0). The directrix is the vertical line x = —2. The two points
defining the latus rectum are obtained by letting x = 2. Then y?> = 16,s0 y = +4.
See Figure 7(a) for the graph drawn by hand. Figure 7(b) shows the graph obtained
using a graphing utility.
Figure 7 D:x= -2

(2,4) 8

Latus rectum
FLG.9x

N

-8 Y2 = *N/BiX

(a) (b) |



656 CHAPTERY Analytic Geometry

Recall that we arrived at equation (2) after placing the focus on the positive
x-axis. If the focus is placed on the negative x-axis, positive y-axis, or negative y-axis,
a different form of the equation for the parabola results. The four forms of the equa-
tion of a parabola with vertex at (0, 0) and focus on a coordinate axis a distance a
from (0, 0) are given in Table 1, and their graphs are given in Figure 8. Notice that
each graph is symmetric with respect to its axis of symmetry.

Table 1 EQUATIONS OF A PARABOLA
VERTEX AT (0, 0); FOCUS ON AN AXIS;a > 0
Vertex Focus Directrix Equation Description
(0,0) (a, 0) X = —a y* = 4ax Parabola, axis of
symmetry is the
Xx-axis, opens right
0,0 —a, 0 X=a 2 = —4ax Parabola, axis of
(0,0) (—a,0) y
symmetry is the
x-axis, opens left
(0,0) (0, a) y = —a x2 = 4ay Parabola, axis of
symmetry is the
y-axis, opens up
(0,0) 0, —a) y=a X2 = —4ay Parabola, axis of
symmetry is the
y-axis, opens down
Figure 8
D:x=-a D:x=a
y y y y
[f=0a Dy =a
v A F= (-—a, 0\, \ / v
CoX - X X X
F=(a0 D:y=-a
TF=(0,-a)
(@) y° = dax (b) y°= —dax (¢) x> =day (d) x> = —day
EXAMPLE 4 Discussing the Equation of a Parabola
Discuss the equation: x> = —12y
Solution  The equation x> = —12y is of the form x> = —4ay, with a = 3. Consequently, the

graph of the equation is a parabola with vertex at (0, 0), focus at (0, —3) and direc-
trix the line y = 3. The parabola opens down, and its axis of symmetry is the y-axis.
To obtain the points defining the latus rectum, let y = —3. Then x> = 36, so
x = =£6. See Figure 9(a) for the graph drawn by hand. Figure 9(b) shows the graph
using a graphing utility.
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Figure 9
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y
6_
B Diy=3 38 Yy=—x¥12
vL
-8 8
6 0,0k =~ 6 X /

N 6, —3

(-6,-3)  TF=(0.-9) &9
; —6.8
(a) (b) <

mmmmmmm-- NOW WORK PROBLEM 39.
EXAMPLE 5 Finding the Equation of a Parabola

Find the equation of the parabola with focus at (0, 4) and directrix the line y = —4.
Graph the equation.

Solution A parabola whose focus is at (0, 4) and whose directrix is the horizon-
tal line y = —4 will have its vertex at (0, 0). (Do you see why? The vertex is midway
between the focus and the directrix.) Since the focus is on the positive y-axis at
(0, 4), the equation of this parabola is of the form X2 = 4ay, with a = 4; that is,

X x? = 4ay = 4(4)y = 16y
g 1
a=4%
~10 - The points (8, 4) and (-8, 4) determine the latus rectum. Figure 10 shows the graph
of x> = 16y. |
EXAMPLE 6 Finding the Equation of a Parabola
Find the equation of a parabola with vertex at (0,0) if its axis of symmetry
1
is the x-axis and its graph contains the point (—2, 2). Find its focus and directrix,
and graph the equation.
Solution The vertex is at the origin, the axis of symmetry is the x-axis, and the graph contains

a point in the second quadrant, so the parabola opens to the left. We see from
Table 1 that the form of the equation is

y2 = —dax

1 1
Because the point (—2, 2) is on the parabola, the coordinates x = 5 y=2

1
must satisfy the equation. Substituting x = — > and y = 2 into the equation, we find
that
4= —da[ L) o cae= o2
= a 5 Y= —daxx = Y=
a=72

The equation of the parabola is
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Figure 11

Table 2

The focus is at (=2, 0) and the directrix is the line x = 2. Letting x = —2, we find
y? =16, so y = +4. The points (—2,4) and (—2, —4) define the latus rectum.
See Figure 11. <

mmmmm-- NOW WORK PROBLEM 27,

Work with Parabolas with Vertex at (h, k)

If a parabola with vertex at the origin and axis of symmetry along a coordinate axis
is shifted horizontally 4 units and then vertically k units, the result is a parabola with
vertex at (4, k) and axis of symmetry parallel to a coordinate axis. The equations of
such parabolas have the same forms as those in Table 1, but with x replaced by
x — h (the horizontal shift) and y replaced by y — k (the vertical shift). Table 2
gives the forms of the equations of such parabolas. Figures 12(a)-(d) illustrate the
graphs for h > 0,k > 0.

PARABOLAS WITH VERTEX AT (h, k); AXIS OF SYMMETRY PARALLEL TO A COORDINATE AXIS;a > 0

Vertex Focus Directrix Equation Description
(h, k) (h + a, k) x=h—a (y — k)* = 4a(x — h) Parabola, axis of symmetry parallel to
Xx-axis, opens right
(h, k) (h — a, k) x=h+a (y — k)2 = —4a(x — h) Parabola, axis of symmetry parallel to
x-axis, opens left
(h, k) (h, k + a) y=k—a (x — h)? = 4a(y — k) Parabola, axis of symmetry parallel to
y-axis, opens up
(h, k) (h, k — a) y=k+a (x — h)2 = —4a(y — k) Parabola, axis of symmetry parallel to
y-axis, opens down
Figure 12 yy Dix=h-a y D:x:ktha
Axis of Axis of
symmetry V=(h K symmetry |V = (h, K
y=k e y=k
\F=(h+ak) F:(hfa,k)/
X X
Y Y

@ (v—k?>=14ax— h)

Axis of
symmetry
X=h

F=(hk+ a)

(b) (v— Kk?=—da(x— h)

Axis of
symmetry
x=nh

B e

D:y=k+a

/I

/ \'
\F:(h,kfa)

() (x— h?=—da(y— k)
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| EXAMPLE 7 |
Figure 13
D:x=-4
A y
8k
(0,7)
i Axis of
B symmetry
V=(-23) y=3

Finding the Equation of a Parabola, Vertex Not at Origin

Find an equation of the parabola with vertex at (—2, 3) and focus at (0, 3). Graph
the equation.

Solution The vertex (—2,3) and focus (0, 3) both lie on the horizontal line
y = 3 (the axis of symmetry). The distance a from the vertex (-2, 3) to the focus
(0,3) is a = 2. Also, because the focus lies to the right of the vertex, we know that
the parabola opens to the right. Consequently, the form of the equation is
(v = k) = 4da(x — h)
where (h, k) = (=2,3) and a = 2. Therefore, the equation is
(v =3 = 4-20x = (-2)]

SR 6 x (y = 3) =8(x +2)
\ If x =0, then (y — 3)> =16. Then y — 3 = +4,s0 y = —1 or y = 7. The points
\ -4 (0,—1) and (0,7) define the latus rectum; the line x = —4 is the directrix.
See Figure 13. <
Mo~ NOW WORK PROBLEM 29.
EXAMPLE 8 | Using a Graphing Utility to Graph a Parabola,
Vertex Not at Origin
Using a graphing utility, graph the equation (y — 3)? = 8(x + 2).
Solution  First, we must solve the equation for y.
(y =3 =8(x +2)
Figure 14
y—=3=\/8(x +2) Use the Square Root Method.
12 Vi =3+8(x+2)
fff y=3+£\/8(x +2)  Add3toboth sides.
Figure 14 shows the graphs of the equations Y, =3 +\/8(x + 2)
e \ . andy, =3 —\/8(x + 2). <
*\-\_\q_\_qu Polynomial equations define parabolas whenever they involve two variables
that are quadratic in one variable and linear in the other. To discuss this type of
-6 Y,=3-+8(x+2) equation, we first complete the square of the variable that is quadratic.
| EXAMPLE 9 | Discussing the Equation of a Parabola
Discuss the equation: x> + 4x — 4y =0
Solution  To discuss the equation x*> + 4x — 4y = 0, we complete the square involving the
Figure 15 variable x .
2 — =
Axis of x*+4x -4y =0
symmetry, Y x? + 4x =4y lsolate the terms involving x on the left side.
X= -2 4k 2 .
i X" +4x +4 =4y +4 Complete the square on the left side.
- (x + 2)2 =4(y +1) Factor.
\F4:|(72’ Ul VA This equation is of the form (x — h)? = 4a(y — k), with h = =2,k = —1, and
Ve (:3\1)-4 - 4 x a = 1. The graph is a parabola with vertex at (h, k) = (=2, —1) that opens up. The
<~ Dy= 2 focus is at (—2,0), and the directrix is the line y = —2. See Figure 15. <
_3_ A
memmm==-- NOW WORK PROBLEM 47.
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3

Figure 16
Searchlight

Light at
focus

Solve Applied Problems Involving Parabolas

Parabolas find their way into many applications. For example, as we discussed in
Section 3.1, suspension bridges have cables in the shape of a parabola. Another
property of parabolas that is used in applications is their reflecting property.

Suppose that a mirror is shaped like a paraboloid of revolution, a surface
formed by rotating a parabola about its axis of symmetry. If a light (or any other
emitting source) is placed at the focus of the parabola, all the rays emanating from
the light will reflect off the mirror in lines parallel to the axis of symmetry. This prin-
ciple is used in the design of searchlights, flashlights, certain automobile headlights,
and other such devices. See Figure 16.

Conversely, suppose that rays of light (or other signals) emanate from a distant
source so that they are essentially parallel. When these rays strike the surface of a
parabolic mirror whose axis of symmetry is parallel to these rays, they are reflected
to a single point at the focus. This principle is used in the design of some solar
energy devices, satellite dishes, and the mirrors used in some types of telescopes.
See Figure 17.

Figure 17
Telescope

EXAMPLE 10

Solution

Figure 18

Satellite Dish

A satellite dish is shaped like a paraboloid of revolution. The signals that emanate
from a satellite strike the surface of the dish and are reflected to a single point,
where the receiver is located. If the dish is 8 feet across at its opening and 3 feet
deep at its center, at what position should the receiver be placed?

Figure 18(a) shows the satellite dish. We draw the parabola used to form the dish on
a rectangular coordinate system so that the vertex of the parabola is at the origin
and its focus is on the positive y-axis. See Figure 18(b).

=Y

< co—| @

F= (0,2
p

(a) (b)




SECTION 9.2 The Parabola 661

The form of the equation of the parabola is

x> = 4ay
and its focus is at (0, a). Since (4, 3) is a point on the graph, we have
4% = 4a(3)
L4
3

The receiver should be located 1% feet from the base of the dish, along its axis of
symmetry. <

smmmmmm-- NOW WORK PROBLEM 63.

9.2 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The formula for the distance d from P, = (xy,y;) to 4. The point that is symmetric with respect to the x-axis to the
Po=(xy,y)isd=___.(p.5) point (—2,5)is . (pp.17-19)

2. To complete the square of x> — 4x, add .(p.991) 5. To graph y = (x — 3) + 1, shift the graph of y = x?to the

3. Use the Square Root Method to find the real solutions of right _____ unitsand then _____ 1 unit. (pp. 118-120)

(x + 4)% = 9. (p.990)

Concepts and Vocabulary

6. A(n) is the collection of all points in the plane such 9. True or False: If a light is placed at the focus of a parabola,
that the distance from each point to a fixed point equals its all the rays reflected off the parabola will be parallel to the
distance to a fixed line. axis of symmetry.

7. The surface formed by rotating a parabola about its axis of 10. True or False: The graph of a quadratic function is a
symmetry is called a . parabola.

8. True or False: The vertex of a parabola is a point on the
parabola that also is on its axis of symmetry.

Skill Building
In Problems 11-18, the graph of a parabola is given. Match each graph to its equation.

A y*=4x C y* = —4x E (y—17=4(x-1) G (y-172=-4x-1)
B. x* =4y D. x* = —4y E (x+ 172 =4(y+1) Ho (x+ 1) = —4(y + 1)
11. y 12. y 13. y 14. y

3

2_ 2_ 2
\_(an ) e
. . L (1) L L |_I .
-2 2 X L L -2 2 X -2 2 X
-2 ;}/ 2 X B \ (2,_21N

—2+

15. y 16. y 17. y 18. y

|
)
/
()
>
|
S}
/,
o
>
- |
()
N =
>
|
I\
N
>~
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In Problems 19-36, find the equation of the parabola described. Find the two points that define the latus rectum, and graph the equation

by hand.
Focus at (4,0); vertex at(0, 0)
21. Focus at (0, —3); vertex at(0, 0)
23. Focus at (—2,0); directrix the linex = 2

25. Directrix the liney = f%; vertex at(0, 0)
Vertex at (0,0); axis of symmetry the y-axis;
containing the point (2, 3)

Vertex at (2, —3); focus at(2, —5)

31. Vertex at (—1, —2); focusat(0, —2)

33. Focus at (—3,4); directrix the liney = 2

35. Focus at (=3, —2); directrix the linex = 1

20. Focus at (0,2); vertex at (0, 0)
22. Focus at (—4,0); vertex at (0, 0)
24. Focus at (0, —1); directrix the line y = 1

26. Directrix the line x = —%; vertex at (0, 0)

28. Vertex at (0,0); axis of symmetry the x-axis;
containing the point (2, 3)

30. Vertex at (4, —2); focus at (6, —2)

32. Vertex at (3,0); focus at (3, —2)

34. Focus at (2,4); directrix the line x = —4

36. Focus at (—4,4); directrix the line y = —2

In Problems 37-54, find the vertex, focus, and directrix of each parabola. Graph the equation (a) by hand and (b) by using a graphing utility.

37. x> =4y 38. y?> = 8x

41. (y — 22 =8(x + 1) 2. (x +4)2=16(y + 2)
45. (y + 32 =8(x — 2) 46. (x — 2)> =4(y — 3)
49. x> +8x =4y — 8 50. y> — 2y =8x — 1
53. x> —4x=y+4 54,y + 12y = —x + 1

In Problems 55-62, write an equation for each parabola.

55. y 56.
(1,2)
2 1,2) 2r

2.1)

_9 \X -2 / 2 \X

59. y 60. y

‘v‘:/ 2
(2,2)
0,1

-2 2 X —9 \./

|
(1.-1)

N =

X

~2f -2

Applications and Extensions

Satellite Dish A satellite dish is shaped like a paraboloid
of revolution. The signals that emanate from a satellite
strike the surface of the dish and are reflected to a single
point, where the receiver is located. If the dish is 10 feet
across at its opening and 4 feet deep at its center, at what
position should the receiver be placed?

\

\

y? = —16x 40. x*> = —4y
43. (x — 3% =—(y+1) 44, (y + 1) = —4(x — 2)
yV—dy+4x+4=0 48. x>+ 6x —4y +1=0
5L y>+ 2y —x =0 52. x> — 4x =2y
57. y 58. y
2+ 2+
L @1 L
| | | \I | SZ’ OV
—9 /21’0) X —2\*/5 X
i 0, -1)
_2_ _2_
61. y 62.

y
. ~Jes
1 1 1 1 1 \1’01)
/

/Zx

—2+ —2F

64. Constructing a TV Dish A cable TV receiving dish is in
the shape of a paraboloid of revolution. Find the location of
the receiver, which is placed at the focus, if the dish is 6 feet
across at its opening and 2 feet deep.

65. Constructing a Flashlight The reflector of a flashlight is in
the shape of a paraboloid of revolution. Its diameter is 4



66.

67.

68.

69.

70.

71.

inches and its depth is 1 inch. How far from the vertex
should the light bulb be placed so that the rays will be
reflected parallel to the axis?

Constructing a Headlight A sealed-beam headlight is in
the shape of a paraboloid of revolution. The bulb, which is
placed at the focus, is 1 inch from the vertex. If the depth is
to be 2 inches, what is the diameter of the headlight at its
opening?

Suspension Bridge The cables of a suspension bridge are
in the shape of a parabola, as shown in the figure. The tow-
ers supporting the cable are 600 feet apart and 80 feet high.
If the cables touch the road surface midway between the
towers, what is the height of the cable at a point 150 feet
from the center of the bridge?

80 ft

. 150 ft \
600 ft

Suspension Bridge The cables of a suspension bridge are
in the shape of a parabola. The towers supporting the cable
are 400 feet apart and 100 feet high. If the cables are at a
height of 10 feet midway between the towers, what is the
height of the cable at a point 50 feet from the center of the
bridge?

Searchlight A searchlight is shaped like a paraboloid of
revolution. If the light source is located 2 feet from the base
along the axis of symmetry and the opening is 5 feet across,
how deep should the searchlight be?

Searchlight A searchlight is shaped like a paraboloid of
revolution. If the light source is located 2 feet from the base
along the axis of symmetry and the depth of the searchlight
is 4 feet, what should the width of the opening be?

Solar Heat A mirror is shaped like a paraboloid of revolu-
tion and will be used to concentrate the rays of the sun at its
focus, creating a heat source. (See the figure.) If the mirror is
20 feet across at its opening and is 6 feet deep, where will the
heat source be concentrated?

Sun’s
rays

)
]

y1)? 2. 4

—x)’ + (-~

72.

73.

74.

75.

76.

71.

78.

3. x +4=43{-7,-1}
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Reflecting Telescope A reflecting telescope contains a
mirror shaped like a paraboloid of revolution. If the mirror
is 4 inches across at its opening and is 3 feet deep, where will
the collected light be concentrated?

Parabolic Arch Bridge A bridge is built in the shape of a
parabolic arch. The bridge has a span of 120 feet and a max-
imum height of 25 feet. See the illustration. Choose a suit-
able rectangular coordinate system and find the height of
the arch at distances of 10, 30, and 50 feet from the center.

2

i TN
120 ft

Parabolic Arch Bridge A bridge is to be built in the shape
of a parabolic arch and is to have a span of 100 feet. The
height of the arch a distance of 40 feet from the center is to
be 10 feet. Find the height of the arch at its center.

Show that an equation of the form

AxX*+ Ey=0, A#0,E#0
is the equation of a parabola with vertex at (0, 0) and axis of
symmetry the y-axis. Find its focus and directrix.

Show that an equation of the form

Cy’+Dx=0, C#0D=#0
is the equation of a parabola with vertex at (0, 0) and axis of
symmetry the x-axis. Find its focus and directrix.

Show that the graph of an equation of the form

AX*+Dx+Ey+F=0, A#0
(a) Is aparabolaif E # 0.

(b) Is a vertical line if E = 0 and D> — 4AF = 0.
(c) Is two vertical lines if £ = 0 and D*> — 4AF > 0.
(d) Contains no points if £ = 0 and D> — 4AF < 0.

Show that the graph of an equation of the form

CyY¥+Dx+Ey+F=0, C#0
(a) Isaparabolaif D # 0.

(b) Is a horizontal line if D = 0 and E> — 4CF = 0.

(c) Is two horizontal lines if D = 0 and E? — 4CF > 0.
(d) Contains no points if D = 0 and E> — 4CF < 0.

4. (=2,-5) 5. 3;up
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9.3 The Ellipse

PREPARING FOR THIS SECTION  Before getting started, review the following:

¢ Distance Formula (Section 1.1, pp. 4-6) e Symmetry (Section 1.2, pp. 17-19)
e Completing the Square (Appendix, Section A.5, pp. 991-992) e Circles (Section 1.5, pp. 44-49)
e Intercepts (Section 1.2, pp. 15-17) ¢ Graphing Techniques: Transformations (Section 2.6,
pp. 118-126)
\

. Now work the ‘Are You Prepared? problems on page 672.

OBJECTIVES 1 Work with Ellipses with Center at the Origin
2 Work with Ellipses with Center at (h, k)
3 Solve Applied Problems Involving Ellipses

An ellipse is the collection of all points in the plane the sum of whose distances
from two fixed points, called the foci, is a constant.
Figure 19
i The definition actually contains within it a physical means for drawing an el-
lipse. Find a piece of string (the length of this string is the constant referred to in the
definition). Then take two thumbtacks (the foci) and stick them on a piece of card-
board so that the distance between them is less than the length of the string. Now at-
tach the ends of the string to the thumbtacks and, using the point of a pencil, pull the
string taut. See Figure 19. Keeping the string taut, rotate the pencil around the two
thumbtacks. The pencil traces out an ellipse, as shown in Figure 19.

In Figure 19, the foci are labeled F; and F,. The line containing the foci is called the
major axis. The midpoint of the line segment joining the foci is the center of the ellipse.
The line through the center and perpendicular to the major axis is the minor axis.

The two points of intersection of the ellipse and the major axis are the vertices,
Figure 20 Vi and .Vz, of. the ellip.se. The distancq frqrn one vertex to th§ othe.r is f[he length of
d(Fy, P) + d(Fy, P) = 2a Fhe major axis. The e'lhpse is symmetric with respect to its major axis, with respect to

its minor axis, and with respect to its center.

Minor axis

S 1 Work with Ellipses with Center at the Origin
WP m With these ideas i.n mind, we are now ready to find the equation .of an ellipse 1n a
/ d(Fy. P) rectangular coordinate system. First, we place the center of the ellipse at the origin.
F= o0 P o) Se.cond, we position the .ellipse: SO Fha_t its major axis cgincides with a .coordinate
1 ’ 2 axis. Suppose that the major axis coincides with the x-axis, as shown in Figure 20. If
/ c is the distance from the center to a focus, then one focus will be at F| = (—c, 0)
and the other at F, = (¢, 0). As we shall see, it is convenient to let 2a denote the

constant distance referred to in the definition. Then,if P = (x, y) is any point on the
ellipse, we have

d(F\,P) + d(F,, P) = 2a Sum of the distances from P to the foci
equals a constant, 2a.
\/(x + 6)2 + y2 + \/(x - 0)2 + y2 = 2a Use the Distance Formula.

\/ (x + ¢)*+ y? =2a — (x —c)? + y? lsolate one radical.
(x + )+ y? =4a® —4a\/(x — ¢)* + y*  Square both sides.
+ (x — )2+ y?
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X2+ 2cx + 2+ yP=4a® —da\/(x — c)> + y*  Remove parentheses.

+x2—2cx + A+ y?

dex — 4a’ = —4a (x — C)z + y2 Simplify; isolate the radical.
cx —a* = —a (x — C)2 + y2 Divide each side by 4.
(ex — a2)2 = az[(x - 6)2 + yz} Square both sides again.
c2x? = 2d%cx + a* = a*(x* — 2cx + ¢+ )?) Remove parentheses.
(62 - az)xZ - a2y2 = a’c* - a* Rearrange the terms.

(az _ CZ)XZ + a2y2 — aZ(aZ _ 02)

Theorem
Figure 21
y
(0, )
b a
(-a 0)/ ¢ v, = (a0)
Fo=(~¢0)| F=(c0) X
(0, =b)

Multiply each side by —1; factor a°
on the right side. (§))

To obtain points on the ellipse off the x-axis, it must be that a > c. To see why, look
again at Figure 20.

d(F,P) + d(F,, P) > d(F|, F,)  The sum of the lengths of two sides of a triangle
is greater than the length of the third side.
2a > 2¢ A(F, P) + d(Fp P) = 22 d(F,, F,) = 2.
a>c
Since a > ¢, we also have a*> > ¢% so a®> — ¢ > 0. Let b> = a*> — ¢, b > 0. Then
a > b and equation (1) can be written as
P2x? + a2)? = a2
oy

X 2pP
S+5=1 Divide each side by a°b".
a b

S}

Equation of an Ellipse; Center at (0, 0); Major Axis along the x-Axis

An equation of the ellipse with center at (0, 0), foci at (—¢, 0) and (c, 0), and
vertices at (—a, 0) and (a, 0) is

[\S}
s,

X
=+

3 =1, where a > b > 0and b> = a*> — 2 2)
a

The major axis is the x-axis.

As you can verify, the ellipse defined by equation (2) is symmetric with respect
to the x-axis, y-axis, and origin.

Because the major axis is the x-axis, we find the vertices of the ellipse defined by
2

equation (2) by letting y = 0. The vertices satisfy the equation % = 1, the solutions
a

of which are x = +a. Consequently, the vertices of the ellipse given by equation (2)
are V| = (—a,0) and V, = (a,0). The y-intercepts of the ellipse, found by letting
x =0, have coordinates (0,—b) and (0,b). These four intercepts,
(a,0),(—a,0),(0,b), and (0, —b), are used to graph the ellipse. See Figure 21.

Notice in Figure 21 the right triangle formed with the points (0, 0), (¢, 0), and
(0, b). Because b> = a®> — % (or b* + ¢ = a?), the distance from the focus at (c, 0)
to the point (0, b) is a.
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| EXAMPLE 1

Solution

Figure 22

Finding an Equation of an Ellipse

Find an equation of the ellipse with center at the origin, one focus at (3, 0), and a
vertex at (—4, 0). Graph the equation.

The ellipse has its center at the origin and, since the given focus and vertex lie on the
x-axis, the major axis is the x-axis. The distance from the center, (0, 0), to one of the
foci, (3,0), is ¢ = 3. The distance from the center, (0, 0), to one of the vertices,
(—4,0),is a = 4. From equation (2), it follows that

PP=a-c=16-9=17

so an equation of the ellipse is

x? y
—+=-=1
16 7
i Figure 22 shows the graph. <
_5_
memm===-- NOW WORK PROBLEM 27.

Notice in Figure 22 how we used the intercepts of the equation to graph the
ellipse. Following this practice will make it easier for you to obtain an accurate
graph of an ellipse when graphing by hand. It also tells you how to set the initial
viewing window when using a graphing utility.

EXAMPLE 2 Graphing an Ellipse Using a Graphing Utility

Solution
Figure 23

T
>
B

3 = 7( *Ts)

N

Use a graphing utility to graph the ellipse R + y7 1.
First, we must solve ﬁ + yj = 1 for
. 16 7 Y
yz x2 'S
—_ = Subtract — from each side.
7 16
2 x , ,
y-=71- 16 Multiply both sides by 7.
2
y==4+/7(1— 16 Apply the Square Root Method.
2
Figure 23" shows the graphs of Y} = 1——]andY, = — 1- 16 ) <

Notice in Figure 23 that we used a square screen. As with circles and parabolas,
this is done to avoid a distorted view of the graph.

An equation of the form of equation (2), with a > b, is the equation of an
ellipse with center at the origin, foci on the x-axis at (—c,0) and (¢, 0), where

¢> = a*> — b%, and major axis along the x-axis.

“The initial viewing window selected was Xmin = —4, Xmax = 4, Ymin = —3, Ymax = 3. Then we
used the ZOOM-SQUARE option to obtain the window shown.
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For the remainder of this section, the direction “Discuss the equation” will
mean to find the center, major axis, foci, and vertices of the ellipse and graph it.

EXAMPLE 3
Solution
Figure 24
Theorem
Figure 25
y
V,= (0, a)
F>=1(0, ¢)
c a
(=b,0)

Discussing the Equation of an Ellipse

2

=

+

2
Discuss the equation: % =1

&

The given equation is of the form of equation (2), with a®> = 25 and b> = 9.
The equation is that of an ellipse with center (0, 0) and major axis along the x-axis.
The vertices are at (+a, 0) = (£5,0). Because b*> = a> — ¢%, we find that

C=a*>-0=25-9=16

The foci are at (£c,0) = (£4,0). Figure 24(a) shows the graph drawn by hand.
Figure 24(b) shows the graph obtained using a graphing utility.

L - NOW WORK PROBLEM 17.

If the major axis of an ellipse with center at (0, 0) lies on the y-axis, then the foci
are at (0, —c) and (0, ¢). Using the same steps as before, the definition of an ellipse
leads to the following result:

Equation of an Ellipse; Center at (0, 0); Major Axis along the y-Axis

An equation of the ellipse with center at (0, 0), foci at (0, —c) and (0, ¢), and
vertices at (0, —a) and (0, a) is

Y
gw‘%w

X
=+

. =1, wherea > b > 0andb? = a®> — ¢? 3)

The major axis is the y-axis.

Figure 25 illustrates the graph of such an ellipse. Again, notice the right triangle
with the points at (0, 0), (b, 0), and (0, ¢).

Look closely at equations (2) and (3). Although they may look alike, there is a
difference! In equation (2), the larger number, 4%, is in the denominator of the
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x%-term, so the major axis of the ellipse is along the x-axis. In equation (3), the larger
number, a2, is in the denominator of the yz-term, so the major axis is along the y-axis.

EXAMPLE 4 Discussing the Equation of an Ellipse
Discuss the equation: 9x* + y* = 9
Solution To put the equation in proper form, we divide each side by 9.
2
T
The larger number, 9, is in the denominator of the y*-term so, based on equation (3),
this is the equation of an ellipse with center at the origin and major axis along the
y-axis. Also, we conclude that a>=9b*=1,and *=a>—-b*=9-1=38.
The vertices are at (0, £a) = (0, £3), and the foci are at (0, £c) = (0, £2V?2).
Figure 26(a) shows the graph drawn by hand. Figure 26(b) shows the graph obtained
using a graphing utility.
Figure 26 y
3LV, =(0,3)
3 ¥=3/1-x
F=(0,2v2) / \\
1 1 1 1 —45 4.5
-3 (-1,0) (1,00 3 X ’ ’
Fi=(0,-2V2) \/f
By,-3/1-x
Tr=0-3)
(@) (b) <
memmm==-—- NOW WORK PROBLEM 21.
EXAMPLE 5 | Finding an Equation of an Ellipse
Find an equation of the ellipse having one focus at (0, 2) and vertices at (0, —3) and
(0, 3). Graph the equation by hand.
Figure 27 Solution  Because the vertices are at (0, —3) and (0, 3), the center of this ellipse is at their

V,= (0, 3)

Fy=1(0,2)

midpoint, the origin. Also, its major axis lies on the y-axis. The distance from the cen-
ter, (0, 0), to one of the foci, (0, 2), is ¢ = 2. The distance from the center, (0, 0), to
one of the vertices, (0, 3),is a = 3. So b* = a*> — ¢* = 9 — 4 = 5. The form of the
equation of this ellipse is given by equation (3).

2 2
LA
¥ a?
2 2
X y
—+—=1
5 9
Figure 27 shows the graph. <

mmmmmmm-- NOW WORK PROBLEM 29.
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The circle may be considered a special kind of ellipse. To see why, let a = b in
equation (2) or (3). Then

X2
a2

x2+y2=a

2
.
a

=1

2

This is the equation of a circle with center at the origin and radius a. The value

of cis

c=a>-0=0
We conclude that the closer the two foci of an ellipse are to the center, the more the
ellipse will look like a circle.

2 Work with Ellipses with Center at (h, k)

If an ellipse with center at the origin and major axis coinciding with a coordinate axis is
shifted horizontally % units and then vertically k units, the result is an ellipse with cen-
ter at (&, k) and major axis parallel to a coordinate axis. The equations of such ellipses
have the same forms as those given in equations (2) and (3), except that x is replaced by
x — h (the horizontal shift) and y is replaced by y — k (the vertical shift). Table 3 gives
the forms of the equations of such ellipses and Figure 28 shows their graphs.

Table 3

ELLIPSES WITH CENTER AT (h, k) AND MAJOR AXIS PARALLEL TO A COORDINATE AXIS

Center Major Axis Foci Vertices Equation
. x—h* -k
(h, k) Parallel to x-axis (h + ¢ k) (h + a, k) e
(h— ¢ k) (h — a, k) a > bandb? = a® — ¢*
. x=h* -k
(h, k) Parallel to y-axis (h,k + ¢ (h, k + a) b2 I o2 =1,
(h,k — ¢ (h,k — a) a>bandb? = a* — ¢
Figure 28 Y Major axis
|
y (h k+ a)
(h k+¢)
(h-c¢ K
Major axis — — r
(h—ak \‘;>[ X
(h k- c)
> (h k- a)
|
—h 2 iy 2 —h 2 —k 2
@) (Xaz)+(yb2):1 ®) (sz)+(y2):1
EXAMPLE 6 Finding an Equation of an Ellipse, Center Not at the Origin
Find an equation for the ellipse with center at (2, —3), one focus at (3, —3), and one
vertex at (5, —3). Graph the equation by hand.
Solution  The centeris at (h, k) = (2, —3),s0 h = 2 and k = —3. Since the center, focus, and

vertex all lie on the line y = —3, the major axis is parallel to the x-axis. The distance



670 CHAPTERY Analytic Geometry

from the center (2, —3) to a focus (3, —3) is ¢ = 1; the distance from the center
(2, —3) to a vertex (5, —3) is @ = 3. Then b> = a> — ¢* = 9 — 1 = 8. The form of
the equation is

— K2 — k)?
X ) +(y ) =1, whereh=2,k=—3,a:3vb:2\/2
( i .

a b
R N

9 8

To graph the equation, we use the center (4, k) = (2, —3) to locate the vertices.
The major axis is parallel to the x-axis, so the vertices are a = 3 units left and right
of the center (2, —3). Therefore, the vertices are

Figure 29
v Vi=2-3,-3)=(-1,-3) and V,=(2+3,-3) = (5,-3)
2 i (2, -8+212) Since ¢ = 1 and the major axis is parallel to the x-axis, the foci are 1 unit left and
L . ./ L right of the center. Therefore, the foci are
-2 X
F=02-1,-3)=(1,-3) and F = (2+1,-3)=(3,-3)
Vi=(=1.-3) 2= (0. 73) " Finally, we use the value of b = 2V/2 to find the two points above and below the
center.
(2.-3-2V2) and (2,-3 +2V2)
(2, -3 -2\2) Figure 29 shows the graph. |
M=~ NOW WORK PROBLEM 55.
EXAMPLE 7 Using a Graphing Utility to Graph an Ellipse,
Center Not at the Origin
: N o (=22 (y 3y
Using a graphing utility, graph the ellipse: 9 + 3 =1
x = 2) +3)?
Solution  First, we must solve the equation ( 9 ) + 5l 3 ) = 1for y.
+ 3)? - 2)? - 2)?
% =1- % Subtract Y from each side.
5 (x — 2)2
(y +3)=81~- T Multiply each side by &.
(x —2)°
Figure 30 y+3==44/81- 9 Apply the Square Root Method.
1= -3 +8(1 - 2 e
X —
_ [ y=-3+,/8 1-—- ( ) Subtract 3 from each side.
33 73 9

9

. (x =27
Figure 30 shows the graphs of Y, =-3+ /81—

6 (x— 22 d Y 3 \/8 1 L —2y
— X — = — — —
Yy= -3 - 8(1—T) an 2 9 .
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EXAMPLE 8

Solution

Figure 31

Figure 32

Discussing the Equation of an Ellipse

Discuss the equation: 4x% + y2 —8x +4y+4=0

We proceed to complete the squares in x and in y.

4x* + 2 —8x + 4y +4=0

4x% — 8x + y2 +4y = —4 Group like variables; place the
constant on the right side.
4()(2 - 2x) + (y2 + 4y) = —4 Factor out 4 from the first two
terms.
4x?=2x+ 1)+ (Y +4y+4)=—-4+4+4  Complete each square.
4(x — 1)2 + (y + 2)2 =4 Factor.
2
(x —1)* + % =1 Divide each side by 4.

This is the equation of an ellipse with center at (1, —2) and major axis parallel to the
y-axis. Since a> = 4 and b*> = 1, we have ¢*> = a> — b> = 4 — 1 = 3. The vertices
are at (h,k+a)=(1,-2+2) or (1,0) and (1,—4). The foci are at
(hk +¢)=(1,-2+ V3) or (1,-2 — V3) and (1,—2 + V3). Figure 31(a)
shows the graph drawn by hand. Figure 31(b) shows the graph obtained using a
graphing utility.

o Yi=-2+2/1— (x— 12
) P—————4

=2 -2/ (x—1)2
(a) (b) <

”m - NOW WORK PROBLEM 47.

Solve Applied Problems Involving Ellipses

Ellipses are found in many applications in science and engineering. For example, the
orbits of the planets around the Sun are elliptical, with the Sun’s position at a focus.
See Figure 32.

~
Venus®

® @
> Earth

Mars

Asteroids
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Stone and concrete bridges are often shaped as semielliptical arches. Elliptical
gears are used in machinery when a variable rate of motion is required.

Ellipses also have an interesting reflection property. If a source of light (or
sound) is placed at one focus, the waves transmitted by the source will reflect off the
ellipse and concentrate at the other focus. This is the principle behind whispering
galleries, which are rooms designed with elliptical ceilings. A person standing at one
focus of the ellipse can whisper and be heard by a person standing at the other focus,
because all the sound waves that reach the ceiling are reflected to the other person.

EXAMPLE 9

A Whispering Gallery

Figure 33
y
15

—25\

(0, 12.1)

—23.65,0

(—20.3,0)

The whispering gallery in the Museum of Science and Industry in Chicago is 47.3
feet long. The distance from the center of the room to the foci is 20.3 feet. Find an
equation that describes the shape of the room. How high is the room at its center?

SOURCE: Chicago Museum of Science and Industry Website

Solution  We set up a rectangular coordinate system so that the center of the ellipse
is at the origin and the major axis is along the x-axis. The equation of the ellipse is

2 2
|
a b

Since the length of the room is 47.3 feet, the distance from the center of the room to

47.3
each vertex (the end of the room) will be N 23.65 feet; so a = 23.65 feet. The

distance from the center of the room to each focus is ¢ = 20.3 feet. See Figure 33.
Since b* = a*> — ¢?, we find b* = 23.65% — 20.3%> = 147.2325. An equation that
describes the shape of the room is given by

X2 y2

+ =
23.65%  147.2325 !
The height of the room at its center is b = V147.2325 ~ 12.1 feet. <

(23.65, 0)

/25 X
(20.3,0)

9.3 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The distance d from P, = (2,-5)
isd = .(p-5)

2. To complete the square of x> — 3x, add .(p-991)

to P2 = (4, _2)

3. Find the intercepts of the equation y*> = 16 — 4x2. (pp.15-17)

4. The point that is symmetric with respect to the y-axis to the
point (=2, 5) is . (pp. 17-19)

Concepts and Vocabulary

7. A(n) is the collection of all points in the plane the
sum of whose distances from two fixed points is a constant.

(pp. 118-120)

radius 1 is . (pp- 44-49)

8. For an ellipse, the foci lie on a line called the

5. Tograph y = (x + 1)> — 4, shift the graph of y = x?to the
(left/right) unit(s) and then (up/down) unit(s).

6. The standard equation of a circle with center at (2, —3) and

axis.
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y2

25

x2
=+ =

4 11.

9. For the ellipse = 1, the vertices are the points True or False: If the center of an ellipse is at the origin and

the foci lie on the y-axis, the ellipse is symmetric with

and respect to the x-axis, the y-axis, and the origin.

10. True or False: The foci, vertices, and center of an ellipse lie

on a line called the axis of symmetry. 12.

True or False: A circle is a certain type of ellipse.

Skill Building

In Problems 13—16, the graph of an ellipse is given. Match each graph to its equation.
2 2 2 2

X 2 2, Y Yy Yy
D i X+ = R AR L+ =
A 7Y 1 B x 7 1 C 612 1 D 16 1
13. y 14. y 15. y 16. y
4 3 3
( (H) :
111 B 111 1| | B | 1| 1 | () |
-2 L 2 X -4 - 4 x 3 x -3 3x
== ¥ v |
—4+ 3k _3k
In Problems 17-26, find the vertices and foci of each ellipse. Graph each equation by hand.
LSNP 18—+y— 1 TS 0.0+ _1
25 4 4 "9 25 16
4x* + y? =16 22. x>+ 9y? =18 23. 4y + x?2 =8 24. 4y + 9x> = 36
25. ¥+ y* =16 26. x>+ y2 =4

In Problems 27-38, find an equation for each ellipse. Graph the equation by hand.

Center at (0,0); focusat (3,0); vertex at (5,0) 28. Center at (0,0); focusat (—1,0); vertex at (3,0)
Center at (0,0); focusat (0, —4); vertex at (0,5) 30. Center at (0,0); focusat (0,1); vertexat (0, —2)
31. Foci at (£2,0); length of the major axis is 6 32. Foci at (0, £2); length of the major axis is 8
33. Focus at (—4,0); vertices at (+£5, 0) 34. Focus at (0, —4); vertices at (0, £8)
35. Foci at (0, £3); x-intercepts are +2 36. Vertices at (+4,0); y-intercepts are +1
37. Center at (0,0); vertexat (0,4); b =1 38. Vertices at (£5,0); ¢ =2
In Problems 39—-42, write an equation for each ellipse.
39. y 40. y 41. y 42, y
3r 3+ 3 3k
(=1.1) L L
o - (0,1) <D
| I >I | | | I/;\ | | | | | | O | | | |
-3 | 3 X -3 o L 3 X -3 (1,0) X -3 | 3 X
-3k (—1, 1) 43t -3t -3k

In Problems 43-54, discuss each equation; that is, find the center, foci, and vertices of each ellipse. Graph each equation (a) by hand; and
(b) by using a graphing utility.

(x=37 (+1) (x+4? (y+2)
43. = + =1 45. (x + 5 +4(y — 472 =1
3 2 9 9 1 5. (x +5) (y ) 6
46. 9(x — 32 + (y +2)> =18 N\ X2 +dx +4y> -8y +4=0 48. x> +3y? - 12y + 9 =0

49. 2x> +3y> —8x + 6y +5=10 50. 4x> + 3y> + 8x — 6y =5 51. 9x2 + 4y — 18x + 16y — 11 =0

52. x>+ 9y + 6x — 18y + 9 =0 53. 4x2 + Y2+ 4y =0 54. 9x> + y> — 18x =0
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In Problems 55-64, find an equation for each ellipse. Graph the equation by hand.

57.
59.
61.

63.

Center at (2, —2); vertex at (7, —2); focus at (4, —2)
Vertices at (4, 3) and (4, 9); focus at (4, 8)

Foci at (5,1) and (—1, 1); length of the major axis is 8
Center at (1, 2); focus at (4, 2); contains the point (1, 3)

Center at (1, 2); vertex at (4, 2); contains the point (1, 3)

In Problems 65-68, graph each function.

[Hint: Notice that each function is half an ellipse.]

65.

f(x) = V16 — 4x? 66. f(x) ="\V9 — 9x?

Applications and Extensions

69.

70.

71.

Semielliptical Arch Bridge An arch in the shape of the
upper half of an ellipse is used to support a bridge that is to
span a river 20 meters wide. The center of the arch is 6 me-
ters above the center of the river (see the figure). Write an
equation for the ellipse in which the x-axis coincides with
the water level and the y-axis passes through the center of
the arch.

Semielliptical Arch Bridge The arch of a bridge is a semi-
ellipse with a horizontal major axis. The span is 30 feet, and
the top of the arch is 10 feet above the major axis. The road-
way is horizontal and is 2 feet above the top of the arch.
Find the vertical distance from the roadway to the arch at
5-foot intervals along the roadway.

Whispering Gallery A hall 100 feet in length is to be de-
signed as a whispering gallery. If the foci are located 25 feet
from the center, how high will the ceiling be at the center?

56.
58.
60.
62.

64.

67.

72.

73.

74.

75.

76.

Center at (=3, 1); vertex at (=3, 3); focus at (=3, 0)
Foci at (1,2) and (—3,2); vertex at (—4,2)

Vertices at (2,5) and (2, —1); ¢ =2

Center at (1, 2); focus at (1, 4); contains the point (2, 2)

Center at (1, 2); vertex at (1, 4); contains the point (2, 2)

Fo = Vei i e 0 = Vi ae
Whispering Gallery Jim, standing at one focus of a whis-

pering gallery, is 6 feet from the nearest wall. His friend is
standing at the other focus, 100 feet away. What is the length
of this whispering gallery? How high is its elliptical ceiling
at the center?

Semielliptical Arch Bridge A bridge is built in the shape
of a semielliptical arch. The bridge has a span of 120 feet and
a maximum height of 25 feet. Choose a suitable rectangular
coordinate system and find the height of the arch at
distances of 10, 30, and 50 feet from the center.

Semielliptical Arch Bridge A bridge is to be built in the
shape of a semielliptical arch and is to have a span of 100
feet. The height of the arch, at a distance of 40 feet from the
center, is to be 10 feet. Find the height of the arch at its
center.

Semielliptical Arch An arch in the form of half an ellipse
is 40 feet wide and 15 feet high at the center. Find the height
of the arch at intervals of 10 feet along its width.

Semielliptical Arch Bridge An arch for a bridge over a
highway is in the form of half an ellipse. The top of the arch
is 20 feet above the ground level (the major axis). The high-
way has four lanes, each 12 feet wide; a center safety strip 8
feet wide; and two side strips, each 4 feet wide. What should
the span of the bridge be (the length of its major axis) if the
height 28 feet from the center is to be 13 feet?

In Problems 77-80, use the fact that the orbit of a planet about the Sun is an ellipse, with the Sun at one focus. The aphelion of a planet is
its greatest distance from the Sun, and the perihelion is its shortest distance. The mean distance of a planet from the Sun is the length of
the semimajor axis of the elliptical orbit. See the illustration.

77.

Mean distance

1 Aphelion
Vd

ihelion

| | Major

axis

O—e

Center

Earth The mean distance of Earth from the Sun is 93 mil-
lion miles. If the aphelion of Earth is 94.5 million miles, what
is the perihelion? Write an equation for the orbit of Earth
around the Sun.

78.

Mars The mean distance of Mars from the Sun is 142 mil-
lion miles. If the perihelion of Mars is 128.5 million miles,
what is the aphelion? Write an equation for the orbit of
Mars about the Sun.
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80.

81.

. Jupiter The aphelion of Jupiter is 507 million miles. If the
distance from the Sun to the center of its elliptical orbit is
23.2 million miles, what is the perihelion? What is the mean
distance? Write an equation for the orbit of Jupiter around
the Sun.

Pluto The perihelion of Pluto is 4551 million miles, and
the distance of the Sun from the center of its elliptical orbit
is 897.5 million miles. Find the aphelion of Pluto. What is the
mean distance of Pluto from the Sun? Write an equation for
the orbit of Pluto about the Sun.

Racetrack Design Consult the figure. A racetrack is in the

shape of an ellipse, 100 feet long and 50 feet wide. What is
the width 10 feet from a vertex?

Discussion and Writing

85

. . . c
. The eccentricity e of an ellipse is defined as the number —,
a

where a and ¢ are the numbers given in equation (2).

Because a > c, it follows that e < 1. Write a brief para-

‘Are You Prepared?” Answers

1. V13 2.2

\

1 3. (=2,0),(2,0), (0, —4), (0, 4)

PREPARING FOR THIS SECTION

e Distance Formula (Section 1.1, pp. 4-6)

e Completing the Square (Appendix, Section A.5, pp. 991-992)
e Intercepts (Section 1.2, pp. 15-17)

e Symmetry (Section 1.2, pp. 17-19)

. Now work the ‘Are You Prepared? problems on page 686.

OBJECTIVES 1 Work with Hyperbolas with Center at the Origin
2 Find the Asymptotes of a Hyperbola
3 Work with Hyperbolas with Center at (h, k)
4 Solve Applied Problems Involving Hyperbolas

82.

83.

84.

4. (2,5)

Before getting started, review the following:

e Asymptotes (Section 3.3, pp. 185-195)

¢ Graphing Techniques: Transformations (Section 2.6,
pp. 118-126)

e Square Root Method (Appendix, Section A.5, p. 990)
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Racetrack Design A racetrack is in the shape of an ellipse
80 feet long and 40 feet wide. What is the width 10 feet from
a vertex?

Show that an equation of the form

A+ Cy’+F=0, A#0,C#0,F#0

where A and C are of the same sign and F'is of opposite sign,

(a) Is the equation of an ellipse with center at (0,0) if
A #C.

(b) Is the equation of a circle with center (0,0) if A = C.

Show that the graph of an equation of the form

AX*+Cy>’+Dx+Ey+F=0, A#0C#0

where A and C are of the same sign,
2 2
(a) Is an ellipse ifa + o F is the same sign as A.
D*  E?

I intif — +— — F =0.

(b) sap01nt14A ic F=0
2 2

(c) Contains no points if 14 + c F is of opposite sign

to A.

graph about the general shape of each of the following
ellipses. Be sure to justify your conclusions.

(a) Eccentricity close to 0 (b) Eccentricity = 0.5

(c) Eccentricity close to 1

5. left: 1;down: 4 6. (x =22+ (y+3)3?=1

9.4 The Hyperbola

A hyperbola is the collection of all points in the plane the difference of whose
distances from two fixed points, called the foci, is a constant.
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Figure 34

Conjugate
axis

Transverse

Figure 35
d(F;, P) — d(F, P) = £2a

y
d(Fy, P)

Transverse
axis

Figure 34 illustrates a hyperbola with foci F; and F;. The line containing the foci
is called the transverse axis. The midpoint of the line segment joining the foci is the
center of the hyperbola. The line through the center and perpendicular to the trans-
verse axis is the conjugate axis. The hyperbola consists of two separate curves, called
branches, that are symmetric with respect to the transverse axis, conjugate axis, and
center. The two points of intersection of the hyperbola and the transverse axis are
the vertices, V| and 1}, of the hyperbola.

Work with Hyperbolas with Center at the Origin

With these ideas in mind, we are now ready to find the equation of a hyperbola in
the rectangular coordinate system. First, we place the center at the origin. Next, we
position the hyperbola so that its transverse axis coincides with a coordinate axis.
Suppose that the transverse axis coincides with the x-axis, as shown in Figure 35.

If ¢ is the distance from the center to a focus, then one focus will be at
F; = (—¢,0) and the other at F, = (¢, 0). Now we let the constant difference of the
distances from any point P = (x, y) on the hyperbola to the foci F; and F, be de-
noted by +2a. (If P is on the right branch, the + sign is used; if P is on the left
branch, the — sign is used.) The coordinates of P must satisfy the equation

d(F\,P) — d(F,,P) = £2a Difference of the distances from
P to the foci equals +2a.

\/(x +c)? + yr - \/(x —¢)? + y* = +2a Use the distance formula.
(x+c)P?+yP=22a+\/(x —c)*+ ) lsolate one radical.
(x + )+ y* =4da®> + 4a\/ (x — c)* + y*  Square both sides,
+ (x —¢)* + )?

Next we remove the parentheses.

x4 2cx + P+ yP=4a® £ da\/ (x — ¢)> + y? + x* — 2cx + 2 + y?

dex — 4a* = +4a\/ (x — c)* + y* Simplify; isolate the radical.
— 42 = _ \2 2 . :
cx —a”=+a\/(x —¢c)"+y Divide each side by 4.
(ex — a2)2 = az[(x - 6)2 + yz} Square both sides.

c2x? = 2ca’x + a* = a*(x* — 2cx + ¢+ y?)  Simplify,

x4+ at = a?x? + PP+ a2y2 Remove parentheses and simplify.
(02 - az)xz - a2y2 = a** - a* Rearrange terms.
(? = a®)x* — a*y* = d*(c? — a°) Factor a° on the right side. @

To obtain points on the hyperbola off the x-axis, it must be that a < c. To see
why, look again at Figure 35.

d(F,P) < d(F,,P) + d(F, F,) Use triangle FiPF.
d(F,P) —d(F, P) < d(F, F)

2a < 2c¢ Fis on the right branch, so
d(F, F) — d(F,, F) = 2a;
d(F, F,) = 2o.

a<c



Figure 36

Vy=(—a0)
Transverse
axis

Fi=(-¢c0)

Theorem
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Since a < ¢, we also have a?> < ¢ so ¢ — a*> > 0. Let b*> = ¢ — >, b > 0.
Then equation (1) can be written as

p2y? — a2y2 = a2b?

[\

oy
a®> b

=1 Divide each side by 2212,

To find the vertices of the hyperbola defined by this equation, let y = 0. The
2

. . .o X . .
vertices satisfy the equation — = 1, the solutions of which are x = +a. Consequently,
a

the vertices of the hyperbola are V| = (—a,0) and V, = (a,0). Notice that the
distance from the center (0, 0) to either vertex is a.

Equation of a Hyperbola; Center at (0, 0); Transverse Axis
along the x-Axis

An equation of the hyperbola with center at (0, 0), foci at (—c¢, 0) and (c, 0),
and vertices at (—a, 0) and (a, 0) is

[\S}

2
z— - % =1, where b* = ¢? — d* (2)

The transverse axis is the x-axis.

See Figure 36. As you can verify, the hyperbola defined by equation (2) is

symmetric with respect to the x-axis, y-axis, and origin. To find the y-intercepts, if
2

any,let x = 0in equation (2).This results in the equation Yo —1, which has no real
b2

solution. We conclude that the hyperbola defined by equation (2) has no

2 2 2
Y

. . X . X
y-intercepts. In fact, since — — 1 = % = 0, it follows that — = 1. There are no
a a

points on the graph for —a < x < a.

EXAMPLE 1

Solution

Finding and Graphing an Equation of a Hyperbola

Find an equation of the hyperbola with center at the origin, one focus at (3, 0), and
one vertex at (—2, 0). Graph the equation by hand.

The hyperbola has its center at the origin, and the transverse axis coincides with the
x-axis. One focus is at (¢,0) = (3,0), so ¢ = 3. One vertex is at (—a,0) = (=2,0),
so a = 2. From equation (2), it follows that »> = ¢> —a> =9 — 4 =5, so an
equation of the hyperbola is

2y
5

= =1
4
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Figure 37

To graph a hyperbola, it is helpful to locate and plot other points on the graph.
For example, to find the points above and below the foci, we let x = +3. Then

L
4 5
:|:32 2

<4) —y?=1 X = +3

o v
4 5

y_s

5 4

25

2 _ 2

YTy

I

Yo%

5 5
The points above and below the foci are <i3, 2) and <i3, —2>. These points

determine the “opening” of the hyperbola. See Figure 37. <

L - NOW WORK PROBLEM 17.

EXAMPLE 2

Solution

NI/
/|

Figure 38

\

Using a Graphing Utility to Graph a Hyperbola

2 2
Using a graphing utility, graph the hyperbola: x? — yg =1

2y
To graph the hyperbola 75 1, we need to graph the two functions

2 2
Y, = V5 XI —land Y, = -5 XI — 1. As with graphing circles, parabolas,

and ellipses on a graphing utility, we use a square screen setting so that the graph is
not distorted. Figure 38 shows the graph of the hyperbola. <

An equation of the form of equation (2) is the equation of a hyperbola with
center at the origin, foci on the x-axis at (—c, 0) and (c, 0), where ¢ = a* + b and
transverse axis along the x-axis.

For the remainder of this section, the direction “Discuss the equation” will mean
to find the center, transverse axis, vertices, and foci of the hyperbola and graph it.

EXAMPLE 3

Solution

Discussing the Equation of a Hyperbola

PRI
Di th tionn — ——=1
iscuss the equation: —= — 7
The given equation is of the form of equation (2), with a> = 16 and b> = 4. The
graph of the equation is a hyperbola with center at (0, 0) and transverse axis along
the x-axis. Also, we know that ¢ = a> + b*> = 16 + 4 = 20. The vertices are at

(+a,0) = (+4,0), and the foci are at (+c, 0) = (+£2V5,0).



Figure 39
Theorem
Figure 40
Yoz 2_ 2 2
—~—=——==1,b"=c"—a
@ b
y
\\Fz =0, ¢)
»
V, = (0, a)
X
Vi =(0,-a)
/l
Fi=(0,—¢)
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To locate the points on the graph above and below the foci, we let x = +2V/5.
Then

2 2
LA
16 4
+2V5)? 2
7< 16 ) —%21 x::EZ\/é
20y _
16 4
s P
4 4
1
4 4
y = =1

The points above and below the foci are (£2V5,1) and (+2V5,-1).
See Figure 39(a) for the graph drawn by hand. Figure 39(b) shows the graph
obtained using a graphing utility.

5.3

AN )
AN

-5.3
(a) (b) <

The next result gives the form of the equation of a hyperbola with center at the
origin and transverse axis along the y-axis.

Equation of a Hyperbola; Center at (0, 0); Transverse Axis
along the y-Axis

An equation of the hyperbola with center at (0, 0), foci at (0, —c) and (0, ¢),
and vertices at (0, —a) and (0, a) is

8]

- = =1, whereb®=c*-a* 3)

b

v
aZ

The transverse axis is the y-axis.

Figure 40 shows the graph of a typical hyperbola deéfined by equation (3).
2
An equation of the form of equation (2), — — %) = 1, is the equation of a
a

hyperbola with center at the origin, foci on the x-axis at (—c, 0) and (c, 0), where
¢ = a* + b?, and transverse axis along the x-axis.
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2 2
An equation of the form of equation (3), — — % = 1, is the equation of a
a

hyperbola with center at the origin, foci on the y-axis at (0, —c) and (0, ¢), where
c? = a®> + b%, and transverse axis along the y-axis.

Notice the difference in the forms of equations (2) and (3). When the y*-term is
subtracted from the x’-term, the transverse axis is along the x-axis. When the
x%-term is subtracted from the y’-term, the transverse axis is along the y-axis.

EXAMPLE 4 Discussing the Equation of a Hyperbola
Discuss the equation: y> — 4x? =
Solution  To put the equation in proper form, we divide each side by 4:
2
yZ -x*=1
Since the x*-term is subtracted from the y*-term, the equation is that of a hyperbola
with center at the origin and transverse axis along the y-axis. Also, comparing the
above equation to equation (3), we find a®> = 4,b*> =1, and ¢ = a®> + b> = 5.
The vertices are at (0, +a) = (0, £2), and the foci are at (0, +c) = (0, +V/53).
To locate other points on the graph, we let x = +2. Then
y2 —4x* =4
V> —4(£2)2 =4 X =42
y' — 16 = 4
y? =20
y = +2V/5
Four other points on the graph are (£2,2V/5) and (42, —2V/5). See Figure 41(a)
for the graph drawn by hand. Figure 41(b) shows the graph obtained using a
graphing utility.
Figure 41
4
76 I |
—4
(@ (b) <
EXAMPLE 5 | Finding an Equation of a Hyperbola

Find an equation of the hyperbola having one vertex at (0, 2) and foci at (0, —3)
and (0, 3). Graph the equation by hand.



Figure 42

Solution

Theorem
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Since the foci are at (0, —3) and (0, 3), the center of the hyperbola is at their
midpoint, the origin. Also, the transverse axis is along the y-axis. The given informa-
tion also reveals that ¢ = 3, a = 2, and b*> = ¢ — > = 9 — 4 = 5. The form of the
equation of the hyperbola is given by equation (3):

o
at> b

2 2
DA S
4 5

Let y = +3 to obtain points on the graph across from the foci. See Figure 42. <
m - NOW WORK PROBLEM 19.

Look at the equations of the hyperbolas in Examples 3 and 5. For the hyperbo-
la in Example 3, a> = 16 and b> = 4, so a > b; for the hyperbola in Example 5,
a* = 4 and b* = 5, so a < b. We conclude that, for hyperbolas, there are no re-
quirements involving the relative sizes of a and b. Contrast this situation to the case
of an ellipse, in which the relative sizes of @ and b dictate which axis is the major axis.
Hyperbolas have another feature to distinguish them from ellipses and parabolas:
Hyperbolas have asymptotes.

Find the Asymptotes of a Hyperbola

Recall from Section 3.3 that a horizontal or oblique asymptote of a graph is a line
with the property that the distance from the line to points on the graph approaches
0 as x — —0o0 or as x — 00, The asymptotes provide information about the end
behavior of the graph of a hyperbola.

Asymptotes of a Hyperbola
2 2

The hyperbola % = % = 1 has the two oblique asymptotes
a

b b
y = Ex and y = —;x 4

Proof We begin by solving for y in the equation of the hyperbola.
2 2

X y
——-==1
at> b
2 2
R
b a

<
Il

2
2 bZ i_l

Since x # 0, we can rearrange the right side in the form

b*x? a’
= 2<1 -
a X

y a 2
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Figure 43
2
2y
a* b
y
\\
\'\_ I
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a? .
Now, as x — —00 or as x — 00, the term — approaches 0, so the expression under
X

the radical approaches 1. Thus, as x — —00 or as x — 00, the value of y approaches

b
i;x; that is, the graph of the hyperbola approaches the lines

_ b and _b
y=,% y=,%
These lines are oblique asymptotes of the hyperbola. |
The asymptotes of a hyperbola are not part of the hyperbola, but they do serve

as a guide for graphing a hyperbola. For example, suppose that we want to graph the
equation

[\

2
x>yt
S =1

a b

We begin by plotting the vertices (—a, 0) and (a, 0). Then we plot the points (0, —b)
and (0, b) and use these four points to construct a rectangle, as shown in Figure 43.

. . b b . .
The diagonals of this rectangle have slopes P and — pr and their extensions are the

b b
asymptotes y = P andy = — PR of the hyperbola. If we graph the asymptotes, we

can use them to establish the “opening” of the hyperbola and avoid plotting other
points.

Asymptotes of a Hyperbola

2 2

The hyperbola % = % = 1 has the two oblique asymptotes
a

—Z and __Z

&)

You are asked to prove this result in Problem 72.

For the remainder of this section, the direction “Discuss the equation” will
mean to find the center, transverse axis, vertices, foci, and asymptotes of the
hyperbola and graph it.

XAMPLE 6

Solution

Discussing the Equation of a Hyperbola

Discuss the equation: 9x* — 4y = 36

Divide each side of the equation by 36 to put the equation in proper form.

We now proceed to analyze the equation. The center of the hyperbola is the origin.
Since the x*-term is first in the equation, we know that the transverse axis is along
the x-axis and the vertices and foci will lie on the x-axis. Using equation (2), we find



Figure 44

— Seeing the Concept —

Refer to Figure 44(b). Create a TABLE
using Y; and Y4 with x = 10, 100, 1000,
and 10,000. Compare the values of Y,
and Y,. Repeat for Y; and Y3, Y, and Y3,
and Y, and Yy.

Table 4
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a* = 4,b*> = 9,and ¢* = a* + b?> = 13. The vertices are a = 2 units left and right of

the center at (+a,0) = (£2,0), the foci are ¢ = V13 units left and right of the
center at (¢, 0) = (+V13,0), and the asymptotes have the equations

b 3. b 3
y=,¥=5% and y=-—x=—2x

To graph the hyperbola by hand, form the rectangle containing the points
(£a, 0) and (0, £b), thatis, (=2, 0), (2, 0), (0, —=3), and (0, 3). The extensions of the
diagonals of this rectangle are the asymptotes. See Figure 44(a) for the graph drawn
by hand. Figure 44(b) shows the graph obtained using a graphing utility.

2 2
vi=3/% —1 Vi =3/% —1
Y3 =—15x ¥y =15x
| 6 |

VAN

NOW WORK PROBLEM 29.

D -

Work with Hyperbolas with Center at (h, k)

If a hyperbola with center at the origin and transverse axis coinciding with a coordi-
nate axis is shifted horizontally /4 units and then vertically & units, the result is a
hyperbola with center at (/, k) and transverse axis parallel to a coordinate axis.
The equations of such hyperbolas have the same forms as those given in equations
(2) and (3), except that x is replaced by x — /& (the horizontal shift) and y is replaced
by y — k (the vertical shift). Table 4 gives the forms of the equations of such hyper-
bolas. See Figure 45 for typical graphs.

HYPERBOLAS WITH CENTER AT (h, k) AND TRANSVERSE AXIS PARALLEL TO A COORDINATE AXIS

Transverse
Center Axis Foci Vertices Equation Asymptotes
Parallel to the 2 2
x — h — k b
(h, k) x-axis (h £ ¢ k) (h £ a, k) ( 2) _v 2) =1, b*=¢c-ad? y —k=+=(x—h)
a b a
Parallel to the 2 2
-k x — h
(h, k) y-axis (h, k £ ¢) (h, k £ a) v 2) —( 2 ) =1, b =2-a* y—k=i%(x—h)
a
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Figure 45 \ y py YA | Transverse
. , axis
\ /
vk AN *F Al
N ~ g
I\ /1 S o= -7
2! [ VZ - /_i
~
Transverse 1 Vi) [N/ [V 6 bk : 27
axis i /A - (K SO
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I/ \ : X b Y N X
Ll ___N -5 >
/ \ - N ~
/ \ K of A
/ \ 1
/ \
¥ A\

x—h? (y—k?
(a) T2 e =1 (b) 2

EXAMPLE 7 Finding an Equation of a Hyperbola, Center Not at the Origin

Find an equation for the hyperbola with center at (1, —2), one focus at (4, —2), and
one vertex at (3, —2). Graph the equation by hand.

Figure 46 .
Solution The center is at (4, k) = (1, —2),so h = 1 and k = —2. Since the center, focus, and

vertex all lie on the line y = —2, the transverse axis is parallel to the x-axis. The dis-
tance from the center (1, —2) to the focus (4, —2) is ¢ = 3; the distance from the
center (1, —2) to the vertex (3, —2) is a = 2. Thus,b* = ¢> — a®> = 9 — 4 = 5. The
equation is

(x —h)?  (y—k)

Vi=(-1,-2) _ -1
6| L 1 1 a2 b2
Transverse (x =12 (y+2)? _q
als - (- -2 4 5 -
See Figure 46. <
smmmmmmm-- NOW WORK PROBLEM 39.

| EXAMPLE 8 Discussing the Equation of a Hyperbola

Discuss the equation: —x? + 4y? — 2x — 16y + 11 = 0

Solution  We complete the squares in x and in y.
—x>+4y? —2x — 16y + 11 =0
—(x? + 2x) + 4(y* — 4y)
(x> +2x+1)+4(y* -4y +4)=—-11 —1+ 16  Complete cach square.
—(x+1)*+4(y -2 =4

, (x+1)? N .
(y —2)" - YR 1 Divide each side by 4.

—-11 Group termes.

This is the equation of a hyperbola with center at (—1, 2) and transverse axis par-
allel to the y-axis. Also, a*> = 1and b? = 4,50 ¢* = a*> + b®> = 5. Since the transverse
axis is parallel to the y-axis, the vertices and foci are located a and ¢ units above and
below the center, respectively. The vertices are at (h,k + a) = (=1,2 £ 1), or



Figure 48

Figure 47
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(=1,1) and (=1, 3). The foci are at (h, k £+ ¢) = (—1, 2+ \/5>.The asymptotes are
1 1

y—2= E(x +1)andy — 2 = _E(X + 1). Figure 47(a) shows the graph drawn

by hand. Figure 47(b) shows the graph obtained using a graphing utility.

Transverse
axis
y 1)2
F=(-1,2+v5) | '} h=2+ 5
\ 5LV =(-1,3) s
N [ ] L ~
~ N
(-3.2)¢ “alf 0(1,2)
P e
-5 __ N ~
L Il Il Il | Il | _71 51
/ /u \ \ 5 X [ /
F=(=1,2=5) | | ~V,=(11) >
Yp=2-J0ETE 4y

(a) (b)

" - NOW WORK PROBLEM 53.

Solve Applied Problems Involving Hyperbolas

Look at Figure 48. Suppose that three microphones are located at points Oy, O,, and
O; (the foci of the two hyperbolas). In addition, suppose that a gun is fired at S and the
microphone at O; records the gun shot 1 second after the microphone at O,. Because
sound travels at about 1100 feet per second, we conclude that the microphone at O; is
1100 feet farther from the gunshot than O,. We can model this situation by saying that
S lies on the same branch of a hyperbola with foci at O; and O,. (Do you see why? The
difference of the distances from S to O; and from S to O, is the constant 1100.) If the
third microphone at O; records the gunshot 2 seconds after O;, then S will lie on a
branch of a second hyperbola with foci at O; and O;. In this case, the constant differ-
ence will be 2200. The intersection of the two hyperbolas will identify the location of S.

EXAMPLE 9

Solution

Lightning Strikes

Suppose that two people standing 1 mile apart both see a flash of lightning. After a
period of time, the person standing at point A hears the thunder. One second later,
the person standing at point B hears the thunder. If the person at B is due west of
the person at A and the lightning strike is known to occur due north of the person
standing at point A, where did the lightning strike?

See Figure 49 in which the ordered pair (x, y) represents the location of the lightning
strike. We know that sound travels at 1100 feet per second, so the person at point A
is 1100 feet closer to the lightning strike than the person at point B. Since the difference

Figure 49 North

5280 feet
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of the distance from (x, y) to A and the distance from (x, y) to B is the constant
1100, the point (x, y) lies on a hyperbola whose foci are at A and B.
An equation of the hyperbola is
2 2
X
St
a b
where 2a = 1100 so a = 550.
Because the distance between the two people is 1 mile (5280 feet) and each

person is at a focus of the hyperbola, we have

2¢ = 5280
=20 g

Since b* = ¢ — a® = 2640° — 550% = 6,667,100, the equation of the hyperbola that
describes the location of the lightning strike is

2
x? y

5507 6.667.100

Since the lightning strikes due north of the individual at the point A = (2640, 0), we
let x = 2640 and solve the resulting equation.
2640 v
5502 6,667,100
2

26407
—m = —22.04 Subtract A from both sides.
y? = 146,942,884  Multiply both sides by —6,667,100
y = 12,122 Take the square root of both sides.

v CHEeck: The difference between the distance from (2640, 12122) to the person at
the point B = (—2640, 0), and the distance from (2640, 12122) to the person at the
point A = (2640, 0), should be 1100. Using the distance formula, we find the differ-
ence in the distances is

V(12,122 — 02 + (2640 — (—2640))> — \/ (12,122 — 0)2 + (2640 — 2640)? = 1100

as required.
The lightning strike is 12,122 feet north of the person standing at point A. <«

memmm——-- NOW WORK PROBLEM 65.

9.4 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The distance d from P, = (3, —4)to P, = (—2,1) 5. Tograph y = (x — 5)> — 4, shift the graph of y = x° to the
isd = .(p.5) (left/right) unit(s) and then (up/down) unit(s).
2. To complete the square of x>+ 5x,add . (p-991) (pp- 118-120)

3. Find the intercepts of the equation y> =9 + 4x°

6. Find the vertical asymptotes, if any, and the horizontal or

(pp- 15-17) 4
-9
4. True or False: The equation y> = 9 + x? is symmetric with oblique asymptotes, if any, of y = x2 g (pp. 189-195)
x2 -

respect to the x-axis, the y-axis, and the origin. (pp. 17-19)
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Concepts and Vocabulary

7. A(n) is the collection of points in the plane the differ- 10. True or False: The foci of a hyperbola lie on a line called the
ence of whose distances from two fixed points is a constant. axis of symmetry.
8. For a hyperbola, the foci lie on a line called the . 11. True or False: Hyperbolas always have asymptotes.
2
9. The asymptotes of the hyperbola x{ _ % =1 are 12. Trye or False: A hyperbola will never intersect its transverse
axis.

and

Skill Building
In Problems 13-16, the graph of a hyperbola é's given. Match each graph to itszequation.

2
A -y= B -2 =1 ci-v=1 Doy -1
13, , 14, , 15. , 16. ,
¢ N t ¢
i B \:/

[ i [ ||||_|||| I‘I\illﬂl L1 1 L1 1

-3 3 X -4 L 4 x 74/ \4x -3 3 X

AR\ y

)
/

—_3k -3+
In Problems 17-26, find an equation for the hyperbola described. Graph the equation by hand.
\ 17 Center at (0,0); focusat (3,0); vertex at (1,0) 18. Center at (0,0); focusat (0,5); vertex at (0, 3)
\ 19. Center at (0,0); focusat (0, —6); vertex at (0, 4) 20. Center at (0,0); focusat (—3,0); vertex at (2,0)
21. Foci at (—5,0) and (5,0); vertex at (3,0) 22. Focus at (0, 6); vertices at (0, —2) and (0, 2)
23. Vertices at (0, —6) and (0, 6); asymptote the line y = 2x 24. Vertices at (—4,0) and (4,0); asymptote the line y = 2x
25. Foci at (—4,0) and (4,0); asymptote the line y = —x 26. Fociat (0, —2) and (0,2); asymptote the line y = —x

In Problems 27-34, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation (a) by hand and (b) by using a
graphing utility.

2 2 2 2
X y y X \ 2 2 2 2
27, ——-—=1 28. ———=1 V290 4x =yt =1 L4yt —xt =1
5 9 8 6 4 X y 6 30. 4y X 6
3Ly —9x?2=9 R2.x2-y*=4 33. 2 — x? =25 34.2x2 -y =4
In Problems 35-38, write an equation for each hyperbola.
35. 36. 37. 38
- y — =-2x Y y=2x = _9x 7Y =2x
Vo x N 3k Vo 'S 1o P =805k
\\ — // \\__ __/_|/ :\\ =
N\ 7/ N - 7/ | N =4 |
TR N N S S N L1 ! T S O NI L1 LN L1
-3 :// N 3 x =5 1 P : 5Xx -5 /b 5 X
/5 N : P SN | // N |
VY L NN A== ——L 1, - \\I
Z N // \ |
% —3k N ¥ —10F N ¥ _5 N
y=—x
In Problems 39-46, find an equation for the hyperbola described. Graph the equation by hand.
N\ 39. Center at (4, —1); focus at (7, —1); vertex at (6, —1) 40. Center at (—3,1); focus at (—3, 6); vertex at (—3, 4)
41. Center at (—3, —4); focus at (=3, —8); vertex at (—3, —2) 42. Center at (1, 4); focus at (=2, 4); vertex at (0, 4)

43. Foci at (3,7) and (7, 7); vertex at (6, 7) 44. Focus at (—4, 0) vertices at (—4,4) and (—4,2)
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45.

Vertices at (—1, —1) and (3, —1);

3
asymptote the line y + 1 = E(x - 1)

46. Vertices at (1, —3) and (1, 1);

3
asymptote the line y + 1 = E(x - 1)

In Problems 47-60, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation (a) by hand and (b) by using a
graphing utility.

47.

50.

56.

59.

(y +3)?

(x —2)° _

- 2)? + 3)?
(x =2 (v+37_ i
4 9 4

(x +4)2=9(y —3)?2=9

51.
2=y =2x-2y—-1=0
22—y +dx +4y —4=0

y?—4x? —16x — 2y — 19 =0 60.

In Problems 61-64, graph each function.
[Hint: Notice that each function is half a hyperbola.]

61.

f(x) = V16 + 4x? 62. f(x) =-V9 + 9x?

Applications and Extensions

66.

67.

Fireworks Display Suppose that two people standing
2 miles apart both see the burst from a fireworks display.
After a period of time, the first person standing at point A
hears the burst. One second later, the second person stand-
ing at point B hears the burst. If the display is known to
occur due north of the person at point A, where did the fire-
works display occur?

Lightning Strikes Suppose that two people standing 1 mile
apart both see a flash of lightning. After a period of time, the
first person standing at point A hears the thunder. Two sec-
onds later, the second person standing at point B hears the
thunder. If the lightning strike is known to occur due north
of the person standing at point A, where did the lightning
strike?

Rutherford’s Experiment In May 1911, Ernest Rutherford
published a paper in Philosophical Magazine. In this article,
he described the motion of alpha particles as they are shot
at a piece of gold foil 0.00004 cm thick. Before conducting
this experiment, Rutherford expected that the alpha parti-
cles would shoot through the foil just as a bullet would
shoot through snow. Instead, a small fraction of the alpha
particles bounced off the foil. This led to the conclusion that
the nucleus of an atom is dense, while the remainder of the
atom is sparse. Only the density of the nucleus could cause
the alpha particles to deviate from their path. The figure
shows a diagram from Rutherford’s paper that indicates
that the deflected alpha particles follow the path of one
branch of a hyperbola.

(a) Find an equation of the asymptotes under this scenario.
(b) If the vertex of the path of the alpha particles is 10 cm

9

(x+1)P2—-(y+2)?>=4
54y  — x> —4y +4x —1=10

57.4x2 — y? —24x — 4y + 16 =0

63. f(x) = -V =25+ x?

68.

69.

=1

49. (y — 22 —4(x +2)2 =4
52. (y— 32— (x+2)*=4
55. > —4x? — 4y —8x—4=0

58.2y2 — x?+2x + 8y +3=0

X2 =3 +8x —6y+4=0

64. f(x) =V -1+ x?

from the center of the hyperbola, find an equation that
describes the path of the particle.

An Explosion Two recording devices are set 2400 feet
apart, with the device at point A to the west of the device at
point B. At a point between the devices, 300 feet from point
B, a small amount of explosive is detonated. The recording
devices record the time until the sound reaches each. How
far directly north of point B should a second explosion be
done so that the measured time difference recorded by the
devices is the same as that for the first detonation?

The eccentricity e of a hyperbola is defined as the number
c . . .
P where a and ¢ are the numbers given in equation (2).

Because ¢ > a, it follows that e > 1. Describe the general
shape of a hyperbola whose eccentricity is close to 1. What is
the shape if e is very large?



70. A hyperbola for which a = b is called an equilateral hyper-
bola. Find the eccentricity e of an equilateral hyperbola.

[NoTE: The eccentricity of a hyperbola is defined in Prob-
lem 69.]

71. Two hyperbolas that have the same set of asymptotes are
called conjugate. Show that the hyperbolas

x? x?

T—yzzl and yz—jzl

are conjugate. Graph each hyperbola on the same set of
coordinate axes.

72. Prove that the hyperbola

o

X2

- =1
b

QN"*<

‘Are You Prepared?” Answers

25
1. 5V2 2.5 3.(0,-3),(0.3) 4 True

5. right,5; down, 4

SECTION 9.5 Rotation of Axes; General Form of a Conic 689

has the two oblique asymptotes

N
y=,x and y=—-x

73. Show that the graph of an equation of the form
A+ Cy’+F=0, A#0,C#0,F#0

where A and C are of opposite sign, is a hyperbola with
center at (0, 0).

74. Show that the graph of an equation of the form
AX*+Cy>’+Dx+Ey+F=0, A#0C#0

where A and C are of opposite sign,

D*  E?
if -~ + - — F #0.
(a) Is a hyperbola if aa 1 F#0
(b) Is two intersecting lines if
2 2
D E
4A ' 4C

6. Vertical: x = —2, x = 2; Horizontal: y = 1

9.5 Rotation of Axes; General Form of a Conic

PREPARING FOR THIS SECTION

¢ Sum Formulas for Sine and Cosine (Section 6.4, pp. 473 and
476)

¢ Half-angle Formulas for Sine and Cosine (Section 6.5, p. 487)
\

. Now work the ‘Are You Prepared? problems on page 696.

OBJECTIVES 1 Identify a Conic

Before getting started, review the following:

2 Use a Rotation of Axes to Transform Equations
3 Discuss an Equation Using a Rotation of Axes
4 Identify Conics without a Rotation of Axes

¢ Double-angle Formulas for Sine and Cosine (Section 6.5,
p. 484)

In this section, we show that the graph of a general second-degree polynomial
containing two variables x and y, that is, an equation of the form

Ax>+ Bxy + Cy>* + Dx + Ey+ F =0 (§))

where A, B, and C are not simultaneously 0, is a conic. We shall not concern our-
selves here with the degenerate cases of equation (1), such as x> + y*> = 0, whose
graph is a single point (0, 0); or x> + 3y? + 3 = 0, whose graph contains no points,
or x? — 4y? = 0, whose graph is two lines,x — 2y = O and x + 2y = 0.

We begin with the case where B = (. In this case, the term containing xy is not
present, so equation (1) has the form

Ax*+ Cy*+ Dx+ Ey+ F=0

where either A # 0 or C # 0.
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1

Theorem

Identify a Conic

We have already discussed the procedure for identifying the graph of this kind of
equation; we complete the squares of the quadratic expressions in x or y, or both.
Once this has been done, the conic can be identified by comparing it to one of the
forms studied in Sections 9.2 through 9.4.

In fact, though, we can identify the conic directly from the equation without
completing the squares.

Identifying Conics without Completing the Squares

Excluding degenerate cases, the equation

Ax* + Cy’+ Dx+ Ey+F=0 )

where A and C cannot both equal zero:

(a) Defines a parabola if AC = 0.
(b) Defines an ellipse (or a circle) if AC > 0.
(c) Defines a hyperbola if AC < 0.

Proof

(a) If AC = 0, then either A = 0 or C = 0, but not both, so the form of equation (2)
is either
AX* +Dx+Ey+ F=0, A#0
or
CyY’+Dx+Ey+F=0, C#0
Using the results of Problems 77 and 78 in Exercise 9.2, it follows that, except
for the degenerate cases, the equation is a parabola.

(b) If AC > 0, then A and C are of the same sign. Using the results of Problem 84
in Exercise 9.3, except for the degenerate cases, the equation is an ellipse if
A # Coracircleif A = C.

(c) If AC < 0, then A and C are of opposite sign. Using the results of Problem 74 in
Exercise 9.4, except for the degenerate cases, the equation is a hyperbola. W

We will not be concerned with the degenerate cases of equation (2). However,
in practice, you should be alert to the possibility of degeneracy.

EXAMPLE 1 |

Solution

Identifying a Conic without Completing the Squares

Identify each equation without completing the squares.
(a) 3x>+ 6y + 6x — 12y = 0 (b) 2x> =3y + 6y + 4 =0
() y»—2x+4=0

(a) We compare the given equation to equation (2) and conclude that A = 3 and
C = 6.Since AC = 18 > 0, the equation is an ellipse.

(b) Here A = 2and C = —3,s0 AC = —6 < (. The equation is a hyperbola.
(c) Here A = 0and C = 1,s0 AC = 0. The equation is a parabola. <

L - NOW WORK PROBLEM 11.
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(@)

(b)

Theorem

SECTION 9.5 Rotation of Axes; General Form of a Conic 691

Although we can now identify the type of conic represented by any equation of
the form of equation (2) without completing the squares, we will still need to
complete the squares if we desire additional information about the conic.

Now we turn our attention to equations of the form of equation (1), where B # 0.
To discuss this case, we first need to investigate a new procedure: rotation of axes.

Use a Rotation of Axes to Transform Equations

In a rotation of axes, the origin remains fixed while the x-axis and y-axis are rotated
through an angle 6 to a new position; the new positions of the x- and y-axes are
denoted by x’ and y’, respectively, as shown in Figure 50(a).

Now look at Figure 50(b). There the point P has the coordinates (x, y) relative
to the xy-plane, while the same point P has coordinates (x’, y') relative to the
x'y'-plane. We seek relationships that will enable us to express x and y in terms of
x',y',and 6.

As Figure 50(b) shows, r denotes the distance from the origin O to the point P,
and « denotes the angle between the positive x'-axis and the ray from O through P.
Then, using the definitions of sine and cosine, we have

x' =rcosa y =rsina 3)
x =rcos(f + «a) y = rsin(f + a) ()]
Now
x =rcos(f + )
= r(cos 6 cos @ — sin 6 sin «) Sum Formula for cosine
= (r cos a)(cos 0) — (rsin «)(sin 6)
= x"cosf — y'sinf By equation (3)
Similarly,
y =rsin(f + «)
= r(sin 0 cos @ + cos 6 sin «)
= x'sinf + y'cos

Rotation Formulas

If the x- and y-axes are rotated through an angle 6, the coordinates (x, y) of a
point P relative to the xy-plane and the coordinates (x’, y’) of the same point
relative to the new x'- and y'-axes are related by the formulas

x =x"cosf — y'sinb y=x'sinf + y' cos o®)

EXAMPLE 2

Solution

Rotating Axes

Express the equation xy = 1 in terms of new x'y’-coordinates by rotating the axes
through a 45° angle. Discuss the new equation.

Let 6 = 45° in equation (5). Then

x = x' cos45° — y'sin45° = x

x'sin 45° + y’ cos 45° =

~
I

|
=
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Substituting these expressions for x and y in xy = 1 gives

Figure 51 [\/2(35 _ y’)]{\f(x’ n y’)} -1

2
y’ y X’
L 1
? Sy =1
1+ (V2,0 2 ”
\450 X _ y -1
| | | |
-2 -1 1 2 X 2 2
(—V2, 0% —1F This is the equation of a hyperbola with center at (0, 0) and transverse axis
along the x’'-axis. The vertices are at (+£V2,0) on the x’'-axis; the asymptotes are
2r y" = x" and y’ = —x’ (which correspond to the original x- and y-axes). See

Figure 51 for the graph. <

As Example 2 illustrates, a rotation of axes through an appropriate angle can
transform a second-degree equation in x and y containing an xy-term into one in x’
and y’ in which no x'y’-term appears. In fact, we will show that a rotation of axes
through an appropriate angle will transform any equation of the form of equation (1)
into an equation in x’ and y’ without an x'y’-term.

To find the formula for choosing an appropriate angle 6 through which to rotate
the axes, we begin with equation (1),

Ax* + Bxy + Cy’+ Dx + Ey+ F=0, B#0
Next we rotate through an angle 6 using rotation formulas (5).
A(x" cos @ — y'sin 0)2 + B(x'cos® — y'sinf)(x'sinf + y’ cos0)
+ C(x'sin6 + y' cos 0)2 + D(x' cos 6 — y'sin6)
+ E(x'sinf + y'cosf) + F =0
By expanding and collecting like terms, we obtain
(Acos’# + Bsinfcosf + Csin®0)x'? + [B(cos’ 0 — sin® ) + 2(C — A)(sin 6 cos 6)]x"y’
+ (Asin’f — Bsinfcos @ + C cos’ 0)y'?
+ (Dcosf + Esinf)x’
+ (=Dsin@ + Ecosf)y’ + F =0 (6)
In equation (6), the coefficient of x'y’ is
B(cos? 6 — sin’ @) + 2(C — A)(sin 0 cos )

Since we want to eliminate the x’y’-term, we select an angle 6 so that

B(cos? 6 — sin*#) + 2(C — A)(sin 6 cos ) = 0
Bcos(20) + (C — A)sin(20) = 0

Double-angle
Formulas

B cos(20)

(A — C)sin(26)
A-C
B

cot(20) = B#0
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Theorem To transform the equation
Ax* + Bxy + Cy’+ Dx + Ey+ F=0, B#0
into an equation in x’ and y’ without an x’y’-term, rotate the axes through an
angle 0 that satisfies the equation
A—-C
cot(20) = 7
(26) = " ™
Equation (7) has an infinite number of solutions for . We shall adopt the con-
vention of choosing the acute angle 6 that satisfies (7). Then we have the following
two possibilities:
If cot(20) = 0, then 0° < 20 = 90°,500° < § = 45°.
If cot(20) < 0, then 90° < 26 < 180°,s045° < 6 < 90°.
Each of these results in a counterclockwise rotation of the axes through an
acute angle 0."
WARNING  Be careful if you use a calculator to solve equation (7).
1. If cot(26) = O, then 26 = 90° and 6 = 45°.
2. If cot(20) # O, first find cos(20). Then use the inverse cosine function key(s) to obtain
26, 0° < 20 < 180°. Finally, divide by 2 to obtain the correct acute angle 6. |
3 Discuss an Equation Using a Rotation of Axes
For the remainder of this section, the direction “Discuss the equation” will mean to
transform the given equation so that it contains no xy-term and to graph the equation.
EXAMPLE 3 Discussing an Equation Using a Rotation of Axes
Discuss the equation: x> + \/3xy +2y2-10=0
Solution  Since an xy-term is present, we must rotate the axes. Using A = 1, B = V3, and

C = 2 in equation (7), the appropriate acute angle 6 through which to rotate the
axes satisfies the equation
A-C_-1_ M3 o<

B V3 37

3
Since cot(20) = —\3/, we find 26 = 120°, so § = 60°. Using 6 = 60° in rotation

cot(20) =

formulas (5), we find

s

1 1
—x' + Ey’ = 5(\/5)(’ + y’)

=
|

= x'cos 60° — y'sin 60° =

oI5

y = x'sin 60° + y’cos 60°

—C il

*Any rotation (clockwise or counterclockwise) through an angle 6 that satisfies cot(26) =
eliminate the x'y’-term. However, the final form of the transformed equation may be different (but

equivalent), depending on the angle chosen.
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Substituting these values into the original equation and simplifying, we have

x2+\/§xy+2y2—10=0

%(x’ - \/3)1’)2 + \@B(x’ - \/gy’)]B(\/gx’ + y’)} + 2{1(\/3)5 + y’)z} =10

Figure 52
Vv
(0, 25)
| | | |
(=2.0)
Figure 53
" 3
-I-,.:—'_‘—\.\_\_\_

R

Multiply both sides by 4 and expand to obtain

X2 = 2V3x'y + 3y + V3(V3x2 - 2x'y — V3y?) + 2(3x2 + 2V3xy + y2) = 40

10x"2 + 2y"* = 40
2 12
X7 Yo o_

4 20

1

This is the equation of an ellipse with center at (0, 0) and major axis along the y’-axis.
The vertices are at (0, +2V/5) on the y’-axis. See Figure 52 for the graph. <

To graph the equation x> + V3xy + 2y> — 10 = 0 using a graphing utility, we
need to solve the equation for y. Rearranging the terms, we observe that the equa-
tion is quadratic in the variable y: 2y* + V3xy + (x* — 10) = 0. We can solve the
equation for y using the quadratic formula with a = 2, b = V3x, and ¢ = x> — 10.

~Vax + V(Vax) - 42)(x - 10) _ Var+ Vs 180

Y= 2(2) 4

and

~V3x = V(V3) - 4@)( ~ 10)  v/3x - Vs 1 80

Y2 2(2) 4

Figure 53 shows the graph of Y] and Y>.

-\-\_\_T_'_,_.-"
) m - NOW WORK PROBLEM 31.
Y
In Example 3, the acute angle 6 through which to rotate the axes was easy to
find because of the numbers that we used in the given equation. In general, the
. -C . .

equation cot(20) = 5 will not have such a “nice” solution. As the next
example shows, we can still find the appropriate rotation formulas without using a

calculator approximation by applying Half-angle Formulas.

EXAMPLE 4 Discussing an Equation Using a Rotation of Axes

Discuss the equation: 4x*> — 4xy + y> + 5Vx+5=0
Solution  Letting A = 4, B = —4,and C = 1in equation (7), the appropriate angle 6 through

which to rotate the axes satisfies
A-C 3 3

B 4 4
To use rotation formulas (5), we need to know the values of sin 6 and cos 6. Since we
seek an acute angle 0, we know that sin § > 0 and cos # > 0. We use the Half-angle

Formulas in the form

cot(26) =

. 1 — cos(26) 1 + cos(26)
sin§ = B — cos f = —
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3
Now we need to find the value of cos(26). Since cot(20) = T then

3
90° < 20 < 180° (Do you know why?), so cos(26) = —g.Then

1- cos(20)
sinf = [ ——

2 RV
1+ 3
/1-1—00520 5 \/7 1 \/5
cos 6 = = —
2 3 5

With these values, the rotation formulas (5) are

V5o 2\/ \/ .,

x—5x 5 5 x Y)
25, V5, V5

y=—5 X+ Y= (2x" +y")

Substituting these values in the original equation and simplifying, we obtain

42 —dxy + > + 5\V5x +5=0

] oS o)

+ {\5@(2)(' + y')}2 + 5\@{\5@(;« - 2y')} = -5

Multiply both sides by 5 and expand to obtain
4(x? — 4x'y' + 4y'?) — 4(2x"? = 3x"y' — 2y"?)
+4x"? + 4x'y' + y'? + 25(x' — 2y') = =25
25y’2 — 50y’ + 25x" = =25  Combine like terme.

Figure 54 y?2—2y" +x' =—1  Divide by 25.
y X y’2 =2y +1=—x Complete the square in y'.
, (v =1 =
O 7 6340 This is the equation of a parabola with vertex at (0, 1) in the x'y’-plane. The axis of
11 ‘I\ | 2\/5
/ \ X symmetry is parallel to the x'-axis. Using a calculator to solve sin 6 = 5 we find
l that 6 ~ 63.4°. See Figure 54 for the graph. <
. - NOW WORK PROBLEM 37.

4 Identify Conics without a Rotation of Axes

Suppose that we are required only to identify (rather than discuss) an equation of
the form

Ax> + Bxy + Cy’+ Dx + Ey+ F=0, B#0 t))
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If we apply rotation formulas (5) to this equation, we obtain an equation of the form
A'X?+ B'x'y +C'y*+ D'x' + E'y + F' =0 )

where A', B',C’, D', E’, and F’ can be expressed in terms of A, B, C, D, E, F and
the angle 6 of rotation (see Problem 53). It can be shown that the value of
B? — 4AC in equation (8) and the value of B'> — 4A4'C’ in equation (9) are equal
no matter what angle 6 of rotation is chosen (see Problem 55). In particular, if the
angle 0 of rotation satisfies equation (7), then B’ = 0 in equation (9), and
B> — 4AC = —4A'C’. Since equation (9) then has the form of equation (2),

A'x?+C'y*+ D'x' +E'y +F =0

we can identify it without completing the squares, as we did in the beginning of this
section. In fact, now we can identify the conic described by any equation of the form
of equation (8) without a rotation of axes.

Theorem Identifying Conics without a Rotation of Axes

Except for degenerate cases, the equation

Ax* + Bxy + Cy>’ + Dx + Ey+ F=0

(a) Defines a parabola if B> — 4AC = 0.
(b) Defines an ellipse (or a circle) if B> — 4AC < 0.
(c) Defines a hyperbola if B> — 4AC > 0.

You are asked to prove this theorem in Problem 56.

EXAMPLE 5 Identifying a Conic without a Rotation of Axes

Identify the equation: 8x> — 12xy + 17y% — 4\V/5x — 2V/5y — 15 = 0

Solution  Here A = 8,B = —12,and C = 17, s0o B> — 4AC = —400. Since B> — 4AC < 0,
the equation defines an ellipse. <

mmmmm——-- NOW WORK PROBLEM 43.

9.5 Assess Your Understanding

‘Are You Prepared?’

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The sum formula for the sine function 3. If 6 is acute, the Half-angle Formula for the sine function
is si + = .(p. 476 0
issin(a + f) = (p-476) is sin(7> = . (p.487)

2. The Double-angle Formula for the sine function 2
is sin(20) = . (p.484)

4. If 0 is acute, the Half-angle Formula for the cosine function

is cos(%) =___ . (p-487)



Concepts and Vocabulary

5. To transform the equation

Ax’> + Bxy + Cy> + Dx + Ey + F =0, B#0

into one in x’ and y’ without an x'y’-term, rotate the axes
through an acute angle 6 that satisfies the equation

6. Identify the conic: x> —2y> —x — y — 18 = 0. .
7. Identify the conic: x> + 2xy + 3y> —2x + 4y + 10 =0

Skill Building

In Problems 11-20, identify each equation without completing the squares.

13
15
17
19

X +4x+y+3=0
L 6x2 +3y2 — 12x + 6y =0
L 3x2 =2y +6x+4=0
2P —xr—y+x=0
L x2+ Y2 —8x +4y =0

SECTION 9.5 Rotation of Axes; General Form of a Conic

10.

12.
14.
16.
18.
20.
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. True or False: The equation ax? + 6y> — 12y = 0 defines
an ellipse if a > 0.

. True or False: The equation 3x> + bxy + 12y* = 10 defines
a parabolaif b = —12.

True or False: To eliminate the xy-term from the equation
¥} = 2xy+y*—2x+3y+5=0, rotate the axes
through an angle 0, where cot § = B* — 4AC.

2y2 =3y +3x =0

267+ > —8x+4y +2=0
4x> —3y> —8x + 6y + 1 =0
yP=8x>—-2x—y=0
2x*+2y? —8x + 8y =0

In Problems 21-30, determine the appropriate rotation formulas to use so that the new equation contains no xy-term.

21.

23
25
27
29

x?+4dxy+3y?—-3=0

. Sx% 4 6xy + 5y —8=0

L1332 — 6V3xy + 72 — 16 = 0
.4x2—4xy+y2—8\@x—16\/5y=0

. 25x% — 36xy + 40y2 — 12V13x — 8\V13y = 0

22.

24
26

28.

30

x?—dxy+y?-3=0

L 3x% — 10xy + 3y> — 32 =0
112 + 10V3xy + 2 —4 =0
x2+4xy+4y2+5\@y+5=0
. 34x% — 24xy + 41y* — 25 =0

In Problems 31-42, rotate the axes so that the new equation contains no xy-term. Discuss and graph the new equation by hand. Refer to
Problems 21-30 for Problems 31-40. Verify your graph using a graphing utility.

33.
35.

39.
41.

x> +4dxy+y?—-3=0

5x% + 6xy + 52 —8=0

1332 = 6V3xy + 72 — 16 = 0

4x% — 4xy + y* — 8V5x — 16\/§y =0

25x2 — 36xy + 40y? — 12V13x — 8V13y = 0
16x> + 24xy + 9y* — 130x + 90y = 0

32.
34.

36.
38.
40.
42.

¥} —dxy+y*—-3=0

3x — 10xy + 3y> =32 =0

x> + 10V3xy + 2 —4 =0
x2+4xy+4y2+5\/§y+5=0
34x% — 24xy + 41y =25 =0

16x% + 24xy + 9y* — 60x + 80y = 0

In Problems 43-52, identify each equation without applying a rotation of axes.

45
47
49

X +3xy -2y +3x+2y+5=0
L x2 = Txy +3yP—y—-10=0
92+ 12xy +4yP —x—y=0
. 10x2 — 12xy +4y> —x —y—10=0

51.3x2 = 2xy + y? +4x +2y —1=0

Applications and Extensions

In Problems 53-56, apply the rotation formulas (5) to

Ax’>+ Bxy + Cy? + Dx + Ey + F =0

to obtain the equation

A'x?+ B'x'y +Cy>+Dx' +Ey +F =0

44.
46.
48.
50.
52.

53.

54.

2x = 3xy + 4y +2x + 3y —5=0
2x* = 3xy +2yP —4x—-2=0
106>+ 12xy +4y> —x —y+10=0
4x7+ 12xy + 9> —x—y =0
32+ 2xy + Y2 +4x — 2y +10=0

Express A', B',C', D', E', and F' in terms of

A, B, C, D, E, F,and the angle 0 of rotation.

[Hint: Refer to equation (6).]

Show that A + C = A’ + C’, and thus show that A + C is

invariant; that is, its value does not change under a rotation
of axes.
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55. Refer to Problem 54. Show that B> — 4AC is invariant.

56. Prove that, except for degenerate cases, the equation
Ax’>+ Bxy + Cy? + Dx + Ey + F =0

(a) Defines a parabola if B> — 4AC = 0.
(b) Defines an ellipse (or a circle) if B> — 4AC < 0.
(c) Defines a hyperbola if B> — 4AC > 0.

Discussion and Writing

59. Formulate a strategy for discussing and graphing an equa-

tion of the form

AX*+Cy’ + Dx+ Ey+ F=0

‘Are You Prepared?” Answers

1. sin @ cos B + cos a sin B 2. 2sin 6 cos 0

57.

58.

1 — cosf
YT

Use rotation formulas (5) to show that distance is invariant
under a rotation of axes. That is, show that the distance from
P, = (x1, 1) to P, = (x3, y,) in the xy-plane equals the dis-
tance from P, = (x{, y1) to P, = (x5, y5) in the x"y’'-plane.

Show that the graph of the equation x'? + y2 = 4!/ is
part of the graph of a parabola.

How does your strategy change if the equation is of the fol-
lowing form?

Ax> + Bxy + Cy> + Dx + Ey + F =0

1+ cos6
4, \|——
2

9.6 Polar Equations of Conics

PREPARING FOR THIS SECTION
e Polar Coordinates (Section 8.1, pp. 572-579)

\

Now work the ‘Are You Prepared?’ problems on page 703.

Before getting started, review the following:

OBJECTIVES 1 Discuss and Graph Polar Equations of Conics
2 Convert the Polar Equation of a Conic to a Rectangular Equation

1 Discuss and Graph Polar Equations of Conics

In Sections 9.2 through 9.4, we gave separate definitions for the parabola, ellipse,
and hyperbola based on geometric properties and the distance formula. In this
section, we present an alternative definition that simultaneously defines all these
conics. As we shall see, this approach is well suited to polar coordinate representa-
tion. (Refer to Section 8.1.)

Let D denote a fixed line called the directrix; let F denote a fixed point called
the focus, which is not on D; and let e be a fixed positive number called the
eccentricity. A conic is the set of points P in the plane such that the ratio of the
distance from F to P to the distance from D to P equals e. That is, a conic is the
collection of points P for which

d(F, P)

d(D,P) ¢ @

If e = 1, the conic is a parabola.

If e < 1, the conic is an ellipse.

If e > 1, the conic is a hyperbola.



Figure 55

Directrix D

p

r

P=(r,0)

~—d(D, P)—>;,

I

\ 0 Polar
Pole 0 axis
(Focus F)
Theorem
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Observe that if e = 1 the definition of a parabola in equation (1) is exactly the
same as the definition used earlier in Section 9.2.

In the case of an ellipse, the major axis is a line through the focus perpendicular
to the directrix. In the case of a hyperbola, the transverse axis is a line through the
focus perpendicular to the directrix. For both an ellipse and a hyperbola, the eccen-
tricity e satisfies

(9

e == %)

IS}

where c is the distance from the center to the focus and a is the distance from the
center to a vertex.

Just as we did earlier using rectangular coordinates, we derive equations for the
conics in polar coordinates by choosing a convenient position for the focus F and
the directrix D. The focus F is positioned at the pole, and the directrix D is either
parallel or perpendicular to the polar axis.

Suppose that we start with the directrix D perpendicular to the polar axis at a
distance p units to the left of the pole (the focus F). See Figure 55.

It P = (r, 0) is any point on the conic, then, by equation (1),

d(F,
dg;,];;:e or d(F,P)=e-d(D,P) ®

Now we use the point Q obtained by dropping the perpendicular from P to the
polar axis to calculate d(D, P).

d(D,P) =p +d(0,0Q) =p +rcosf

Using this expression and the fact that d(F, P) = d(O, P) = r in equation (3),
we get

d(F, P)

r

e-d(D, P)
e(p + rcosf)

r =ep + ercosf

ep
r(l1 —ecosb) = ep

r — ercos 6

ep

r=7
1 —ecoséb

Polar Equation of a Conic; Focus at Pole; Directrix Perpendicular to
Polar Axis a Distance p to the Left of the Pole

The polar equation of a conic with focus at the pole and directrix perpendicu-
lar to the polar axis at a distance p to the left of the pole is

ep

rzl—ecos@

)

where e is the eccentricity of the conic.
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| EXAMPLE 1 Discussing and Graphing the Polar Equation of a Conic
_ 4
2 —cos@
Solution  The given equation is not quite in the form of equation (4), since the first term in the
denominator is 2 instead of 1. We divide the numerator and denominator by 2 to obtain
2 ep

= r =
1 —ecos b

Discuss and graph the equation: r

1
1 — —cos@
5 cos
This equation is in the form of equation (4), with
1
e=7 and ep

Then

1
Ep=2, so p=4

. . . 1 .
We conclude that the conic is an ellipse, since e = 5 < 1. One focus is at the

Figure 56
g pole, and the directrix is perpendicular to the polar axis, a distance of p = 4 units to

Directrix the left of the pole. It follows that the major axis is along the polar axis. To find the

4
vertices, we let # = 0 and # = 7. The vertices of the ellipse are (4,0) and (3, 7T>.

4
The midpoint of the vertices, <3, 0> in polar coordinates, is the center of the ellipse.

| S
‘b
wl=,
ol

Polar
: 4
(3,0 (4,00 ™ [Do you see why? The vertices (4, 0) and <3, 77) in polar coordinates are (4, 0) and

(—3, 0) in rectangular coordinates. The midpoint in rectangular coordinates is

4 4
(3, 0), which is also <3, 0) in polar coordinates.] Then a = distance from the

(a)
8 . 8 1. . c ,
center to a vertex = 3 Using a = 3 and e = > in equation (2), e = 5 we find
3 4 8 4
¢=ae=z. Finally, using a = gand c= gin b? = a* — 2, we have
I\\_/ b— 4\V3
3

-3 Figure 56(a) shows the graph drawn by hand.
(b) Figure 56(b) shows the graph of the equation obtained using a graphing utility

in POLar mode with #min = 0, fmax = 27 and fstep = % <

— Exploration

Graph ry = and compare the result with Figure 56. What do you conclude? Clear the

_ 4
2 + cos 0

screen and graph r; = - and then r; =

2 —sind 2 +sin6’
Figure 56. What do you conclude?

Compare each of these graphs with

w - NOW WORK PROBLEM 11.

Equation (4) was obtained under the assumption that the directrix was perpen-
dicular to the polar axis at a distance p units to the left of the pole. A similar deriva-
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tion (see Problem 43), in which the directrix is perpendicular to the polar axis at a
distance p units to the right of the pole, results in the equation

€p

r=——""—"
1+ ecos6

In Problems 44 and 45, you are asked to derive the polar equations of conics
with focus at the pole and directrix parallel to the polar axis. Table 5 summarizes the
polar equations of conics.

LU  POLAR EQUATIONS OF CONICS (FOCUS AT THE POLE, ECCENTRICITY e)

Equation Description
ep
(@r= 1T ecost Directrix is perpendicular to the polar axis at a distance p units to the left of the pole.
— e cos
ep . _ ) . . . .
(b) r = [— Directrix is perpendicular to the polar axis at a distance p units to the right of the pole.
e cos
ep o . . .
(c) r= [ Directrix is parallel to the polar axis at a distance p units above the pole.
e sin
ep o . . .
d)r= T esnd Directrix is parallel to the polar axis at a distance p units below the pole.
— esin
Eccentricity
If e = 1, the conic is a parabola; the axis of symmetry is perpendicular to the directrix.

If e < 1, the conic is an ellipse; the major axis is perpendicular to the directrix.

If e > 1, the conic is a hyperbola; the transverse axis is perpendicular to the directrix.

EXAMPLE 2
. Solution
Figure 57
(1,3)
7 Directrix
(2,m) (2,0) Polar
F axis
(a)
-3 3

W | r—,— |

(b)

Discussing and Graphing the Polar Equation of a Conic

6

Di d h th tion: =
iscuss and graph the equation:  r = > "2 -

To place the equation in proper form, we divide the numerator and denominator by
3 to get
2

"1+ sing
Referring to Table 5, we conclude that this equation is in the form of equation (c) with
e=1 and ep =2
p=2 e=1

The conic is a parabola with focus at the pole. The directrix is parallel to the
polar axis at a distance 2 units above the pole; the axis of symmetry is perpendicular

to the polar axis. The vertex of the parabola is at 1,% . (Do you see why?)

See Figure 57(a) for the graph drawn by hand. Notice that we plotted two additional
points, (2, 0) and (2, ), to assist in graphing.
Figure 57(b) shows the graph of the equation using a graphing utility in POLar

T
de with fmin = 0, 0 =2 d fstep = —.
mode with fmin , Bmax m, and fstep = <

M- NOW WORK PROBLEM 13.
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| EXAMPLE 3

Solution

Figure 58

Discussing and Graphing the Polar Equation of a Conic

3

Di d graph th tion: r ="
1scuss and graph the equation: = -7 77 " g

This equation is in the form of equation (b) in Table 5. We conclude that

e=3 and ep=3
p=1 e=23

This is the equation of a hyperbola with a focus at the pole. The directrix is
perpendicular to the polar axis, 1 unit to the right of the pole. The transverse axis is
along the polar axis. To find the vertices, we let 6 = 0 and 6 = . The vertices are

(j, O) and (—;, 77). The center, which is at the midpoint of <i, 0) and (—;, 77),

9 9
is FY 0 ). Then ¢ = distance from the center to a focus = FY Since e = 3, it follows
3 3 9
from equation (2), e = 2, that a = 3 Finally, using a = 3 and ¢ = 3 in
b? = ¢® — a%, we find
b2:c2_ ZZE_EZBZB
64 64 64 8

3 3\V2

b= m =1
Figure 58(a) shows the graph drawn by hand. Notice that we plotted two additional
points, (3, g) and <3, 3;), on the left branch and used symmetry to obtain the
right branch. The asymptotes of this hyperbola were found in the usual way by

constructing the rectangle shown.
Figures 58(b) and (c) show the graph of the equation using a graphing utility in

POLar mode with fmin = 0, fmax = 2, and fstep = 21;1, using both dot mode and

connected mode. Notice the extraneous asymptotes in connected mode.

(@

(b) Dot Mode (c) Connected Mode <«

L - NOW WORK PROBLEM 17.
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2 Convert the Polar Equation of a Conic to a Rectangular

Equation
EXAMPLE 4 | Converting a Polar Equation to a Rectangular Equation
Convert the polar equation
1
=
3 —3cosf
to a rectangular equation.
Solution The strategy here is first to rearrange the equation and square each side before

using the transformation equations.

9(x*> + y?) = (1 + 3x)?

1

r:3—3cos(9

3r —3rcosf =1

3r =1+ 3rcos @
9r? = (1 + 3rcos h)?

Rearrange the equation.
Square each side.

NG +y2 = x=rcos b
9x% + 9y? = 9x% + 6x + 1

9y? = 6x + 1
This is the equation of a parabola in rectangular coordinates. <
ommmmm==-- NOW WORK PROBLEM 25.

9.6 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. If (x, y) are the rectangular coordinates of a point P and
(r,0) are its polar coordinates, then x = and
y=___.(p.-575)

Concepts and Vocabulary

3. The polar equation r = is a conic whose eccen-

4 —2sin@
tricity is It is a(n) whose directrix is to

the polar axis at a distance units the pole.

4. The eccentricity e of a parabola is
,and of a hyperbola it is .

, of an ellipse it is

Skill Building

2. Transform the equation r = 6 cos 6 from polar coordinates
to rectangular coordinates. (pp. 576-579)

5. True or False: If (r,0) are polar coordinates, the equation

r defines a hyperbola.

T2+ 3sin6

6. True or False: The eccentricity of any parabola is 1.

In Problems 7-12, identify the conic that each polar equation represents. Also, give the position of the directrix.

1 3
Tor=——" =
g 1+ cos6 8. 1 —sinf
2 \ 3
T - N r=——
0. 1+ 2cosf g 4 — 2cos6

4
9. r=—
"= 2 " 3sing
6
12. r =

8 + 2sin6
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In Problems 13-24, discuss each equation and graph it by hand. Verify your graph using a graphing utility.

1
=
1+ cos6

10
16. r = —————
6. r 5+ 4cos6
19.r=——F7
%= T sine

22. r(2 —cosf) =2

14. r =

20. r =

r

23. r

3
1 —sinf
_ 9
3 —6cosb
8
2 + 4cos6
_ b6secH
"~ 2sech — 1

In Problems 25-36, convert each polar equation to a rectangular equation.

P 1
1+ cos6
10
28. r=——-—
8.1 54+ 4cos6
3.r=—-—
g 2 — sin 6

34. r(2 —cos) =2

26. r =

29. r =

32.r =

35. r

3
1 —sinf
9
3 —6cosb
_ 8
2+ 4cos6
_ bsecd
2sech — 1

8

5. r=— 2>

S = 3sme
12

18 r=— -

8 = ssmo

21. r(3 — 2sinf) =6

2. ;- 3csch
csc — 1
8
27.r =——7—7
"4+ 3sin0
12
0= Sine

33. r(3 — 2sinfh) = 6

3csch

36. r =——
! csch — 1

In Problems 37-42, find a polar equation for each conic. For each, a focus is at the pole.

37. e = 1, directrix is parallel to the polar axis 1 unit above

the pole

4 . .. . . .
39. e = 3 directrix is perpendicular to the polar axis 3 units to

the left of the pole

41. e = 6; directrix is parallel to the polar axis 2 units below

the pole

Applications and Extensions

43. Derive equation (b) in Table 5:

44. Derive equation (c) in Table 5:

45. Derive equation (d) in Table 5:

46. Orbit of Mercury The planet Mercury travels around the

_ ep
"= 1+ ecosb

ep
F=—
1+ esiné

_ ep
"= 1 —esiné

Sun in an elliptical orbit given approximately by

(3.442)107

T = 0206 cos 6

‘Are You Prepared?” Answers

1. rcos 0; rsin 6

2. (x =37 +y" =9

38.

40.

42.

e = 1; directrix is parallel to the polar axis 2 units below
the pole

2 . .. . .
e = —; directrix is parallel to the polar axis 3 units above

the pole

e = 5; directrix is perpendicular to the polar axis 5 units to
the right of the pole

where r is measured in miles and the Sun is at the pole. Find
the distance from Mercury to the Sun at aphelion (greatest
distance from the Sun) and at perihelion (shortest distance
from the Sun). See the figure. Use the aphelion and perihe-
lion to graph the orbit of Mercury using a graphing utility.

Mercury

Perihelion

Aphelion
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9.7 Plane Curves and Parametric Equations

PREPARING FOR THIS SECTION

\

e Amplitude and Period of Sinusoidal Graphs (Section 5.4, pp. 408-414)

. Now work the ‘Are You Prepared? problem on page 716.

OBJECTIVES 1 Graph Parametric Equations by Hand
2 Graph Parametric Equations Using a Graphing Utility
3 Find a Rectangular Equation for a Curve Defined Parametrically
4 Use Time as a Parameter in Parametric Equations
5 Find Parametric Equations for Curves Defined by Rectangular Equations

Before getting started, review the following:

Figure 59

Equations of the form y = f(x), where f is a function, have graphs that are intersect-
ed no more than once by any vertical line. The graphs of many of the conics and cer-
tain other, more complicated, graphs do not have this characteristic. Yet each graph,
like the graph of a function, is a collection of points (x, y) in the xy-plane; that is, each
is a plane curve. In this section, we discuss another way of representing such graphs.

Let x = f(¢) and y = g(t), where f and g are two functions whose common
domain is some interval /. The collection of points defined by

(x,y) = (f(1), &(1))

is called a plane curve. The equations

where t is in [, are called parametric equations of the curve. The variable ¢ is
called a parameter.

Graph Parametric Equations by Hand

Parametric equations are particularly useful in describing movement along a curve.
Suppose that a curve is defined by the parametric equations

x=f(), y=g@), a=st=b
where f and g are each defined over the interval ¢ = ¢ = b. For a given value of ,
we can find the value of x = f(¢) and y = g(t¢), obtaining a point (x, y) on the
curve. In fact, as ¢ varies over the interval from ¢t = a tot = b, successive values of ¢
give rise to a directed movement along the curve; that is, the curve is traced out in a
certain direction by the corresponding succession of points (x, y). See Figure 59.
The arrows show the direction, or orientation, along the curve as ¢ varies from a to b.

| EXAMPLE 1

Solution

Discussing a Curve Defined by Parametric Equations

Discuss the curve defined by the parametric equations

x =302 y=2, 2=tr=2

For each number ¢, =2 = ¢ = 2, there corresponds a number x and a number y. For
example, when ¢ = —2, then x = 3(=2)? = 12 and y = 2(—2) = —4. When ¢ = 0,
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then x = 0 and y = 0. Indeed, we can set up a table listing various choices of the pa-
rameter ¢ and the corresponding values for x and y, as shown in Table 6. Plotting
these points and connecting them with a smooth curve leads to Figure 60. The ar-
rows in Figure 60 are used to indicate the orientation.

Table 6 t x y (% y) Figure 60
= 12 —4 (12, —4) ZL (12, 4)
-1 3 -2 3, -2) I
0 0 0 (0,0) -
1 3 2 (3' 2) / L L L L L L L L L L L L
2 12 4 (12, 4) (0,0 N 5 10 X
L (3.-2)
- (12, —4)
<

2 Graph Parametric Equations Using a Graphing Utility

Most graphing utilities have the capability of graphing parametric equations. The
following steps are usually required to obtain the graph of parametric equations.
Check your owner’s manual to see how yours works.

Graphing Parametric Equations Using a Graphing Utility

STEP 1: Set the mode to PARametric, Enter x(¢) and y().

STEP 2: Select the viewing window. In addition to setting Xmin, Xmax, Xscl,
and so on, the viewing window in parametric mode requires setting
minimum and maximum values for the parameter ¢ and an increment
setting for #(T'step).

STEP 3: Graph.

EXAMPLE 2 Graphing a Curve Defined by Parametric Equations Using
a Graphing Utility

Graph the curve defined by the parametric equations

x =3  y=2, 2 =tr=2 a

Solution  Step 1: Enter the equations x(¢) = 3¢% y(t) = 2t with the graphing utility in
PARametric mode.

STEP 2: Select the viewing window. The interval /is —2 < ¢ =< 2, so we select the
following square viewing window:

Tmin = —2 Xmin = 0 Ymin = -5

Tmax = 2 Xmax = 15 Ymax =5
Tstep = 0.1 Xscl =1 Yscl =1
We choose Tmin = —2 and Tmax = 2 because —2 = ¢t = 2. Finally, the

choice for Tstep will determine the number of points the graphing utility
will plot. For example, with Tstep at 0.1, the graphing utility will evaluate x
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and y at t = —2, —1.9, —1.8, and so on. The smaller the 7Tstep, the more
points the graphing utility will plot. The reader is encouraged to experi-
ment with different values of Tstep to see how the graph is affected.

StEP 3: Graph. Notice the direction the graph is drawn in. This direction shows the
orientation of the curve.

The graph shown in Figure 61 is complete. <

Exploration
Graph the following parametric equations using a graphing utility with Xmin = 0, Xmax = 15,
Ymin = —5, Ymax = 5, and Tstep = 0.1:

32
1.x=T,y=t,*4StS4

2. x=324+12t+12,y=2t+4-4=<t=0

2
3.x=38y=2Vt-8=t=8

Compare these graphs to the graph in Figure 61. Conclude that parametric equations defining a
curve are not unique; that is, different parametric equations can represent the same graph.

Find a Rectangular Equation for a Curve Defined
Parametrically

The curve given in Examples 1 and 2 should be familiar. To identify it accurately, we
find the corresponding rectangular equation by eliminating the parameter ¢ from
the parametric equations given in Example 1:

x =302 y=2, 2=t=2

Noting that we can readily solve for ¢ in y = 2t, obtaining t = %, we substitute this
expression in the other equation.

2
X = 312 3<y>2 — 3L

2
This equation, x = %, is the equation of a parabola with vertex at (0, 0) and axis

of symmetry along the x-axis.

— Exploration

) 3y 4x 4\ )
In FUNCtion mode, graph x = 4 Y, = ?and Y, = — 3 with Xmin = 0, Xmax = 15,

Ymin = =5, Ymax = 5. Compare this graph with Figure 61. Why do the graphs differ?

Note that the parameterized curve defined by equati%n (1) and shown in
3
Figure 60 (or 61) is only a part of the parabola x = % The graph of the

rectangular equation obtained by eliminating the parameter will, in general, contain
more points than the original parameterized curve. Care must therefore be taken
when a parameterized curve is sketched by hand after eliminating the parameter.
Even so, the process of eliminating the parameter ¢ of a parameterized curve to
identify it accurately is sometimes a better approach than merely plotting points.
However, the elimination process sometimes requires a little ingenuity.
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| EXAMPLE 3 Finding the Rectangular Equation of a Curve
Defined Parametrically

Find the rectangular equation of the curve whose parametric equations are
X = acost y =asint

where a > 0 is a constant. By hand, graph this curve, indicating its orientation.

Solution  The presence of sines and cosines in the parametric equations suggests that we use a
Pythagorean Identity. In fact, since

X . Y
cost = — sint = —
a a

we find that
cos’t + sinr =1

Figure 62
2 2
X
(0, a) a a
2y =a
(a,0) The curve is a circle with center at (0, 0) and radius a. As the parameter ¢ increases,
. ™ . .

(=a0) X say from ¢t = 0 [the point (a,0)] to t = 3 [the point (0,a)] to t = 7 [the point
(—a,0)], we see that the corresponding points are traced in a counterclockwise

direction around the circle. The orientation is as indicated in Figure 62. <

memmm==.—- NOW WORK PROBLEMS 7 AND 19.

Let’s discuss the curve in Example 3 further. The domain of each parametric
equation is —00 < t < 00. Thus, the graph in Figure 62 is actually being repeated
each time that ¢ increases by 2.

If we wanted the curve to consist of exactly 1 revolution in the counterclockwise
direction, we could write

X = acost, y = asint, 0=t=2nw

This curve starts at + = 0 [the point (a,0)] and, proceeding counterclockwise
around the circle, ends at r = 21 [also the point (a, 0)].

If we wanted the curve to consist of exactly three revolutions in the counter-
clockwise direction, we could write

X = acost, y = asint, 27 =t <47
or

X = acost, y = asint, 0=t =6nr
or

X = acost, y = asint, 20 =t = 87

EXAMPLE 4 | Describing Parametric Equations

Find rectangular equations for the following curves defined by parametric equa-
tions. Graph each curve.

(@) x =acost, y=asint, 0=t=m, a>0
(b) x

—asint, y= —acost, 0=t=m, a>0



Solution
Figure 63
y
(0, a)
(~a.0) @ *
Figure 64
y
(0, a)
(-a,0) X
b (0, —a)

— Seeing the Concept —
Graph X =costy=sint for
0 =t = 27 Compare to Figure 62.
Graph X =costy =sint for
0 =t=m. Compare to Figure 63.
Graph x = —sint,y = —cost for
0 = t = 7. Compare to Figure 64.
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(a) We eliminate the parameter ¢ using a Pythagorean Identity.

cos?t + sin*r =1

GG

x2+y2:a

Il
—_

2

The curve defined by these parametric equations is a circle, with radius a and

center at (0, 0). The circle begins at the point (a, 0), t = 0; passes through the
point (0, a),t = g; and ends at the point (—a, 0),t = .

The parametric equations define an upper semicircle of radius a with a
counterclockwise orientation. See Figure 63. The rectangular equation is

y = Va* - x*, —a=x=ua
(b) We eliminate the parameter ¢ using a Pythagorean Identity.

sin®t + cos’t = 1

7N
|
QH
N———
[\S}
_|_
7N
|
Q\<
N————
(S
|
—_

24 y=a
The curve defined by these parametric equations is a circle, with radius a and
center at (0, 0). The circle begins at the point (0, —a), t = 0; passes through the

point (—a,0),t = g; and ends at the point (0,a),t = 7. The parametric

equations define a left semicircle of radius a with a clockwise orientation.
See Figure 64. The rectangular equation is

—a=y=a <

Example 4 illustrates the versatility of parametric equations for replacing com-
plicated rectangular equations, while providing additional information about orien-
tation. These characteristics make parametric equations very useful in applications,
such as projectile motion.

Use Time as a Parameter in Parametric Equations

If we think of the parameter ¢ as time, then the parametric equations x = f(¢) and
y = g(t) of a curve C specify how the x- and y-coordinates of a moving point vary
with time.

For example, we can use parametric equations to describe the motion of an
object, sometimes referred to as curvilinear motion. Using parametric equations, we
can specify not only where the object travels, that is, its location (x, y), but also
when it gets there, that is, the time ¢.

When an object is propelled upward at an inclination 0 to the horizontal with
initial speed vy, the resulting motion is called projectile motion. See Figure 65(a).

In calculus it is shown that the parametric equations of the path of a projectile
fired at an inclination 6 to the horizontal, with an initial speed v, from a height &
above the horizontal are



710

CHAPTER 9 Analytic Geometry

Figure 65

1
x = (vycos 0)t y = —Egtz + (vpsin )t + h ?2)

where ¢ is the time and g is the constant acceleration due to gravity (approximately
32 ft/sec/sec or 9.8 m/sec/sec). See Figure 65(b).

Figure 66

y
Vo -7 7T ~~. b o T <o X, ¥()
/ 0 \\\ h / 0 RN .
\\
Ay
AY
\
X
(a) (b)
EXAMPLE 5 | Projectile Motion
Suppose that Jim hit a golf ball with an initial velocity of 150 feet per second at an
angle of 30° to the horizontal. See Figure 66.
(a) Find parametric equations that describe the position of the ball as a function
of time.
o (b) How long is the golf ball in the air?
~ (c) When is the ball at its maximum height? Determine the maximum height of
30° the ball.
(d) Determine the horizontal distance that the ball traveled.
(e) Using a graphing utility, simulate the motion of the golf ball by simultaneously
graphing the equations found in part (a).
Solution  (a) We have v, = 150 ft/sec, § = 30°, h = 0 (the ball is on the ground),and g = 32

(since the units are in feet and seconds). Substituting these values into equa-
tions (2), we find that

x = (vgcos )t = (150 cos 30°)t = 75\V31

1 1
y —ngw%mwy+h:—§@@ﬁ+ammﬂmy+o

= —16* + 75¢

(b) To determine the length of time that the ball is in the air, we solve the equation
y = 0.

—1612 + 75t = 0
t(—16t +75) =0
5
= == =4
t =0sec or t 16 6875 sec

The ball will strike the ground after 4.6875 seconds.

(c) Notice that the height y of the ball is a quadratic function of ¢, so the maximum
height of the ball can be found by determining the vertex of y = —16¢> + 75t.
The value of ¢ at the vertex is

-b =75

t = g = _732 = 2.34375 sec



Figure 67
246

610

—156

Figure 68
180
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The ball is at its maximum height after 2.34375 seconds. The maximum height of
the ball is found by evaluating the function y at t = 2.34375 seconds.
Maximum height = —16(2.34375)% + (75)2.34375 ~ 87.89 feet
(d) Since the ball is in the air for 4.6875 seconds, the horizontal distance that the
ball travels is

x = (75V/3)4.6875 ~ 608.92 feet

(e) We enter the equations from part (a) into a graphing utility with
Tmin = 0, Tmax = 4.7, and Tstep = 0.1. We use ZOOM-SQUARE to avoid
any distortion to the angle of elevation. See Figure 67. <

—— Exploration

Simulate the motion of a ball thrown straight up with an initial speed of 100 feet per second from a
height of 5 feet above the ground. Use PARametric mode with Tmin = 0, Tmax = 6.5,
Tstep = 0.1, Xmin = 0, Xmax = 5, Ymin = 0, and Ymax = 180. What happens to the speed with
which the graph is drawn as the ball goes up and then comes back down? How do you interpret this
physically? Repeat the experiment using other values for Tstep. How does this affect the experiment?

[Hint: In the projectile motion equations, let § = 90°, v = 100, h = 5,and g = 32. Use x = 3
instead of x = 0 to see the vertical motion better.]

Result See Figure 68. In Figure 68(a) the ball is going up. In Figure 68(b) the ball is near its high-
est point. Finally, in Figure 68(c) the ball is coming back down.

180 180

T 5 0 5 0L 5

(t~07) 0 (t~3) 0 (t~4)
(a) (b) (c)

Notice that, as the ball goes up, its speed decreases, until at the highest point it is zero. Then
the speed increases as the ball comes back down.

L - NOW WORK PROBLEM 49.

A graphing utility can be used to simulate other kinds of motion as well. Let’s
work again Example 4 from the Appendix, Section A.7.

EXAMPLE 6

Figure 69

Simulating Motion

Tanya, who is a long distance runner, runs at an average velocity of 8 miles per hour.
Two hours after Tanya leaves your house, you leave in your Honda and follow the same
route. If your average velocity is 40 miles per hour, how long will it be before you catch
up to Tanya? See Figure 69. Use a simulation of the two motions to verify the answer.

Time t

2 hr (72
= £
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Solution  We begin with two sets of parametric equations: one to describe Tanya’s motion, the
other to describe the motion of the Honda. We choose time ¢ = 0 to be when Tanya
leaves the house. If we choose y; = 2 as Tanya’s path, then we can use y, = 4 as the
parallel path of the Honda. The horizontal distances traversed in time ¢
(Distance = Velocity X Time) are

Tanya: x; = 8t Honda: x, = 40(¢t — 2)

The Honda catches up to Tanya when x; = x,.

8t = 40(t — 2)
8t = 40t — 80
—32t = —80
—80
t=—0=25
-32

The Honda catches up to Tanya 2.5 hours after Tanya leaves the house.
In PARametric mode with 7'step = 0.01, we simultaneously graph
Tanya: x; = 8¢ Honda: x, = 40(¢r — 2)
=2 =4
for0 =t = 3.

Figure 70 shows the relative position of Tanya and the Honda for
t =0,t =2,t=2251¢=25andt = 2.75.

Figure 70
5 5 5
LU= : L E —=
% o
4 —a —a
0] 40 0 40 0 40
0 0 0
t=0 t=2 t=225
5 5
= £
——a — =
0 40 0 40
0 0
t=25 t=275 <

5 Find Parametric Equations for Curves Defined
by Rectangular Equations

We now take up the question of how to find parametric equations of a given curve.
If a curve is defined by the equation y = f(x), where f is a function, one way of
finding parametric equations is to let x = ¢. Then y = f(¢) and

x=t, y=f(), t in the domain of f

are parametric equations of the curve.
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EXAMPLE 7 Finding Parametric Equations for a Curve Defined
by a Rectangular Equation
Find parametric equations for the equation y = x* — 4.
Solution  Let x = r. Then the parametric equations are
x=t y=t>—4  —o00<t<x |
Another less obvious approach to Example 7 is to let x = ¢>. Then the
parametric equations become
x=0, y=1-4, -—oc0o<t<
Care must be taken when using this approach, since the substitution for x must
be a function that allows x to take on all the values stipulated by the domain of f.
For example, letting x = > so that y = t* — 4 does not result in equivalent para-
metric equations for y = x?> — 4, since only points for which x = 0 are obtained.
memm====- NOW WORK PROBLEM 33.
EXAMPLE 8 Finding Parametric Equations for an Object in Motion
Find parametric equations for the ellipse
2
2 Y
x+—=—=1
9
where the parameter ¢ is time (in seconds) and
(a) The motion around the ellipse is clockwise, begins at the point (0,3), and
requires 1 second for a complete revolution.
(b) The motion around the ellipse is counterclockwise, begins at the point (1, 0),
and requires 2 seconds for a complete revolution.
Figure 71 Solution  (a) See Figure 71. Since the motion begins at the point (0, 3), we want x = 0 and
y y = 3when ¢ = 0. Furthermore, since the given equation is an ellipse, we begin
(0, 3) by letting
\ x = sin(wt) % = cos(wt)
\\ for some constant w. These parametric equations satisfy the equation of the
ellipse. Furthermore, with this choice, when t = 0, we have x = 0 and y = 3.
(=1,0) (1.0 X For the motion to be clockwise, the motion will have to begin with the value
of x increasing and y decreasing as ¢ increases. This requires that @ > 0. [Do you
know why? If w > 0, then x = sin(wt) is increasing when ¢ > 0 is near zero and
y = 3 cos(wt) is decreasing when ¢ > 0 is near zero.] See the red part of the
(0, -3) graph in Figure 71. 2

Finally, since 1 revolution requires 1 second, the period o 1,50 w = 2.

Parametric equations that satisfy the conditions stipulated are

x = sin(2m7t), y = 3 cos(2mt), 0=r=1 3)



714 CHAPTERY Analytic Geometry

Figure 72 (b) See Figure 72. Since the motion begins at the point (1,0), we want x = 1 and
y y = 0 when ¢t = 0. Furthermore, since the given equation is an ellipse, we begin
0.3) by letting
_ Yo
x = cos(wt) 3= sin(wt)
(1,0) for some constant w. These parametric equations satisfy the equation of the
(-1,0) X ellipse. Furthermore, with this choice, when ¢t = 0, we have x = 1 and y = 0.

For the motion to be counterclockwise, the motion will have to begin with

the value of x decreasing and y increasing as ¢ increases. This requires that

» > 0. [Do you know why?] Finally, since 1 revolution requires 2 seconds, the

(0,-3)

L. 2w . . .
period is o 2, so w = . The parametric equations that satisfy the

conditions stipulated are

x = cos(mt), y = 3sin(wt), 0=r=2 4 <«
Eitgler of equations (3) or (4) can serve as parametric equations for the ellipse
X+ % = 1 given in Example 8. The direction of the motion, the beginning point,

and the time for 1 revolution merely serve to help us arrive at a particular paramet-
ric representation.

" - NOW WORK PROBLEM 39.

The Cycloid

Suppose that a circle of radius a rolls along a horizontal line without slipping. As the
circle rolls along the line, a point P on the circle will trace out a curve called a
cycloid (see Figure 73). We now seek parametric equations” for a cycloid.

Figure 73 y

R
~

We begin with a circle of radius a and take the fixed line on which the circle rolls
as the x-axis. Let the origin be one of the points at which the point P comes in con-
tact with the x-axis. Figure 73 illustrates the position of this point P after the circle
has rolled somewhat. The angle ¢ (in radians) measures the angle through which the
circle has rolled.

Since we require no slippage, it follows that

Arc AP = d(0, A)

*Any attempt to derive the rectangular equation of a cycloid would soon demonstrate how complicated
the task is.



— Exploration

Graph  x =t —sint,y =1 — cost,
0 = t = 3, using your graphing utility
with Tstep = % and a square screen.

Compare your results with Figure 73.
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The length of the arc AP is given by s = rf, where r = a and # = ¢ radians. Then
at = d(O, A)  s=r0wherer=2aand0 =t
The x-coordinate of the point P is
d(0,X)=4d(0,A) —d(X,A) =at —asint = a(t — sint)
The y-coordinate of the point P is equal to
d(0,Y)=d(A,C) —d(B,C) =a —acost = a(l — cost)

The parametric equations of the cycloid are

x = a(t — sint) y =a(l — cost) Q)

Figure 74

Figure 75

Cycloid

Applications to Mechanics

If a is negative in equation (5), we obtain an inverted cycloid, as shown in Figure
74(a). The inverted cycloid occurs as a result of some remarkable applications in the
field of mechanics. We shall mention two of them: the brachistochrone and the
tautochrone.”

(a) Inverted cycloid (b) Curve of quickest descent (c) Allreach Qat
the same time

The brachistochrone is the curve of quickest descent. If a particle is constrained to
follow some path from one point A to a lower point B (not on the same vertical line)
and is acted on only by gravity, the time needed to make the descent is least if the
path is an inverted cycloid. See Figure 74(b). This remarkable discovery, which is at-
tributed to many famous mathematicians (including Johann Bernoulli and Blaise
Pascal), was a significant step in creating the branch of mathematics known as the
calculus of variations.

To define the tautochrone, let O be the lowest point on an inverted cycloid. If
several particles placed at various positions on an inverted cycloid simultaneously
begin to slide down the cycloid, they will reach the point Q at the same time, as indi-
cated in Figure 74(c). The tautochrone property of the cycloid was used by Christi-
aan Huygens (1629-1695), the Dutch mathematician, physicist, and astronomer, to
construct a pendulum clock with a bob that swings along a cycloid (see Figure 75). In
Huygen’s clock, the bob was made to swing along a cycloid by suspending the bob
on a thin wire constrained by two plates shaped like cycloids. In a clock of this
design, the period of the pendulum is independent of its amplitude.

* . . .
In Greek, brachistochrone means “the shortest time” and tautochrone means “equal time.”
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9.7 Assess Your Understanding

‘Are You Prepared?

Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. The function f(x) = 3 sin(4x) has amplitude and period . (p.410)

Concepts and Vocabulary

2. Letx = f(t) and y = g(t), where f and g are two functions
whose common domain is some interval /. The collection of
points defined by (x, y) = (f(t), g(¢)) is called a(n)

. The variable ¢ is called a(n) .

3. The parametric equations x = 2sint,y = 3cost define

a(n) .

Skill Building

4.

5.

6.

If a circle rolls along a horizontal line without slippage, a
point P on the circle will trace out a curve called a(n)

True or False: Parametric equations defining a curve are
unique.

True or False: Curves defined using parametric equations
have an orientation.

In Problems 7-26, graph the curve whose parametric equations are given by hand and show its orientation. Find the rectangular equation

of each curve. Verify your graph using a graphing utility.
T.x=3t+2, y=t+1; 0=r=4

9. x

t+2, y=Vt; t=0

M x=r+4, y=t>—4 -00<t<o
1B.x=32 y=t+1 -00<t<o
15. x =2, y=1+¢5 t=0

17. x=V1, y=0"% =0

19. x =2cost, y=3sint; 0=t =27

21. x =2cost, y=3sint; —m=t=0

23. x =sect, y=tant; 0=t =

m
4

25. x = sin’t, y=coszt; 0=t=27m

8.
10.
12.
14.
16.
18.

20.

22.

24.

26.

x=t—-3, y=2t+4 0=tr=2
V2, y=4t t=0
x=Vit+4 y=Vi—4 t=0

x=2—4, y=4r% -0 <t<

=
Il

x=¢, y=e¢' t=0
x=0r"+1, y=+Vi; t=0

x =2cost, y=3sint; 0=t=m

In Problems 27-34, find two different parametric equations for each rectangular equation.

27. y =4x — 1 28. y= —8x +3

3Ly =x R.oy=x"+1

\

29.

. 33.

In Problems 35-38, find parametric equations that define the curve shown.

35. y 36.
(-1,2)
6 (7,5) o ol
s N
oL | | \ | |
L (2,0) -2 -1 N2 3 x
| TP ¥l O N N B -+
L 2 4 6 X
_2_
(3, -2)
73_

37.

x =2cost, y=sint; Osts%
X = csct = cotf; E<t<z
oY )
x =1 y=Int; t>0
_ .2 _ A2
y=x"+1 30. y= —2x"+ 1
x =y 4. x = \Vy
y 38. y
2 0.4)
r 2
1 1 1 1
-3 —2—1_1_1 2 )3 x L L
-2 2 X
72 72
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2 2

In Problems 39-42, find parametric equations for an object that moves along the ellipse T + O 1 with the motion described.

41.

The motion begins at (2, 0), is clockwise, and requires 2 sec-
onds for a complete revolution.

The motion begins at (0, 3), is clockwise, and requires 1 sec-
ond for a complete revolution.

40.

42.

The motion begins at (0,3), is counterclockwise, and
requires 1 second for a complete revolution.

The motion begins at (2,0), is counterclockwise, and
requires 3 seconds for a complete revolution.

In Problems 43 and 44, the parametric equations of four curves are given. Graph each of them, indicating the orientation.

43.

Ci: x=t y=¢t —4=1=4

Cy x=cost, y=1-sin’t; 0=t=m
Cy x=¢, y=¢e¥ 0=t= In4
C4:x=\/f,y=t;0StS16

44.

C: x=t y=V1-¢1 -1=r=1
Cy: x=sint, y=cost; 0=¢=27
Cy: x=cost, y=sint; 0=¢=27

V1-¢, y=r -1=r=1

C4I X

In Problems 45—48, use a graphing utility to graph the curve defined by the given parametric equations.

45.
47.

x =tsint, y=tcost, t>0

x = 4sint — 2sin(2¢)
y = 4cost — 2cos(2t)

Applications and Extensions

50.

51.

Projectile Motion Bob throws a ball straight up with an

initial speed of 50 feet per second from a height of 6 feet.

(a) Find parametric equations that describe the motion of
the ball as a function of time.

(b) How long is the ball in the air?

(c) When is the ball at its maximum height? Determine the
maximum height of the ball.

(d) Simulate the motion of the ball by graphing the
equations found in part (a).

Projectile Motion Alice throws a ball straight up with an

initial speed of 40 feet per second from a height of 5 feet.

(a) Find parametric equations that describe the motion of
the ball as a function of time.

(b) How long is the ball in the air?

(c) When is the ball at its maximum height? Determine the
maximum height of the ball.

(d) Simulate the motion of the ball by graphing the
equations found in part (a).

Catching a Train Bill’s train leaves at 8:06 AM and acceler-

ates at the rate of 2 meters per second per second. Bill, who

can run 5 meters per second, arrives at the train station 5

seconds after the train has left.

(a) Find parametric equations that describe the motion of
the train and Bill as a function of time.

[Hint: The position s at time ¢ of an object having accel-
. . 1,
erationais s = Eat ]

(b) Determine algebraically whether Bill will catch the
train. If so, when?

(c) Simulate the motion of the train and Bill by simultane-
ously graphing the equations found in part (a).

46.
48.

52.

53.

54.

X =sint + cost, y =sint — cost

x = 4sint + 2sin(2t)
y = 4cost + 2cos(2t)

Catching a Bus Jodi’s bus leaves at 5:30 M and accelerates

at the rate of 3 meters per second per second. Jodi, who can

run 5 meters per second, arrives at the bus station 2 seconds

after the bus has left.

(a) Find parametric equations that describe the motion of
the bus and Jodi as a function of time.

[Hint: The position s at time ¢ of an object having accel-
. . 1,
erationaiss = Eat ]

(b) Determine algebraically whether Jodi will catch the bus.
If so, when?

(c) Simulate the motion of the bus and Jodi by simultane-
ously graphing the equations found in part (a).

Projectile Motion Ichiro throws a baseball with an

initial speed of 145 feet per second at an angle of 20° to

the horizontal. The ball leaves Ichiro's hand at a height

of 5 feet.

(a) Find parametric equations that describe the position of
the ball as a function of time.

(b) How long is the ball in the air?

(c) When is the ball at its maximum height? Determine the
maximum height of the ball.

(d) Determine the horizontal distance that the ball traveled.

(e) Using a graphing utility, simultaneously graph the
equations found in part (a).

Projectile Motion Barry Bonds hit a baseball with an

initial speed of 125 feet per second at an angle of 40° to the

horizontal. The ball was hit at a height of 3 feet off the

ground.

(a) Find parametric equations that describe the position of
the ball as a function of time.
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5S.

56.

57.

(b) How long is the ball in the air?

(c) When is the ball at its maximum height? Determine the
maximum height of the ball.

(d) Determine the horizontal distance that the ball traveled.

(e) Using a graphing utility, simultaneously graph the
equations found in part (a).

Projectile Motion Suppose that Adam throws a tennis ball

off a cliff 300 meters high with an initial speed of 40 meters

per second at an angle of 45° to the horizontal.

(a) Find parametric equations that describe the position of
the ball as a function of time.

(b) How long is the ball in the air?

(c) When is the ball at its maximum height? Determine the
maximum height of the ball.

(d) Determine the horizontal distance that the ball traveled.

(e) Using a graphing utility, simultaneously graph the
equations found in part (a).

Projectile Motion Suppose that Adam throws a tennis ball

off a cliff 300 meters high with an initial speed of 40 meters

per second at an angle of 45° to the horizontal on the Moon

(gravity on the Moon is one-sixth of that on Earth).

(a) Find parametric equations that describe the position of
the ball as a function of time.

(b) How long is the ball in the air?

(c) When is the ball at its maximum height? Determine the
maximum height of the ball.

(d) Determine the horizontal distance that the ball traveled.

(e) Using a graphing utility, simultaneously graph the
equations found in part (a).

Uniform Motion A Toyota Paseo (traveling east at

40 mph) and a Pontiac Bonneville (traveling north at

30 mph) are heading toward the same intersection. The

Paseo is 5 miles from the intersection when the Bonneville

is 4 miles from the intersection. See the figure.

N
W<—1—>E
m S

J«e—5mi—>] !
111 A
40 mph T
4 mi

I

30 mph

(a) Find parametric equations that describe the motion of
the Paseo and Bonneville.

(b) Find a formula for the distance between the cars as a
function of time.

(c) Graph the function in part (b) using a graphing utility.

(d) What is the minimum distance between the cars? When
are the cars closest?

58.

59.

60.

(e) Simulate the motion of the cars by simultaneously
graphing the equations found in part (a).

Uniform Motion A Cessna (heading south at 120 mph) and

a Boeing 747 (heading west at 600 mph) are flying toward the

same point at the same altitude. The Cessna is 100 miles from

the point where the flight patterns intersect, and the 747 is

550 miles from this intersection point. See the figure.

N
120 mph
P E

I
l
! 600 mph

(a) Find parametric equations that describe the motion of
the Cessna and 747.

(b) Find a formula for the distance between the planes as a
function of time.

(c) Graph the function in part (b) using a graphing utility.

(d) What is the minimum distance between the planes?
When are the planes closest?

(e) Simulate the motion of the planes by simultaneously
graphing the equations found in part (a).

Show that the parametric equations for a line passing

through the points (x;, y;) and (x,, y,) are

x = (x — x)t + x;
y=0m—y)t+y,
What is the orientation of this line?

—00 <t < 0

Projectile Motion The position of a projectile fired with
an initial velocity v, feet per second and at an angle 6 to the
horizontal at the end of ¢ seconds is given by the parametric
equations

x = (vycos 0)t y = (vysin @)t — 16¢>

See the following illustration.

& 9\ “x

(a) Obtain the rectangular equation of the trajectory and
identify the curve.

(b) Show that the projectile hits the ground (y = 0) when

1
t= 16 — v sin 6.
(c) How far has the projectile traveled (horizontally) when
it strikes the ground? In other words, find the range R.



(d) Find the time ¢ when x = y. Then find the horizontal dis-
tance x and the vertical distance y traveled by the projec

x% + y?. This is the

tile in this time. Then compute
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61. Hypocycloid The hypocycloid is a curve defined by the
parametric equations

x(t) = cos®t, y(t) =sin’t, 0=t=2m

distance R, the range, that the projectile travels up a plane

inclined at 45° to the horizontal (x = y). See the follow-
ing illustration. (See also Problem 83 in Exercise 6.5.)

/ ]

Discussion and Writing

62. In Problem 61, we graphed the hypocycloid. Now graph the
rectangular equations of the hypocycloid. Did you obtain a
complete graph? If not, experiment until you do.

‘Are You Prepared?’ Answers

T
1. 3;—
2

(a) Graph the hypocycloid using a graphing utility.
(b) Find rectangular equations of the hypocycloid.

63. Look up the curves called hypocycloid and epicycloid. Write
areport on what you find. Be sure to draw comparisons with
the cycloid.

Chapter Review

Things to Know

Equations

Parabola

Ellipse

Hyperbola

General equation of a conic (p. 696)

Polar equations of a conic with focus
at the pole
Parametric equations of a curve (p. 705)

Definitions
Parabola (p. 653)

Ellipse (p. 664)

Hyperbola (p. 675)

Conic in polar coordinates (p. 698)

Formulas

Rotation formulas (p. 691)

Angle 6 of rotation that
eliminates the X'y'-term (p_693)

See Tables 1 and 2 (pp. 656 and 658).

See Table 3 (p. 669).

See Table 4 (p. 683).

Ax*> + Bxy + Cy* + Dx + Ey + F =0  Parabolaif B> — 4AC =0

Ellipse (or circle) if B> — 4AC < 0
Hyperbola if B2 — 4AC > 0

See Table 5 (p. 701).
x = f(t),y = g(t),tis the parameter

Set of points P in the plane for which d(F, P) = d(P, D), where F is the focus and
D is the directrix

Set of points P in the plane, the sum of whose distances from two fixed points (the
foci) is a constant

Set of points P in the plane, the difference of whose distances from two fixed points
(the foci) is a constant

d(F,P)

- =c

d(P, D) Parabolaife = 1

Ellipseife < 1
Hyperbolaife > 1

x =x"cosf — y'sinf
x'sin @ + y' cos 6

~<
Il

A-C
COt(ZG) = T, 0° <6 <90°
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Objectives
Section You should be able to . . . Review Exercises
9.1 1 Know the names of the conics (p. 652) 1-32
9.2 1 Work with parabolas with vertex at the origin (p. 654) 1,2,21,24
2 Work with parabolas with vertex at (4, k) (p. 658) 7,11,12,17,18,27,30
3 Solve applied problems involving parabolas (p. 660) 77,78
9.3 1 Work with ellipses with center at the origin (p. 664) 5,6,10,22,25
2 Work with ellipses with center at (&, k) (p. 669) 14-16, 19,28, 31
3 Solve applied problems involving ellipses (p. 671) 79, 80
9.4 1 Work with hyperbolas with center at the origin (p. 676) 3,4,8,9,23,26
2 Find the asymptotes of a hyperbola (p. 681) 3,4,8,9
3 Work with hyperbolas with center at (A, k) (p. 683) 13,20, 29,32-36
4 Solve applied problems involving hyperbolas (p. 685) 81
9.5 1 Identify a conic (p. 690) 37-40
2 Use a rotation of axes to transform equations (p. 691) 47-52
3 Discuss an equation using a rotation of axes (p. 693) 47-52
4 Identify conics without a rotation of axes (p. 695) 41-46
9.6 1 Discuss and graph polar equations of conics (p. 698) 53-58
2 Convert yhe polar equation of a conic to a rectangular equation (p. 703) 59-62
9.7 1 Graph parametric equations by hand (p. 705) 63-68
2 Graph parametric equations using a graphing utility (p. 706) 63-68
3 Find a rectangular equation for a curve defined parametrically (p. 707) 63-68
4 Use time as a parameter in parametric equations (p. 709) 82-83
5  Find parametric equations for curves defined by rectangular equations (p. 712) 69-72

Review Exercises

In Problems 1-20, identify each equation. If it is a parabola, gives its vertex, focus, and directrix; if it is an ellipse, give its center, vertices, and
foci; if it is a hyperbola, give its center, vertices, foci, and asymptotes.

2

1 y? = —16x 2. 1632 =y 3.;757%:1
2 2 2 2 2
y y X X y
4. ——x*=1 5. -+ —=1 6. —+—=1
25 " 25 16 9 " 16
7. x2+4y:4 8. 3y2—x2:9 9. 4x2_y2:8
10. 9x* + 4y* = 36 1L x* — 4x =2y 12.2)? —4y=x -2
13y — 4y —4x? + 8x =4 14. 4x> + Y2+ 8x — 4y +4 =0 15. 4x% + 9y? — 16x — 18y = 11

16.
19.

4x% + 9y? — 16x + 18y = 11
9x? + 4y — 18x + 8y = 23

17. 4x> — 16x + 16y + 32 =0
20. x> —y?—2x —2y=1

18.

4y? + 3x — 16y + 19 = 0

In Problems 21-36, obtain an equation of the conic described. Graph the equation by hand.

21. Parabola; focusat (—2,0); directrix the line x = 2 22. Ellipse; center at (0,0); focus at (0,3); vertex at (0, 5)
23. Hyperbola; center at (0,0); focus at (0,4); 24. Parabola; vertex at (0,0); directrix the line y = =3

vertex at (0,—2)
25. Ellipse; fociat (—3,0) and (3,0); vertex at (4,0) 26. Hyperbola; vertices at (=2, 0) and (2,0); focus at (4, 0)
27. Parabola; vertex at (2, —3); focus at (2, —4) 28. Ellipse; center at (—1,2); focus at (0, 2);

vertex at (2, 2)

29. Hyperbola; center at (—2,-3); focus at (—4,-3); 30. Parabola; focus at (3,6); directrix the liney = 8

vertex at (=3, —3)
31. Ellipse; foci at (—4,2) and (—4,8); vertex at (—4,10) 32. Hyperbola; vertices at (=3, 3) and (5,3); focus at (7, 3)
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33. Center at (—1,2); a = 3; ¢ = 4; transverse axis parallel 34. Center at (4, -2); a =1, ¢ = 4; transverse axis parallel
to the x-axis to the y-axis
35. Vertices at (0, 1) and (6, 1); 36. Vertices at (4,0) and (4, 4);
asymptote the line 3y + 2x = 9 asymptote the line y + 2x = 10
In Problems 37-46, identify each conic without completing the squares and without applying a rotation of axes.
37. 2+ 4x + 3y — 8 =10 38.2x>—y+8x =0
30. x2+ 2y +4x -8y +2=0 40. x> —8y> —x—2y=0
41. 9x% — 12xy + 4y + 8x + 12y = 0 42. 4x* + 4xy + y2 — 8V5x + 16V5y = 0
43. 4x> + 10xy + 49> =9 =0 44. 4x*> — 10xy + 49> =9 =0
45. x> = 2xy + 3y’ +2x + 4y —1=0 46. 4x> + 12xy — 10> + x + y —10=0

In Problems 47-52, rotate the axes so that the new equation contains no xy-term. Discuss and graph the new equation.

47.2x2+5xy+2y2—§=0 48.2x2—5xy+2y2—§=0
49. 632 + 4xy + 9y> =20 =0 50. x2 + 4xy + 4y* + 16\V/5x — 8V5y = 0
51 4x> — 12xy + 9y> + 12x + 8y =0 52. 9x> — 24xy + 16y> + 80x + 60y = 0

In Problems 53-58, identify the conic that each polar equation represents and graph it.

53.r=ﬁ 54.r=ﬁ 55.r=m
56.r=ﬁ 57.r=ﬁscose 58.r:%

In Problems 59-62, convert each polar equation to a rectangular equation.

59.r=ﬁ 60.r=2%;ine 61.r=ﬁ 62'r:3—i-227ms(9

In Problems 63-68, by hand, graph the curve whose parametric equations are given and show its orientation. Find the rectangular equa-
tion of each curve. Verify your results using a graphing utility.

63. x =4t -2, y=1-1 —00<t<o0 64. x=20+6, y=5—1 —-0c0o<t<
65. x =3sint, y=4dcost+2;, 0=t=27 66. x =Int, y=1; t>0
3
67. x = sec’t, y:tanzt; OStS% 68. x =12, y=2t+4; t=0
In Problems 69 and 70, find two different parametric equations for each rectangular equation.
69. y = —2x + 4 70. y = 2x* — 8
2 2
In Problems 71 and 72, find parametric equations for an object that moves along the ellipse 16 + 9= 1 with the motion described.

71. The motion begins at (4,0), is counterclockwise, and 72. The motion begins at (0,3), is clockwise, and requires
requires 4 seconds for a complete revolution. 5 seconds for a complete revolution.

73. Find an equation of the hyperbola whose foci are the ver- 76. Describe the collection of points in a plane so that the
tices of the ellipse 4x* + 9y? = 36 and whose vertices are distance from each point to the point (5, 0) is five-fourths of
the foci of this ellipse. L . 16

its distance from the line x = 5

74. Find an equation of the ellipse whose foci are the vertices of 77. Mirrors A mirror is shaped like a paraboloid of revolu-
the hyperbola x> — 4y = 16 and whose vertices are the tion. If a light source is located 1 foot from the base along
foci of this hyperbola. the axis of symmetry and the opening is 2 feet across, how

deep should the mirror be?

75. Describe the collection of points in a plane so that the 78. Parabolic Arch Bridge A bridge is built in the shape of a

distance from each point to the point (3, 0) is three-fourths parabolic arch. The bridge has a span of 60 feet and a

maximum height of 20 feet. Find the height of the arch at

o . 1
ofits distance from the line x = 3° distances of 5, 10, and 20 feet from the center.
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79. Semi-elliptical Arch Bridge A bridge is built in the shape
of a semi-elliptical arch. The bridge has a span of 60 feet and
a maximum height of 20 feet. Find the height of the arch at
distances of 5, 10, and 20 feet from the center.

80. Whispering Galleries

The figure shows the specifications

for an elliptical ceiling in a hall designed to be a whispering
gallery. Where are the foci located in the hall?

6

6

83.

who can run 6 meters per second, arrives at the train station

2 seconds after the train has left.

(a) Find parametric equations that describe the motion of
the train and Mary as a function of time.

[Hint: The position s at time 7 of an object having accel-
. . 1 2
erationaiss = Eat ]

(b) Determine algebraically whether Mary will catch the
train. If so, when?

(c) Simulate the motion of the train and Mary by simulta-
neously graphing the equations found in part (a).

Projectile Motion Drew Bledsoe throws a football with an
initial speed of 80 feet per second at an angle of 35° to the
horizontal. The ball leaves Drew Bledsoe’s hand at a height
of 6 feet.

(a) Find parametric equations that describe the position of
the ball as a function of time.

(b) How long is the ball in the air?

(c) When is the ball at its maximum height? Determine the
maximum height of the ball.

(d) Determine the horizontal distance that the ball travels.

(e) Using a graphing utility, simultaneously graph the
equations found in part (a).

81. Calibrating Instruments In a test of their recording devices,
a team of seismologists positioned two of the devices 2000 feet
apart, with the device at point A to the west of the device at
point B. At a point between the devices and 200 feet from
point B, a small amount of explosive was detonated and a note
made of the time at which the sound reached each device. A
second explosion is to be carried out at a point directly north
of point B. How far north should the site of the second explo-
sion be chosen so that the measured time difference recorded
by the devices for the second detonation is the same as that
recorded for the first detonation?

84. Formulate a strategy for discussing and graphing an
equation of the form
Ax* + Bxy + Cy* + Dx + Ey + F =0

82. Uniform Motion Mary’s train leaves at 7:15 aM and accel-
erates at the rate of 3 meters per second per second. Mary,

Chapter Test

In Problems 1-3, identify each equation. If it is a parabola, give its vertex, focus, and directrix; if an ellipse, give its center, vertices, and foci;
if a hyperbola, give its center, vertices, foci, and asymptotes.

x + 1)? 2

L& )y

A

2.8y =(x—1)7%—-4
2 9 8y = (x = 1)

3. 2x2 + 3y? + 4x — 6y = 13

In Problems 4-6, obtain an equation of the conic described; graph the equation by hand.
4. parabola: focus (—1, 4.5), vertex (—1, 3) 5. ellipse: center (0, 0), vertex (0, —4), focus (0, 3)
6. hyperbola: center (2, 2), vertex (2, 4), contains the point (2 +110,5 )

In Problems 7-9, identify each conic without completing the square or rotating axes.
7.2x* 4+ Sxy +3y2+3x—7=0 8.3x2—xy+2y>+3y+1=0 9. x> —6xy+ 9> +2x —3y—2=0

10. Given the equation 41x? — 24xy + 34y> — 25 = 0, rotate the axes so there is no xy-term. Discuss and graph the new equation.

. . . 3 . .
11. Identify the conic represented by the polar equation r = 1= 2c0s 6 Find the rectangular equation.
12. By hand, graph the curve whose parametric equations are given and show its orientation. Find the rectangular equation for the
curve.

x=3-2 y=1-Vi, 0=t=9
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13. A parabolic reflector (paraboloid of revolution) is used by TV crews at football games to pick up the referee’s announcements,
quarterback signals, and so on. A microphone is placed at the focus of the parabola. If a certain reflector is 4 ft. wide and 1.5 ft
deep, where should the microphone be placed?

Chapter Projects

(a) The aphelion of Neptune is 4532.2 X 10®km and its
perihelion is 4458.0 X 10° km. Find the equation for
the orbit of Neptune around the Sun.

(b) The aphelion of Pluto is 7381.2 X 10° km and its peri-
helion is 4445.8 X 10° km. Find the equation for the
orbit of Pluto around the Sun.

(c) Graph the orbits of Pluto and Neptune on a graphing
utility. Knowing that the orbits of the planets intersect,
what is wrong with the graphs you obtained?

(d) The graphs of the orbits drawn in part (c) have the
same center, so their foci lie in different locations. To
see an accurate representation, the location of the Sun
(a focus) needs to be the same for both graphs. This can
be accomplished by shifting Pluto’s orbit to the left.

1. The Orbits of Neptune and Pluto The orbit The shift amount is equal to Pluto’s distance from the
of a planet about the Sun is an ellipse, with the Sun at one center [in the graph in part (c)] to the Sun minus Nep-
focus. The aphelion of a planet is its greatest distance from tune’s distance from the center to the Sun. Find the
the Sun and the perihelion is its shortest distance. The mean new equation representing the orbit of Pluto.
distance of a planet from the Sun is the length of the semi- (¢) Graph the equation for the orbit of Pluto found in part
major axis of the elliptical orbit. See the illustration. (d) along with the equation of the orbit of Neptune. Do

you see that Pluto’s orbit is sometimes inside Neptune’s?

/_% (f) Find the point(s) of intersection of the two orbits.
. Aphelion POHLENON  pajor (g) Do you think two planets will ever collide?
& (I) 92X

Center
\_y

The following project can be found on the Instructor’s Resource Center (IRC):
2. Constructing a Bridge Over the East River

Cumulative Review

. F i ion si =05. . . . 3
1. Find all the solutions of the equation sin(20) = 0.5 4. What is the domain of the function f(x) = e x?
2. Find a polar equation for the line containing the origin that

makes an angle of 30° with the positive x-axis. 5. For f(x) = =3x + 5x — 2, find

3. Find a polar equation for the circle with center at the point f(x +h) = f(x)

(0, 4) and radius 4. Graph this circle. h ’ h# 0
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6. (a) Find the domain and range of y = 3* + 2. 7. Solve the equation 9x* + 33x> — 71x% — 57x — 10 = 0.
(b) Find the inverse of y = 3¥ + 2 and state its domain and
range.
8. For what numbers xis 6 — x = x2? 9. Solve the equation cot(26) = 1, where 0° < 6 < 90°.

10. Find an equation for each of the following graphs:

(a) Line: y (b) Circle: y (c) Ellipse:

(d) Parabola: (e) Hyperbola: (f) Exponential:

11. If f(x) = logy(x — 2):
(a) Solve f(x) = 2.
(b) Solve f(x) = 2.




